
Solutions to Extra Exercise 9

We start in state A. PA(t) = P (X(t) = A|X(0) = A) and PI(t) = P (X(t) = I|X(0) = A). The
forward equations are

p′A(t) = −(σ + µ)pA(t) + ρpI(t), pA(0) = 1

p′I(t) = −(ν + ρ)pI(t) + σpA(t), pI(0) = 0

The general solution is

pA(t) = A1e
−k1t +B1e

−k2t

pI(t) = A2e
−k1t +B2e

−k2t

where k1 and k2 are the solutions to the equation

(−(σ + µ)− k)(−(ν + ρ)− k)− ρσ = 0

After getting k1 and k2, we can solve using the initial conditions

A1 +B1 = 1

−k1A1 − k2B1 = −(σ + µ)

Solving the two equations we obtain A1 and B1. The same for A2 and B2.

For backward equations we denote pBH(t) = P (X(u) = S|X(t) = H) and pBS (t) = P (X(u) =
S|X(t) = S) for t < u. If we want to find P (X(u) = A|X(t) = A) and P (X(u) = A|X(t) = I) we
solve

p′
B
A(t) = (σ + µ)pBA(t)− ρpBI (t), pBA(u) = 1

p′
B
I (t) = (ρ+ ν)pBI (t)− σpBA(t), pBI (u) = 0

The characteristic equation is the same, so we will get the same answer as forward.
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