
Sample Quantiles of Stochastic Processes with Stationary and Independent
Increments

Angelos Dassios

The Annals of Applied Probability, Vol. 6, No. 3. (Aug., 1996), pp. 1041-1043.

Stable URL:

http://links.jstor.org/sici?sici=1050-5164%28199608%296%3A3%3C1041%3ASQOSPW%3E2.0.CO%3B2-5

The Annals of Applied Probability is currently published by Institute of Mathematical Statistics.

Your use of the JSTOR archive indicates your acceptance of JSTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of a journal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journals/ims.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archive is a trusted digital repository providing for long-term preservation and access to leading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It is an initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advances in technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Sat Mar 15 04:27:10 2008

http://links.jstor.org/sici?sici=1050-5164%28199608%296%3A3%3C1041%3ASQOSPW%3E2.0.CO%3B2-5
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/ims.html


The Annals of Applied Probability 
1996,Vol. 6, No.3, 1041-1043 

SAMPLE QUANTILES OF STOCHASTIC PROCESSES WITH 

STATIONARY AND INDEPENDENT INCREMENTS 


London School of Economics 

The purpose of this note is to obtain a representation of the distribu- 
tion of the a-quantile of a process with stationary and independent 
increments as  the sum of the supremum and the infimum of two rescaled 
independent copies of the process. This representation has already been 
proved for a Brownian motion. The proof is based on already known 
discrete time results. 

1. Introduction. Let (X(t), t 2 0) be a process with stationary and 
independent increments with X(0) = 0 and consider the version with paths 
in D[O, a)(see [2], page 306). For 0 < a < 1,define the a-quantile of (X(s), 
0 1 s s t ) b y  

Our main result is the following theorem 

THEOREM1. Let X(l)(t) and X(2)(t) be independent copies of X(t). Then, 

sup X(l)(s) + inf X@)(S) 
o < s < a t  o < s < ( ~ - a ) t  (in law) 

X(l)(at)  + X(2)((1- a ) t )  

This result was obtained for the special case when X(t) is a Brownian 
motion by Dassios [4] and Embrechts, Rogers and Yor [5]. Using this result, 
one could calculate an expression for the joint probability density of M(a,  t )  
and X(t). The motivation for these calculations was a problem in mathemati- 
cal finance, the pricing of the so-called a-quantile (a-percentile) options. For 
the pricing of these options, see [ I ,  4, 61. 

To prove our theorem, we will use a similar discrete time result, obtained 
some time ago by Wendel [9] and Port [7]. 

2. Discrete time results. Consider the sequence x = (x,, x,, x,, ...). 
For integers 0 Ij I n, define the ( j ,  n)th quantile of x for j = 0,1,2, .. . ,n by 
Mj,,(x) = inf(z: C1=ol(xi 12) > j). 
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In particular, M,, .(x) = mini=,, ,, ,, , ,,(xi) and Mn, ,(XI = maxi=,:,,, , . ,,{xi}. 
This definition coincides with the one in 171. 

The following result is due to Wendel [91. 

PROPOSITION be a sequence of i.i.d. random variables. 1. Let Y,, Y,, . . . 
Define X = (Xo, X,, . . . by X, = 0 and Xn = Cy= for n = 1,2,.. . . Let X(l) 
and X(,) be two independent copies of X. Then, 

(2.1) [~j;~~)]=[~j,j(~'~))+Mo,n-j(X(~))+ ~ ( 2 )  (in law). ~ ~ ( 1 1  

-.l 

Wendel actually states this result in characteristic function form. An 
extension of this result, involving the time the quantile is achieved, was 
obtained by Port [7]. A careful reading of Port's proof can persuade the reader 
that the result is actually true where Y,, Y,, . . . ,Y, are exchangeable random 
variables, with X(l) replaced by (0, X,, . . . , Xj) and X(,) by (0, Xj+ ,-
xj,.. . , x, - Xj). 

3. Proof of Theorem 1. Define the occupation time L(x, t) = 1; l(X(s) 
I x) ds. We have that 

Similarly for the discrete time process X define Ln(x) = C r = o l ( ~ iIXI. We 
then have 

(3.2) Pr(Mj,,(X) IX, X, I a )  = Pr(L,(x) > j ,  Xn I a). 

Without loss of generality, we will prove Theorem 1 for t = 1. Let (X(s), 
0 I s I 1)be as in the Introduction, and for r = 0,1,.. . , n set X, = X(r/n). 
The process (XLnS1, 0 I s I 1)converges weakly to (X(s), 0 I s _< 1). Since 
/,11(X(s) Ix)ds is a continuous functional of (X(s), 0 I s I I),we conclude 
that for all 0 < a < 1such that Pr(L(x, t )  > a ,  X(t) Ia ) is continuous, 

(3.3) lim Pr(L,(x) > [ n a ] ,  X ,  Ia )  = Pr(L(x, 1) > a ,  X(l)  I a).  
n - m  

Take X,(') = X(r/n) for r = 0, I , .  . . , [na] ,  and X,',) = X ( r  + [na]/n)  -
X([na]/n) for r = 0,1,. .., n [nal .  Then (M[nal,[nal - (X(l)), X nn ]) converges 
in distribution to (sup,, ,,,X(s>, X(a)) and (Mo,,-[,,l ( ~ ( 4 ,  - ,I)X, X[, 
converges in distribution to (info., .,- .(X(s + a )  -X( a)),X(1) -X( a)). 
We note that X(l) and X(,) are independent and so from (2.11, (3.11, (3.2) and 
(3.3) we conclude 

(3.4) sup X(s) + inf ( X ( a  + S) -X(a)) 
- o < s < a  O < s < ( l - a )  (in law) 

X ( a )  + X(l)  -X ( a )-
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Taking X ( l ) ( s )= X ( s )  and X ( 2 ) ( s )= X ( a  + S )  - X ( a )  completes the proof of 
the theorem. 

Equation (3.4) is also true if ( X ( t ) ,  t  2 0 )  is a process with exchangeable 
increments. If ( X ( t ) ,  t 2 0 )  is defined on a probability space (R ,F ,Pr ) ,  
according to [81, Theorem 1, page 202, there exists a nontrivial a-algebra 
Fl cS"such that ( X ( t ) ,  t  2 0 )  has stationary and independent increments 
with respect to Fl.This was first proved by Biihlman [3]. Conditioning on Fl 
and taking expectations, we obtain (3.4). 

Acknowledgment. The author thanks the referee for pointing out impor- 
tant references. 
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