
Solutions to Extra Exercise 13

1. i. Denote µx =
∑n
i=1 µ

(i)
x . Benefits B = bi if death due to i.

E(B) =

n∑
i=1

biP (death is due to i)

=

n∑
i=1

bi

∫ ∞
0

e−
∫ t
0
µx+sdsµ

(i)
x+tdt

=

n∑
i=1

bi

∫ ∞
0

tpxµ
(i)
x+tdt

E(B2) =

n∑
i=1

b2iP (death is due to i)

=

n∑
i=1

b2i

∫ ∞
0

tpxµ
(i)
x+tdt

V ar(B) = E(B2)− E(B)2

ii. Given death occurs at time k,

E(B|T = k) =

n∑
i=1

biP (death is due to i|T = k)

=

n∑
i=1

bi
µ
(i)
x+kkpx

µx+kkpx

=

n∑
i=1

bi
µ
(i)
x+k

µx+k

E(B2|T = k) =

n∑
i=1

b2i
µ
(i)
x+k

µx+k

V ar(B2|T = k) = E(B2|T = k)− E(B|T = k)2
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iii. Given death occurs before time k,

E(B|T < k) =

n∑
i=1

biP (death is due to i|T < k)

=

n∑
i=1

bi

∫ k
0 tpxµ

(i)
x+tdt∫ k

0 tpxµx+tdt

E(B2|T < k) =

n∑
i=1

b2i

∫ k
0 tpxµ

(i)
x+tdt∫ k

0 tpxµx+tdt

V ar(B2|T < k) = E(B2|T < k)− E(B|T < k)2

The continuous premium payable while the life is alive will be

π =
EPV (benefits)∫∞

0 tpxe−rtdt

=

∑n
i=1

∫∞
0
e−rttpxµ

(i)
x+tbidt∫∞

0 tpxe−rtdt

=

∫∞
0
e−rttpx

(∑n
i=1 µ

(i)
x+tbi

)
dt∫∞

0 tpxe−rtdt

2. i. First note that

āx+t =

(
1− e−Tx+t

r

)
=

∫ ∞
t

e−r(u−t)u−tpx+tµx+udu

Then

E(Reserves at t) =

∫ ∞
t

e−r(u−t)u−tpx+t

n∑
i=1

µ
(i)
x+ubi − πāx+t

=

∫ ∞
t

e−r(u−t)u−tpx+t

n∑
i=1

µ
(i)
x+u

(
bi − π

1− e−r(u−t)

r

)
du

=

∫ ∞
t

e−r(u−t)u−tpx+tµx+u

n∑
i=1

µ
(i)
x+u

µx+u

(
bi −

1− e−r(u−t)

r

)
du

E(R2) =

∫ ∞
t

e−2r(u−t)u−tpx+tµx+u

n∑
i=1

µ
(i)
x+u

µx+u

(
bi −

1− e−r(u−t)

r

)2

du
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3. We have µx + µy =
∑n
i=1

(
µ
(i)
x + µ

(i)
y

)
.

P (B = bi) =

∫ ∞
0

e−
∫ t
0
µx+u+µy+udu

(
µ
(i)
x+t + µ

(i)
y+t

)
dt

=

∫ ∞
0

tpxtpy

(
µ
(i)
x+t + µ

(i)
y+t

)
dt

So

E(B) =

n∑
i=1

bi

∫ ∞
0

tpxtpy

(
µ
(i)
x+t + µ

(i)
y+t

)
dt

E(B2) =

n∑
i=1

b2i

∫ ∞
0

tpxtpy

(
µ
(i)
x+t + µ

(i)
y+t

)
dt

Given that benefit is paid at time k,

P (B = bi|T = k) =
kpxkpy

(
µ
(i)
x+k + µ

(i)
y+k

)
kpxkpy (µx+k + µy+k)

=
µ
(i)
x+k + µ

(i)
y+k

µx+k + µy+k

=
µ
(i)
x+k

µx+k
if µ

(i)
x+k = µ

(i)
y+k

E(B|T = k) =

n∑
i=1

bi
µ
(i)
x+k + µ

(i)
y+k

µx+k + µy+k

E(B2|T = k) =

n∑
i=1

b2i
µ
(i)
x+k + µ

(i)
y+k

µx+k + µy+k

Premium payable upfront is

π =

∫ ∞
0

e−rttpxtpy

n∑
i=1

bi

(
µ
(i)
x+t + µ

(i)
y+t

)
dt

4. Benefit is payable now at the time of the second death. Let T (2) be the time of the second death.

P (T (2) ≤ t) = (1− tpx)(1− tpy)

= 1− tpx − tpy + tpxtpy
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P (B = bi) =

∫ ∞
0

(
tpxµ

(i)
x+t(1− tpy) + tpyµ

(i)
y+t(1− tpx)

)
dt

= 2

∫ ∞
0

tpx(1− tpx)µ
(i)
x+t if µ

(i)
x+t = µ

(i)
y+t

P (B = bi|T = k) =
tpxµ

(i)
x+t(1− tpy) + tpyµ

(i)
y+t(1− tpx)∑n

i=1

(
tpxµ

(i)
x+t(1− tpy) + tpyµ

(i)
y+t(1− tpx)

)
=

µ
(i)
x+t

µx+t
if µ

(i)
x+t = µ

(i)
y+t

The premium upfront,

π =

∫ ∞
0

e−rt
n∑
i=1

(
tpxµ

(i)
x+t(1− tpy) + tpyµ

(i)
y+t(1− tpx)

)
dt
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