
Solutions to Extra Exercise 16

1. [a)]

We can calculate the premium by

Premium = PV(benefit) + PV(expenses)

where we have

PV(benefit) = 3S0e
∫ 30
0
a(s)dse−

∫ 35
0
r(s)dse−

∫ 35
0
µ30+sds

and

PV(expenses) = c

∫ 35

0

e−
∫ s
0
r(u)due−

∫ s
0
µx+ududs

(a)(b) We need to calculate

W1(t) = E
(
e
∫ 30
t
a(s)dse−

∫ 35
t
r(s)ds|Yt = 1

)
= E

(
e
∫ 35
t

(a∗(s)−r(s))ds|Yt = 1
)

where a∗(t) = a(t)1{t≤30}. We have

W1(t− dt) = (1− r(1)dt)(1 + a(1)1{t≤30}dt) (W1(t)(1− λdt) + λdtW1(t)) + o(dt)

W1(t− dt)−W1(t)

dt
= −

(
r(1) − a(1)1{t≤30} + λ

)
W1(t) + λW2(t) +

o(dt)

dt
dW1(t)

dt
= (r(1) − a(1)1{t≤0} + λ)W1(t)− λW2(t)

dW2(t)

dt
= (r(2) − a(2)1{t≤30} + λ)W2(t)− λW1(t)

where W1(35) = W2(35) = 1. EPV of benefit is 3S035p30W1(0).

(c) a(t) is deterministic, so we just need to calculate

W̃1(t) = E
(
e−

∫ 35
t
r(s)ds|Yt = 1

)
W̃1(t− dt) = (1− r(1)dt) ((1− λdt)W1(t) + λdtW2(t)) + o(dt)

dW̃1(t)

dt
= (r(1) + λ)W̃1(t)− λW̃2(t)

dW̃2(t)

dt
= (r(2) + λ)W̃2(t)− λW̃1(t)
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where W̃1(35) = W̃2(35) = 1. EPV of benefit is e
∫ 30
0
a(s)dsS035p30W̃1(0).

To calculate EPV of expenses, we need

W ∗1 (t) = E

(∫ 35

t

e−
∫ s
t
r(u)du

sp30ds|Yt = 1

)

W ∗1 (t− dt) = tp30dt+ (1− r(1)dt) ((1− λdt)W ∗1 (t) + λdtW ∗2 (t)) + o(dt)

dW ∗1 (t)

dt
= −tp30 + (r(1) + λ)W ∗1 (t)− λW ∗2 (t)

dW ∗2 (t)

dt
= −tp30 + (r(2) + λ)W ∗2 (t)− λW ∗1 (t)

where W ∗1 (35) = W ∗2 (35) = 0. The EPV of expenses is cW ∗1 (0).

(d) We need to calculate

L1(t) = E

(∫ 35

t

e
∫ u
0
(a(s)−r(s))ds

up30µ30+udu|Yt = 1

)

L1(t− dt)− L1(t)

dt
= tp30µ30+t − (r(1) + λ− a(1))L1(t) + λL2(t) +

o(dt)

dt
dL1(t)

dt
= −tp30µ30+t + (r(1) + λ− a(1))L1(t)− λL2(t)

dL2(t)

dt
= −tp30µ30+t + (r(2) + λ− a(2))L2(t)− λL1(t)

where L1(35) = L2(35) = 0. EPV of benefit is 3S0L1(0).
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