Solutions to selected ST305 exercises 2006/2007:

Exercise 1
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We have here used the Markov property of the process. Repeating this, we
obtain
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For given ¢, = t, jr41 = j (and t9 = s, jo = ¢) this is just a function

Djr_v.jn(tr—1,tr) (say) of jr_1, jr, tr—1, and ¢, showing that the conditional
Markov chain is itself Markov.



The intensities of the conditional Markov chain are
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The expression in the case g # j, h # j is obtained upon writing
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before taking the limit.
Think about these results - they are quite natural.
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Constant intensities and no recovery:
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Exercise 2

dS(t) = et BNOadt 1 dN(t) (eat+ﬂ(N(t )+1) _ ath(t_))
= entanNes >adt+dN<t>eaf+ﬂ”<t (e —1)
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= (=) (a+ A (7 1)) dt + S(t=) (¢ — 1) dM (1),

where M (t) = N(t) — At, a so-called martingale (a process with conditionally
zero mean and uncorrelated increments, here actually independent increments).



The rest is straightforward .

Exercise 3
First brute force:
tDarar = 1 — H(l—tpwj)-
J
Using the rule for differentiating a product (special case of Ito),
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It follows that
1% /t) = Zk tPx), My +t Hj;jik (1 — tpxj)
T1.-Tr\ 1 — Hj (1_tp£vj) .

Second, direct reasoning: The conditional probability that the last survivor
dies in (¢, ¢+ dt), given that there are survivors at time ¢, is dt times the expres-
sion above.

Exercise 6

(a) Expected PV at time 0 of benefits:

n
/ e_rT(l - T/ZpZ)pr,uy-‘rT dr.
0

Expected PV at time 0 of premiums is 7w times

n/2
/ eir‘r'rpz'rpy dr.
0

Equivalence premium 7 is the ratio between these expressions.

(b) A straightforward method is to define

U1<t) = 1 _t/2p£va
v (1) tPy,

t
'US(t) / e_TT(l - T/sz)pr/'[/y+T dr,
0

and solve numerically the system of differential equations

vi(t) = %Mmt/z (1 —wvi(1)),
vy(t) = —pyreva(t),
Bt = ) vt e



by a forward difference scheme starting from the conditions v; (0) = 0, v2(0) = 1,
(%] (0) =0.
A more sophisticated method is hinted at in the problem: Observe that

t/2 tq
t/2Pz = €XP _/ Hotsds | =exp <_/ SHzts/2 dS) s
0 0 2

formally a survival function with intensity fi(t) = p54+/2/2. Then the single pre-
mium is the difference between the single premiums of two well-known simple
products, which may be computed by solving their Thiele differential equations
numerically. Or compute by e.g. the program 'proresl’ the expected discounted
value of an assurance of 1 payable upon transition from state 1 to state 3 in a
four states Markov model on {0,1, 2,3}, starting from state 0, with transition
intensities po1(t) = p23(t) = fztt/2/2, po2(t) = pas(t) = py4e, and all other
intensities 0.

(c) Reserve V; at time ¢ € [0,n] depends on what is currently known about (x)
and (y):

T,<t: V,=0.

T, >t t>n/2, T, >n/2: V,=0.

Ty > t, Tz S n/2 Nt: ‘/; = fgﬁuvt eiT(Tit)T_tpyJ,_t‘LLyJ,_T dr.
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2 _p(r—
7Tftn/ e T t)-rftpaH»t T—tPy+t dr.

(d) In general, for a unit due at some random time, the non-central 2nd mo-
ment of present value is the same as the expected value, only with 2r instead of r.

Exercise 7

(a) Apology: Problems of this kind are one of the favorite sports of classical
actuaries, not because they are so common in practice (market share in the per
mille range), but rather because they can entertain and stimulate the brains of
actuaries. The proposed product is not totally inconceivable, however: it might
be useful for a couple that needs to secure economically the last survivor and
also their children after the possible early death of the last survivor. It is also of
some theoretical interest beyond that of mere parlor games as it is an example
of a product where payments are dependent on the past history of the driving
process. This is seen clearly if the problem is formulated in the set-up of the
Markov chain models for two lives. Now to work:

As is almost always the case, the best method is to find the expected value
of the discounted payment in each small time interval (7,7 + d7) and then sum
over all times. For 7 < 20 the benefit is running if (and only if) T,, < 7. For
7 > 20 the benefit is running if 7 — 20 < T, < 7 or if Ty < 7 — 20 and
T — 10 < Ty < 7. We gather the following expected value of future discounted



payments at time 0:

20
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(b) The premium rate 7 is the ratio between the expected present value in item
(a) and the expected present value

0
/ e TPz Py dr .
0

The reserve is a long and tedious story. One must, at each time of consideration
t, distinguish between all possible past histories of the two lives along. For
instance, if Ty, > t, then the reserve is simply the first expression above minus
7 times the second expression above, with  and y replaced by x 4+t and y + t.

Exercise 8

20 fe%s)
/ e " Dz Patr +P2 AT + / e " 1Pa fatr 7—20Py +P2 AT .
0 20

A benefit of 1 payable immediately upon the death of (z) if (z) is then still alive
and (y) was alive 20 years ago.

Exercise 9

P04 dt) = p(0,6)(1 — ((t) + p(t)) dt) + paz(0,t) o(t) dt
leads to

22201’ (0.8) = =3 (0, 0) (1) + p()) + paa(0,1) 0 (1),

with side condition
p(0,0)=0.

Integrating gives the following integral expression, which could be put up by
direct reasoning;:

t
paZ (0,¢) /exp / w+0))o(s)ds exp(— /(u—i—p)).

P (0, ¢+ dt) = pi(0,6)(1 — (u(t) + o (t)) dt) + p (0, ) p(t) dt

Next,



leads to

S0, =~ 0,0(u(t) + (1) + BP(0,0)pl0)

with side condition
P4 (0,0) =0,.

Integral expression, which could be put up by direct reasoning:

(1) :t(l-)sssex—t 0)).
P (0,1) /p (0, 5) p(s) ds exp( /s(u+ )

As an exercise, repeat the argument for k = 2,3, ... to find differential equa-

tions for the probability p((l];)(O, t) of being disabled for the k-th time and the
probability pELIZ)(O, t) of being active after having been disabled k times.
One could attack this problem by redefining the state-space of the process

as indicated in Figure 1, where the notation speaks for itself:

Uw xT 0-51/‘
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Figure 1: Problem 61

(b)
(1) o
Do (0.t — q)pz(t —q,t) = / Paa(0,7) Opqr pr (7, t) dT .
0

You should be able to interpret the integral expression as a sum of probabilities
of mutually exclusive favourable events.

(c)
S e G0, — Qp(r — q,7) dr

fon e " paz(0,7) dT

Comment: The premium plan is unacceptable in practice since it will produce a
negative reserve if the insured is in premium paying state after time n— ¢ (then,
for sure, no benefits will be received, but premium will still be paid). Therefore,

m =



the premiums should be paid only over a shorter period and certainly not after
time n — q.
Reserve: f:ﬂ e_r(f_t)pg(t, T)dT + ftiq e " p(t, T — Qpz(T —q,7)dT.

Exercise 10
See files ExerciselQa.txt and ExerciselOb.txt on public folder.

Exercise 12

Items (a) - (d) are rather theoretical and not typical exam questions in ST305.
Anyway, we offer something for students who accept only statements that have
been firmly proved.

(a) RTI(T|T) is easy to prove:

PIT > max(s,0)] _ [ BI2 <)
IP’[T>S|T>t}:W: iP’[T>t] o

This is obviously an increasing (non-decreasing) function of ¢ for fixed s. PQD(T, T')
and AS(T,T) then follow.
We could also prove PQD(T, T') directly:

PT > s, T >t =P[T >max(s,t)] > P[T > s]P[T > t].

A direct proof of AS(T,T) goes as follows: Let g(s,t) and h(s,t) be in-
creasing functions in both arguments. Then g(¢t) = g(¢,t) and h(t) = h(t,t)
are increasing functions in ¢. Thus, marginal association is enough, see notes
"depend-1.pdf’.

(b) PQD(—S|T') means
PS> —s,T>t] > P[-5 > —s|P[T > ]

for all s (or all —s, which is the same, of course) and all ¢. This is the same as

PS<s,T>t] >P[S<s|PT>t,
which is the same as

PT >t —PS>s,T>t] > (1 —-PS>s])PT>t],

which is the same as

PS>s,T >t <P[S>s|PT>t.

Due to the result in (b), this is the same as the asserted result.



(¢) AS(—S,T) means that
(C(g(*sv T)v h(*Sv T)) >0

for all g and h that are increasing in both arguments. But this is equivalent to
the asserted result.

(d) RTI(—S|T) means that P[-S > —s|T > ¢] is increasing in ¢ for fixed s.
Rewriting
P[-S>—s|T>t]=1—-P[S>s|T >t

and recalling the result in (b), we arrive at the asserted result.

(e) The Markov model is sketched in the figure below. Only small amendments
are needed in the calculations made in the theory (’depend-l.pdf’), but the
results are a bit surprising. We will discuss the matter under the more general
assumption that u; > py and vy > vy,

First the case s < t:

e~ jot ptv+es + f: e Jq ptv+e pre” j: v dr

PlS>s|T>t - = ;
| | ] e Jontvin g [Fem [ vy o= IV dr
_ fOS e~ Jo wtvtr—v [y dr |
e~ f()f ptv+r—v’ + f(f e~ Jo prv+e—v’ Iy dr
0 i 1
Both alive — | Husband dead
l v X l v
2 , 3

Wife dead —_— Both dead

We need to discuss this expression as a function of ¢, which appears only in the
denominator. The derivative of the denominator is
e jOS ptvtr—’ (I/t/ — V¢ — Klt) .

It follows that, in the presence of a positive k¢, P[S > s|T > ¢] is not in
general an increasing function function of ¢ if v; > v,. For v] = v it is actually



decreasing. We have thus already answered the question and need not look into
the case s < t.

The second part of the question is now easily sorted out in the case s < ¢
by setting p; = pr + k¢ and v{ = vy + K¢ in the result above. We find that
P[S > s|T > t] is independent of ¢ for s < ¢. Therefore, the RTT issue is so far
unsettled and we need to investigate the case s > ¢:

e= Jo ntvtr fts e~ o mrvtry, o= [l ntr gr

P|S T>t
[ > 3| > ] o J& ptvts + f()t o= Jo ntvtn e [fv+r dr

= e JIrPPIS > 5| T > 1],

where P* denotes probability under the independence hypothesis u; = p; and
v, = v; (see expression in ’depend-l.pdf’). This is an increasing function of ¢,
and we have proved RTI(S|T).

Exercise 15

Pure verification - just insert the appropriate expressions on the right hand side.
Any combination of cash bonus at rate Et = oy ¢; and additional death benefit
of f)t = (1 —ay)ct/part, 0 < a <1, produces a right hand side equal to the left
hand side.

Exercise 16

b,, must solve
n ~
/ e_fOT(ru+/Lz+u)duCT dr = e~ Jo (Tutiiatu) d"bn , (5)
0

hence

by, :/ ef:(“+“z+“)d“07d7'. (6)
0

Exercise 17
Relation (7) becomes

e =Ar VS 4+ Ap(b, — V).

Here are some examples of time ¢ prognosis of future bonuses, assuming that
the insured will survive the term of the contract:

1. Rate of cash bonus payments at time u € (¢,n) is just ¢, defined above.

2. Present value of future cash bonuses:

n
/ e—(r*+A7’)(T—t) cr dT,
t



3. Value of terminal bonus (not discounted):

n
/ BJT (Hpqs +Ap+T" +Ar)ds c, dr .
0

Exercise 18
All that is needed is to put m + n in the role of n and work with the general
formulas. Here V;* is given by

d

d
%Vt* = (upp +7OVF =1, m<t<m+n.

This is the only place where the particulars of the contract matter: Thiele’s
differential equation is needed for the computation of V,* alongside that of ¢;.
Since V* > 0 for all t € (m, m+mn), also ¢; > 0 throughout this time interval.

Exercise 19

Expenses can be treated as benefits in addition to those specified in the contract
(see Chapter 5). We need the differential equation for the first order gross
reserve,

d */ * % * * * */
Ve =V = B b - W) @

(with side condition Vn*,_ = b), and the equivalence relationship,

which determines 7. The discounted mean surplus per policy at time ¢ is now
Sy = —(a'+a"b)
+ B By G — o= bV ) dr
_ e,ofot(rﬁﬂﬁs) dth*’ )
It is seen that
So = —(a/ +a"b) — V¢ = a’b — (o/ +a''b),

which is the surplus arising immediately upon issue of the contract due to pru-
dent first order assumptions about the initial cost. It is positive (and indeed
prudent) if

a*b > (a'+a''b),

10



which means that the first order initial cost is set on the safe side. (This cannot
be achieved for all b > 0 if o’ > 0; one then has to assume that b is greater than
a certain minimum, which is certainly the case in practice.)

The dynamics of the surplus is

dSt = e f()t(r.ﬁ“'l"m-%-s) ds (ﬂ- — Ug4t b — 6; — 2/7'['/ — ’}/é — ’}/filb — ’Yé//‘/;*/) dt

1o J3rutpag) du (re + page) Vi — e~ [ (rutttay) du v
Inserting dV;* = %Vt*' dt from (7), we gather
dS; = e~ Jo(ratpays)ds i dt
where

e = (ro—r)VF + (B — B~ Bi)
(VY == b= VE ) F (e — Hae) (0= V)

is the mean contribution to surplus per survivor at time ¢. This contribution
decomposes into gains stemming from safety loadings in the various first order
elements — interest, expenses of § type, expenses of v type, and mortality — and
how these elements can be set on the safe side. Just as for the initial cost, there
is a problem with the safety loading on expenses of 3 and « type: if e.g. v; > 0,
then there will inevitably be a loss on the v expenses for small ¢ since the gross
reserve starts from a negative value. This loss has to be compensated by setting
other first order elements sufficiently to the safe side to make ¢; (or at least S)
non-negative for all ¢ € (0,n).

Exercise 20

This is a trivial one, and the same goes for the conditional expected value of
any random variable that depends only on the state of Y at some fixed future
time. Starting from

We(t) = (1= Ae. d)We(t +dt) + Y Aoy dt Wy(t +dt) + o(dt),
t:f#e
we get
We(t) = We(t+dt) = =X We(t+dt) + > AepdtWy(t+dt) + o(dt),
4 f#e

and, dividing by dt and letting dt \, 0, we arrive at the answer. The side con-
ditions are obvious (as always).

Exercise 21
We start with W/ and supply details (to be precise, add a term o(dt) on the

11



right of the two expressions given for W, and W/’ in the exercise):
W/i(t) = (1—-Xe.d)E[e" "W/ 4| Yr =€, t <7 <74d7]
+ Z )\ef dtE [e” dtWt/+dt ‘ }/t =€, }/tﬁ’dt = f] + O(dt)
Iif#e
= (L= dedt)e” "Wt +dt)+ Y NepdteC Wit + dt) + o(dt),
fif#e

where O(dt) signifies a term of order dt (i.e. such that O(dt)/dt is bounded as
dt \, 0). Inserting the Taylor expansions

et = 1 redt + o(dt),

Wi(t+dt) = W.(t)+ %Wg(t) dt + o(dt),
Pl = 14 0(d),

Wit +dt) = Wi(t)+O0(dt),

multiplying out, gathering all o(dt) terms and rearranging a bit, one obtains the
differential equations for the functions W/.

Next, the W/, a bit more sketchy and gathering o(dt) terms currently as
they arise without further mentioning:

W/ (t) = (1= Xe.dt) W.(t) (r® —r*)VFdt + W/ (t+ dt))
+ ) Ay dt W(t) + o(dt).
fif#e

Proceeding as above, we obtain the differential equations for the functions W/'.
The side conditions are obvious.

Exercise 22
Goes along the lines of Exercise 18.

Exercise 23
(a) Same thing again. Introduce

n
W :/ e Jireds(p ) VEdr
t

and write
Wt = (Tt - T*)‘/;* dt + e dtWt_Hit + O(dt) .

Apply the direct backward construction to W,(t) = E[W;|Y; = ¢]. Start from
Wo(t) = (1—A.di) ((re — VW dE + e MWLt + dt))

+ ) Aepdt We(t) + o(dt)
fif#e
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and do a small piece of paper-work to arrive at

d

G Welt) = We(t)r® — (r® —=r") V" — D Aer(Wi(t) = We(t)).

fif#e

Side conditions are: Wo(n—) =0,e=1,...,JY.
(b) Basically the same exercise as (a).

(c) For discounted cash bonuses use the general formula for higher order mo-
ments of present values of payment streams with state-dependent payment in-
tensity and interest intensity.

Forget about the variance of terminal bonus (too cumbersome).

Exercise 26

We need to find E[S(n)V g]. Start as usual from the conditional expected value
of the random variable S(n) V g, given everything that is known by time ¢,
Fir={N(1); 0 <7 <t}

E[S(n)V g| Fi] = E | S(t)e*(n—D+BNm)=N() vg’ ]_.t} .

Here we have separated out what pertains to the past (known under the condi-
tioning) and what pertains to the future (remains random under the condition-
ing). Due to the independent increments property of the Poisson process, it is
seen that we can work with the function

W(s,t) = E [s (= +BIN(n)=N(®) \/ g} )
Preparing for a backward construction, write

W(s,t)= = E [S oQdt+B(N (t4dt) =N (1)) par(n—t—dt)+B(N (n)—N (t+dt)) \/g} ,

and proceed as usual, conditioning on what happens in (¢,¢ + dt):

Wi(s,t) = (1 — Xdt)W (se®® t+dt) + Ndt W (se*™+F ¢t +dt) + o(dt)
= W (se®™ t+dt) — XdtW(s,t) + AdtW (se”,t) + o(dt)
= W(s + sadt,t+dt) — Xdt W(s,t) + )\dtW(se’g,t) + o(dt)

) )
= Wi(s,t) + %W(s,t)sadt + &W(s,t) dt
—XdtW (s, t) + AdtW (se”,t) + o(dt).

We arrive at

0 0
EW(S’t) = —%W(s,t) sa— X (W (se”,t) — W(s,t)) ,

13



which is to be solved subject to the condition
W(s,n) = sVg.
Remark: We could have written

r=F |:66N(n) V. ge—an:| e(a—r) n wDx »

and, redefining W (s, t) accordingly, essentially get rid of e=**. We have chosen
the present approach since it gives us an opportunity to see the different roles
of the (non-stochastic) smooth function e=** and the (stochastic) jump process
N(t).

14



