Semi-Markov Model for Excursions and
Occupation time of Markov Processes

Angelos Dassios’, Shanle Wu*

t*Department of Statistics, London School of Economics
Houghton Street, London WC2A 2AE
ta.dassios@lse.ac.uk

*s.wu3@lse.ac.uk

Abstract

In this paper, we study the excursion time and occupation time of
a Markov process below or above a given level by using a simple two
states semi-Markov model. In mathematical finance, these results have
an important application in the valuation of path dependent options such
as Parisian options and cumulative Parisian options. We introduce a
new type of Parisian option, single barrier two-sided Parisian option and
extend the concept of a ruin probability in ruin theory to a Parisian type
of ruin probability.
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1 Introduction

The concept of Parisian options was first introduced by Chesney, Jeanblanc-
Picque and Yor [6]. A Parisian option is a special case of path dependent
option. Its payoff does not only depend on the final price of the underlying
asset, but also its price trajectory during the whole life span of the option.
More precisely, a Parisian option will be either initiated or exterminated upon
reaching a predetermined barrier level L and staying above or below the level
for a predetermined time D before the maturity date 7.

There are two different ways of measuring the time spent above or below the
barrier corresponding to the excursion time and the occupation time defined
below. The excursion time below (above) the barrier starts counting from 0
each time the process crosses the barrier from above (below) and stops counting
when the process crosses the barrier from below (above). The occupation time
up to a specific time ¢ adds up all the time the process spend below (above)
the barrier; it is therefore the summation of all excursion time intervals before



time ¢. In [6] the Parisian options related to the occupation time are called
cumulative Parisian options. Therefore the owner of a Parisian Down-and-
out option loses the option if the underlying asset price S reaches the level L
and remains constantly below this level for a time interval longer than D. For
a Parisian Down-and-in option the same event gives the owner the right to
exercise the option. The owner of a cumulative Parisian Down-and-out option
loses the option if the total time the underlying asset price S stays below L
up to the end of the contract for longer than D. For details on the pricing of
Parisian options see [6], [11], [13] and [10]. For cumulative Parisian options see
[6] and since these are related to the occupation time and hence the quantiles
of the process, also see [1], [8] and [12].

From the description above, we can see that the key for pricing a Parisian
option (a cumulative Parisian option) is the derivation of the distribution of
the excursion time (the occupation time). As in [6], we reduce the problem
to finding the Laplace transform of the first time the length of the excursion
reaches level D. In [6] this was obtained by using the Brownian meander and
the Azema martingale (see [2]). A restriction of this technique is that it relies
heavily on the properties of Brownian motion; therefore the result cannot be
extended to other processes easily. It is also hard to see how it can be used for
the pricing of slightly more complicated options that we will introduce.

In this paper, we are going to study the excursion and occupation times in
a more general framework using a simple semi-Markov model consisting of two
states indicating whether the process is above or below a fixed level L . By
applying the model to a Brownian motion, we can get the Laplace transform
which is used in pricing Parisian options defined in [6]. One can then invert
using techniques as in [11].

Furthermore, we introduce a new type of Parisian option, named single bar-
rier two-sided Parisian options. In contrast to the Parisian options mentioned
above, we consider the excursions both below and above the barrier. For ex-
ample, the owner of this type of Parisian Out option loses the option if the
underlying asset process S has either an excursion above the barrier for longer
than d; or below barrier for longer than ds before the maturity of the option.
And the owner of a Parisian In option gains the right to exercise the option if
the same event happens. Later on, we will give the Laplace transform of the
first time this event happens which can be used to price this type of options.

We also obtain a result which we call Parisian type ruin probability for a
Brownian motion with a positive drift. For a stochastic process S, we define
Ty = inf{t > 0] S; < 0}. Suppose that S is a Brownian motion with a positive
drift, which can be used as an approximation to the surplus of an insurer (see
for example [9] Chapter 1). In risk theory, the ruin probability is defined as
P(Ty < o), i.e. the probability that the event of ruin, {3t > 0|S; < 0},
happens. We extend the concept of ruin to a Parisian type of ruin, which refers
to the event that S falls below 0 and stays below 0 constantly for at least a
time D. The Parisian type ruin probability is the probability that this event
ever happens. From a regulatory point of view this might be a more reliable
measure of insolvency than a very short lived cash flow problem.



In §2 we give the mathematical definitions and model setting. In §3 we
present an important lemma together with its proof, which will be used in the
following sections. We will give our main results applied to Brownian motion
in §4, as well as introduce our newly-defined Parisian options and Parisian type
ruin probabilities.

2 Definitions

We are going to use the same definition for the excursion as in [6] and [7]. Let
S be a stochastic process and L be the level of the barrier. As in [6], we define

gfyt =sup{s <t|Ss=L}, dit =inf{s >t|Ss =L} (1)

with the usual convention, sup{@} = 0 and inf{()} = oo. The trajectory between
git and df,t is the excursion of process S which straddles time ¢. Assuming
d; > 0, d2 > 0, we now define

™ =inf{t > 0] s,y (t— g7 ,) = di}, (2)
75 =inf{t > 0] 1s,<ry(t = g1,) > da}, (3)
™S = AT (4)

7 is therefore the first time that the length of the excursion of process S above
the barrier L reaches given level dy; 75 corresponds to the one below the barrier
L; and 79 is the smaller of 71 and 75.

Assume r is the risk-free rate, T' is the term of the option, S; is the price
of its underlying asset, K is the strike price. If we have an up-out Parisian call
option with barrier L, its price can be expressed as:

P=¢"TF (1{715>T} (ST — K)+> ;
and the price of a down-in Parisian put option with barrier L is:
P=¢"TE (1{725<T} (K - ST)+> .

Furthermore, we define

t t
Lf’t:A 1{SU>L}dua LQSJ:A 1{5u<L}dU.

Lft is the total time that the process spends above level L up to time ¢, i.e. the
occupation time above level L by time ¢; and ngt corresponds to the one below
L.

From the description above, it is clear that we are actually considering two
states, the state when the process is above the barrier and the state when it is



below. For each state, we are interested in the time the process spends in it.
Based on this point of view, we introduce the semi-Markov model.
First of all, we define

gs_ 1 S >1L
t 2, if S, <L

We can now express the variables defined above in terms of Z;:

91+ =sup{s <t| 25 # Z}, (5)
di , =inf{s > t | Z5 # Z,}, (6)
70 =inf{t >0 | 1izs_yy(t— 97.4) = di}, (7)
5 =inf{t > 0| 1izs_0y(t — 9z4) > da}, (8)
t
L5 = [ Lizsndu (9)
0
t
L3, = / 1(zs_odu. (10)
0
We then define
Vts =t- gf,tv

the time Z; has spent in the current state. It is easy to prove that (Z7,V,%) is
a Markov process. Z; is therefore a semi-Markov process with the state space
{1,2}, where 1 stands for the state when the stochastic process S is above the
barrier and 2 corresponds to the state below the barrier.

Furthermore, we set Ufk, i=1,2and k =1,2,--- to be the time Z° spends
in state 4 when it visits ¢ for the kth time. And we have, for each given ¢ and k,
U:qk = VdS

i Yy =di,—g;,, forsome t.
i : .

Notice that given 1, Ufk, k=1,2,---, are i.i.d. We therefore define the transi-
tion density for Z°:

pij(t) = lim P(t < UPe <t+At),

Py(t) = P(US, < t), Py(t) = P(UZ, > 1).
We have .
Pyt) = [ pi(e)ds =1 P
0

which is actually the probability that the process will stay in state ¢ for no more
than time ¢. Notice that for some stochastic processes S and certain k, we have
P(Uf,C = 00) > 0 (we adopt the convention Ufk = oo if the process never leaves

state @ at its kth excursion); therefore f0+oo pij(s)ds < 1, ie. with a positive



probability, the process will stay in state ¢ forever. Hence, it is not necessary
the case that Pyj(t) = [ p;;(s)ds.

Moreover, in the definition of Z%, we deliberately ignore the situation when
St = L. The reason is that we only consider the processes, which

t
/ 1{Su:L}du =0.
0

Also, when L is the regular point of the process (see [5] for definition), we
have to deal with the degeneration of p;;. Take Brownian Motion as an example.
Assume W} = pt + W, with p > 0, where W, is a standard Brownian Motion.
Setting x¢ to be its starting point, we know its density for the first hitting time

of level L is
E-ml {_(L—xo—m?}
Pao =7 55 &P 2t

(see [4]). According to the definition of the transition density, pi2(t) = po1(t) =
pr(t) = 0. Obviously, when g = 0 the same happens to the standard Brownian
Motion W;.

Without loss of generality, from now on, we assume L = 0. In order to solve
the above problem, we introduce a new processe Xt(e), € > 0 as follow. Assume
W{' = €. Define a sequence of stopping times

do = 0,

on = inf{t>d,|X9 =0},

Spi1 = inf{t >0, | X9 =€},
where n =0,1,---. The new process is given by

X9 =wl it 6, <t<op,
XO=Wl—e if 0,<t<6p

It is actually a process which starts from e and has the same behavior as the
related Brownian Motion expect that each time when it hits the barrier 0, it
will have a jump towards the opposite side of the barrier with size e (see Figure
1). Its excursions above L and below L alternate.

From the definition, it is clear that 0 becomes an irregular point for Xt(e),
which converges to W}* with W' = 0 almost surely for all t. We prove in the
appendix that the Laplace transforms of the variables defined based on Xt(e)
converge to those based on W}'. As a result, we can obtain the results for the
Brownian Motion by carrying out the calculation for Xt(s) and take the limit
e — 0.

For X9, we can define the ZX, 75X, 7X, 7% L, and Ly, as in (5)-(10).
For ZX, we have

p12(t) = \/;T?GXP{—M;LL)},

par(t) = \/;Tjexp{—(e;fty}.




The original Brownian motion
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Figure 1: A sample path of Xt(e)

Clearly, all the arguments above apply to the standard Brownian motion,
which is a special case of W/} when pu = 0.
3 An Important Lemma

In this section, we will present an important lemma regarding to the excursion
and occupation times, together with its proof.

Lemma 1 For Xt(é), the joint Laplace transform for the occupation time above
and below 0 up to 7~ is given by

—ady B —Bdy B A _
E (e_“Lfo —ﬁLfTX) _ e N Pyy(dy) + e PPy (da) [y e M pra(u)du
1- fodl e~ *pia(s)ds fod2 e Pspar(s)ds

(11)

Proof: We are going to consider the case when 7{ < 75 and the case when
7 > 75 respectively. We have

—aL® —BLS . —aL® —pBL?® —aL® —pL3
FE (6 1,75 2,7—5) = F (6 1,75 2,75 1{7—15<7'25}>+E (6 1,75 2,75 1{Tls>725}> .

A% denotes the event that the first time the length of the excursion in state i
reaches d; happens during the kth excursion in this state, and it happens before



the length of the excursion in other states reaches the required levels, i.e.
{A,lc} = {Tls <75, 7 is achieved in the kth excursion in state 1} ,

{Ai} = {Tf > 75, 75 is achieved in the kth excursion in state 2} .
So we have, for example,

oo

—aL® 4—BLS —aL® —BLS
E(e aly s=8 2,r5]_{7_15<T2$}) = ZE(G aly s—BL7 s
=1

AL) P (4})

kol

(oo}

—aL® ¢—BL?
— E E<6 175 B 2,75

k=1

ALY P ().

Notice that given A}, Lf s is comprised of k — 1 full excursions above barrier
1
L with the length less than d; and last one with the length d;; and LgTS is

201

comprised of k full excursions below L with the length less than ds, i.e.
Ly s|Ay = U + U+ + Uiy +diy USy <diyoo Uy < di;

L§,7'§|AIEI:U§1+U§2++U£]$—1’ U§1<d2,"',U§k_1<d2.

More importantly, Uf » s have distribution Pj9; UQS’n’s have distribution P»; and
all these variables are independent of each other. As a result,

—aL® ¢—BLS ¢
1,7 2,7 1
FE (e I T A

_ g (e_a(z::; U, +d)-B X521 U,

Uis:1<d17"',Uis:k_1<d1,Ué5:1<d2,"',Ués:k_1<d2)
k-1 k-1
e o /Ul1 e—au7p12(u) du /d2 6_[3"71)21(”) du .
0 Pr2(dy) 0 Py (dz)

P(A}) = Pra(d1)* "' Pyy(da)* " Pra(dy).

Also

We have therefore

S s
E <e_aL1,7's _ﬂLZ’,T

S
1{Tls<rzs})

o 0 y k—1 s y k—1 )
Ze‘adl {/o e_““]gllj((dl))du} {/0 e_ﬂugjll((dj)du} P12(d1)k_1P21(dz)k_1P12(d1)

k=1
e—ad1 Plg(dl)
1-— fodl e~ ¥pia(s)ds de2 e—ﬁspm(s)ds.




Similarly, we have for the case when 79 > 75

S S
E (eiaLl,rs 7’8L2,7'

S
1{Tf>r,§})

o0

= ZE(G—O‘Lf,Ts—ﬁL?,TS
k=1

= iE(e_aLf»ff_ﬁL;ﬂf
k=1
— _pd « p12(w) o u P21(u) o k-1 k—15

= e P2 e du /efuidu Pio(dy)" Po1(do)* Py (d
; /0 pa 0 P 1 (d1 )L Py (do) 1 Py (do)

67ﬁd2p21(d2) fodl e*a“plg(u)du
1— fodl e~%pia(s)ds f0d2 e Pspy(s)ds

A7) P (43)

A2 P (42)

Therefore

E (G*C‘Lfrs*ﬁLer) e Py (dy) + e PR Py (do) [ e M pia(u)du
1- fodl e~ *p1a(s)ds de2 e~Pspyy (s)ds

O

From lemma 1 we can derive several interesting results. We show some of
them here.

Firstly, noticed that LfTX + L;{T x = 7%, we can easily obtain the Laplace
transform of 7X:

5 (e_BTX> _ e PhPio(dy) + e P Py (da) fodl efﬁsplg(s)ds.

dl 5 dQ . (]‘2)
1— [ e Pspia(s)ds [, e P5pai(s)ds

If we are only interested in the excursion at one side of the barrier, we can
set the required length of excursion at another side to be +o0o. For example,
when d; — 400, 77 — 400 according to its definition. We have therefore

TS:TF/\Tﬁg—M'QS,

and hence
L7 s = L} s, =12
We also know that

_ S — 5
oly s =Plys| <1, for any o > 0,8 > 0.

e
By the dominated convergence theorem, we have

—al® <—B8L° _ 7S __arSs _ 7S _p3718
E<e g 7 2*Tls> :E( lim e “fi-s ﬁst) = lim E(e aly s ﬁL2»75>.

d|— o0 d;—oo



As a result, we can deduce that

B <6“Lfn§ 5L§T§) e PPy (dy) [ e pra(s)ds (13)
1— [7 emospip(s)ds f0d2 e~ Pspa;(s)ds
Also, by using LX X + LX =75, we get
B2 Py (dy) [ e Popra(s)d
B(e ) = ) ity € el (14)

f e~Pspia(s)ds de2 6_55p21(5)d8.

We can also derive the results for the other side by setting dy — +oc.

4 Examples

In this section, we are going to apply the results to the Brownian Motion W} =
pt + Wy, with W' =0 and p > 0.

In §?? we have stated that the main difficulty with the Brownian Motion
is that its origin point is regular, i.e. the probability that W} will return to
the origin at arbitrarily small time is 1. We have therefore introduced the new
processes (Xt(e), ZX), with transition densities for Z;X

In order to simplify expressions, we define
U(z) = 2v/mxN (\/ 2x> —Vrz+e ®,

where 47(.) is the cumulative distribution function for a standard Normal Dis-
tribution.
From lemma 1 we have

p12(t) =

e—ad1 plg(dl) + eiﬁdngl(dz) fodl e*B“plg(u)du
1— fodl e~%p1a(s)ds de2 e~ Pspyy (s)ds

Since Xt(e) — W} a.s., when we calculate the limit as e — 0,

E(exp{ Ly, x — ﬂLZTx})ﬁE< ol ﬂLhW)

(see the appendix). As a result, for a Brownian Motion with drift we have

E (eaLK/TW“ BLZ‘,CW“) (15)
,adl {\/7\11 (u d1) + 1 d1d271'} +67ﬁd2 {\/671\:[1 (%) I dldzw}
f@{ 2a+M2)d1 } + \/7\11 { (2ﬂ+u2)d2} ’

E (exp {—aLfTX ﬁLz X })




If we set ;. = 0, we can get the result for the standard Brownian motion

(et ) | YT T
V¥ (ady) + Vdi¥(Bda)

By setting @ = 3 in (15) and (16), we have our first important result.

(16)

Theorem 1 For a Brownian Motion W} with Wi = 0, 7V, mV" and ™V
have been defined in §77 (2), (8) and (4) with Sy = W}'. We then have

e ﬁdl{\ﬁ\p (u d1>+ﬂ L‘lldg‘n’}
NZR {(ww } VLU {(2B+u2)dz}

—3d u3d did;
e B 2{ ( 2) 12271'}

(2/3+42)d1 (2B+p2)ds |
VA { G} (G |

— TW“
E (6 B I{leu <7_2wu}> (17)

(18)

}
E (H,TW“) = o {W\D <# dl o dldﬂ} e {\/@D(#;) ' dldw}. (19)
\ﬁ\p{umu }+\ﬁ¢,{ 2644 )dz}

For a standard Brownian Motion, the special case when p = 0, we have

Vdge Ph

pr¥ _
B tprann) = VI (Bdr) + VU (Fdz)’ 20
Cow B>
BT _
B Lwon)) = Jog0) VR 21

Vdz ¥ (Bdy) + /d U (Bdy)”

According to the definition, 7" is the first time of either the length of the
excursion above 0 reaches d; or the length of the excursion below 0 reaches ds.
The results in theorem 1 are what we need to price our newly-defined single-
barrier two-sided Parisian options.

Letting 8 — 0, we have the following remarkable results.

Corollary 1.1 The probability that W} achieves an excursion above 0 with the
length as least di before it achieves an excursion below 0 with the length at least
d2 8

\/dij(udl)+u dldgﬂ'
\F\If( )+\F\IJ<”2)

(23)

10



And the probability of its opposite event is given by

2
VA (15 ) — oy e

PV >V = . (24)
( ) CORAICS
Similarly, for a standard Brownian motion
d
P <) L (29

Vi +Vdy'
d
P >7n") = \/E\/:l\/d? (26)

Remark 1: If we set d; = dy = d in (23), (24), (25) and (26), we have for
a standard Brownian motion

P(TfV<TQW):P(TIW>7'2W)=§,
which can be well explained by the symmetry of the standard Brownian motion;
Remark 2: For a Brownian motion with positive drift,

1 /T 1 5
P(wa<7'2wu)=*+72 > —, P(TIWH>T2WM)27—72 <
2 g (ﬂ) 2 2y (ﬂ)
2 2
because it has a tendency to move upwards.

Moreover, by setting d; = do = d, we can get the result for a reflected
Brownian motion R} = |W/['|.

Theorem 2 For a reflected Brownian Motion R} = |W}'| with Rfj = 0, We

have
() - o {o () %) .

(28+p?)d nd
o{]

When p =0, we have

—Bd
R e
E (e*BT ) S (28)
v (5d)
Now we are going to concentrate on the excursion below the barrier. The
results for the excursion above the barrier can be easily obtained by the same
methods.

11



In §?77 we have proved that, in order to get the results regarding to the
excursion below the barrier, we just need to set d; — +oo. From (13), we have

E (exp {*OZLK/;;V” - ﬂLgE/T:Wu })

= limFE (exp {—aLf(E;(e) - ﬁLf(?((e) })
e—0 T3 T3

= lim eiﬂd2p21(d2) 0+oo e”**pia(s)ds

= = a
e—0 1— f0+ efasplz(s)ds fO 2 e*ﬁsp21(8)d8

SUCHED)

; (2B8+p?)d [ m(2a+p2)d ' (29)
2 T2 2
{ 2 } 2
When n = 0, we have
E (exp {—aL w — OBL W}) = e (30)
.
Lrs 27 U(Bds) + Vrads

These can also be verified by setting d; — 400 in (15) and (16). Followed by
(29) and (30) we can get the result applied in pricing Parisian options by setting
« = 3 and using the relation 7'2W = L‘l/VTW + LZVTW.

sTo 1 To

Theorem 3 For a Brownian Motion W}' with W} =0, 73"" has been defined
in §77, (8) with Sy = W{'. We then have

(s (2) )

E( gTw“> _ — — (31)
\II{( +£L ) 2 } _|_ ( +£L ) 2
When p =0, we have
—Bd2
E (e ") = < . 32
() U(Ads) + v/7Pda 82)

The result presented by (32) has been obtained in [6] for Parisian option pricing
by a very different technique which can only be applied for a standard Brownian
motion.

By setting 8 — 0 in (31), we can calculate the Parisian type ruin probability:

Corollary 3.1 For a Brownian motion W#, > 0 and W§" = 0, the probability
that the length of the excursion below 0 ever reaches dy is

PV <o) =1- — . (33)
( ) \/Qiridze_MZdz +,LLJV(,LL\/CT2)




As a result, for a Brownian motion with positive drift, with probability

1%
p2d
e (1)

the process will never stay in state 2, i.e. below the barrier, for longer than
do, while for a standard Brownian motion (¢ = 0), this event will happen with
probability 0.

We hereby introduce a new type of ruin probability, the Parisian type ruin
probabilities. As what we have briefly mentioned in §1, if Ty = inf{t > 0|S; <
0}, i.e. the first time the process hits 0, we have, in risk theory, P(Ty < 00) as
the ruin probability. Here we extend this concept and define the Parisian type
ruin probabilities to be

P(15 < o0),

i.e the probability that the event that the process falls below 0 and stays below
0 constantly for at least do ever happens. Therefore, the Parisian type ruin
probability for a Brownian motion with positive drift is given by (33). From an
operational point of view, this is a more realistic model of insolvency as it gives
the company an opportunity to put its finances back in order.

5 Appendix

We will now show that we can take limits of Laplace transforms when ¢ — 0
as we did earlier. We have studied the following variables: 7'15 ,725 , T3, Lf N
Liff’ Lf@s, L;TS, L*;Tls and L*;,BS. In order to simplify the notations, we
define R® = (RY,R5,--- ,R5), where R? i =1,2,---,9, stand for each of the
above variables.

Firstly, according to the definition of X (9, we know that

X L5k for all t.

Therefore,
RX 25 RW" fori=1,2,---,0.
So for given non-negative constants 3;, i =1,2,--- ,9,

9 9
© | as
exp {Z@Rff } % exp {Z@Riw} :
i=1 i=1
Since RZ»X(E) > 0, we also have,

9

©

exp{—g ﬂ,»R;X }
i=1

<1.

13



By the Dominated Convergence Theorem,

9 0 9
E (exp {Z@RF/}> =F <1£rg)exp {ZﬂiRiXm }) ~lim I (exp {Z@_RZX(‘)}> '
i=1 e >

When p = 0, we can get the same conclusion for the standard Brownian motion
by the above argument.
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