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1 Introduction

1.1 Actuarial Notations

Consider one individual. Define the following:

T, : remaining lifetime of a life aged =
U+t :  force of mortality

Pz . survival probability

+qz - probability of death within time [0, ¢]
f@) :  density of T,

We have the following expressions:

the = € fot pavsds
t
f(t) = ,ua:-i-te_ fo Hatsds = Hx+ttPx

B(T,) = / L (t)dt = / ——
- / P(Tx>t)dt:/ (padt
0 0

1.2 Some insurance contracts

1.2.1 Actuarial principle - Expected present value
A payment of 1 at time ¢ is worth e = v’.

A payment of 1 made at time T}, is worth e~"7= = v”= now. (A random quantity)

The value of a contract is the expected present value of its payments, in this case E(e~"7=). Below

are some examples of insurance contracts and their expected present value:

1. Whole life assurance

A payment of 1 made at time T},. Payment is worth e~""

Z NOW.

Ele™"+] =/O e paplatrdt = Ay



2. Pure endowment
A payment of 1 is made at time n if life is alive. Payment is worth e 17, .} now.

E [e—rnl{Tz>n}] = e_rnP(Tm > n)

—rn
€ nPx
e e~ fO” T/

= e fo (rbate)dt — A:p%\ = nE:v

3. Temporary Life Assurance

A payment of 1 immediately on death if that occurs before time n. Present value is e ~"7*

Ly, <n}-
E[e—rTml{TISn}] = /e‘”f(t)dtZ/ e " poreepodt
0 0

n
t . —
- / e_Tththe_ fo HHSdédt = Aglcm
0

4. Endowment Assurance
A payment of 1 either immediately upon death or at time n, whichever comes first. Present

value is e ™" Lp, spy + el <y = e~ T(TzAn)
E |:€_T(TI/\”)i| = Aa:%\ + A;m
= AQLTT‘
1.2.2 Variances
For the above examples, we have
1. Whole life assurance
Present value = e "=
2" moment = FE [e_QrT’”]
= A, at force of interest 2r
Variance = A, at 2r — (flw)Q at r
2. Pure endowment
Present value = e ""1yp spny
2" moment = FE [e_anl{TINl}]
— e—2’rnnpz
= At at2r
Variance = A, at 2r — (Agml‘)2 at r
3. Temporary Life Assurance
Present value: = e "T* i1, <ny
2" moment: = F [e_QT'Tfl{ngn}]
= A;:m at 2r
Variance = Ai:m at 2r — (A;:mf at r



4. Endowment Assurance

Present value = e "(T=/1)
2" moment = E [e*QT(TIA”)]
= Az:m at 2r
Variance = A, at 2r — (Ax;m)2 at r

1.3 Annuities

Annuity certain: azm, dm, am

1. Whole Life annuity (Continuous):
1 per annum payable continuously till death.

1—e e
Present value = a77=—"—
= r
— — ]- - Az T —
Expected value = a, =F [aﬁ] =———= A, +ra, =1
v r
1— —1Ty
Variance = Var (e)
r
1 —rT,
= ﬁVar(e )
1 /- T N\2
= 3 (Az at 2r — (AI) at r)
Alternatively, we also have
i = / Lip,seye” "tdt
0
a; = E {/ 1{Tw>t}€_rtdt]
0

(oo}
= / P(T, > t)e "dt
0

oo
= / pee” Ttdt
0

2. Whole Life annuity (Discrete):

o0
g _ —rj ,
iry = Y e sy
7=0
o0
Q= > e pe
7=0

oo
— E : —rj
Ay = € jjpz
Jj=1

1
az + 5 for whole life annuities

%

Az



3. Temporary annuity (Continuous):
1 per annum payable continuously till death or time n, whichever comes first.

1— e—r(Tw/\n)
Present value =

a’T,T,/\n\ = r
1— A, _
Expected value = a,7 = LN Apm + rlgm =1
r
1— efr(Tlv/\n)
Variance = Var <>
r

= iVar (e_T(TmA”))
2

= (Aemat 20— () atr)

We also have

n

Lir,sepe "dt

a’TI/\n =

/
n
dw:m - / tpaje_rtdt
0

4. Temporary annuity (Discrete):

n—1
. i
R § € ijx
j=0
n
77\'
R § € ]jpx
Jj=1

1.4 Principle of Equivalence

Expected P.V. of premiums = EPV(benefits) + EPV (expenses)
Ignoring expenses for the time being, EPV(premiums) = EPV(benefits)

Example: Suppose we have a whole life assurance financed by a life annuity of P per annum,
then

Pa, = A,
p = A
Qg
If the premium is only payable till time n, then
P?lx:m = 7:5
P = 7A‘T
Q7]
Example: For a temporary life assurance, we have
Pagm = Aim
P — fi{;’m
Qg



If premium is payable annually in advance,

Al
P = Aa::m
&w:m

Example: Deferred annuity (pensions):
A whole life (or temporary) annuity commencing at a fixed time m provided the policyholder is
alive then.

Expected present value = ,,, |Gz = € ""Peliotmam

am:m = Qz7m
= qy — Gzgm (for n = 00)
For a simple pension contract where premium is paid till time m and life annuity starts thereafter,
we have

P =

2 Reserves

Money set aside to finance the rest of the contract. Two kinds of reserves:

1. Prospective Reserves: Value at time t of future liability minus future income = EPV (future
benefits) - EPV (future premiums)

2. Retrospective Reserves: Net accumulation of money already received.
If interest rates remain the same, prospective and retrospective reserves should equal.

Example: Consider a pure endowment, financed by a single premium P payable in advance.

P=v",p, = Az%‘ =,.E

At time t,
Prospective reserve, V; = 0", 1Dy
1
Retrospective reserve, Vt(R) = Pel'x —
tPx
Pefot (r+pz+s)ds

= e fon(r‘i’/iz+s)dsefot(r+l"z+5)d5
_ o ey

e fon_t (T+/¢1+t+s )ds

= W

The ”accumulation” of P at time t is Peo ("+ra+s)ds

2.1 Thiele’s Differential Equation

At any time, a premium m; is being paid continuously and there is a death benefit b;. Consider a
small time interval (¢, ¢+ dt).



Retrospective argument

Vieaw = Vi +rVidt + mdt + MIthdt(Vt - bt) + O(dt)
Vivat = Vi = (1 + poge) Vidt + mdt — pip14bedt + o(dt)
dV;
ditt = (r+4 pote)Vi + T — fyyeby

Solve subject to Vy = 0, since there is no premium upfront.

Prospective argument

‘/;g = (1 — Ttdt)(l — Mx+tdt)‘/t+dt — Wtdt + ,L,Lm+tdtbt + O(dt)
dVv,
7; = (Tt + /f“a:th)‘/t + m — //fertbt
subject to V,,_ = B, the terminal benefit. In the case of whole life assurance, the condition is

Solutions:
Retrospective

t
V, = / e rutparddu (p oy b Y ds
0

Prospective

Vi = / e~ JE (rtpatw)du (Nm+sbs — 7Ts) ds + Be™ S (st pays)ds
t

Example: Pure endowment - single premium

Retrospective reserve:

Vieaw = Vi+Virdt + Vipgydt
Vieat = Ve Virdt + Vipgyedt " o(dt)
dt B dt dt

Asdt — 0, W = (r + pu,4)Vi, Vo = P. Solving, V; = Pelo (tiae)ds,

Prospective reserve:

Vi = (1=rdt)(1 - pottdt) Vit
e "~ 1 —rdt+ o(dt)
e I paads g dt o dt)
Vi=Vigar _ —(r+ Mm+t)dtv n o(dt)
dt dt T g

Letting dt — 0, L% = (r + p1444)Vi, Voo = 1. Solving, V; = e~ Jo T rtpatera)ds — retrospective.
Example: Pure endowment with premium P payable continuously.

n
UV ' nPx

Qg

P =



Retrospective reserve:

Vivear = Vi+Virdt + pipq¢Vidt + Pdt 4 o(dt)
Viear — V4 o(dt
o = tm)Vit Pt (dt)
dv;
7; = (r+pagre)Vi + P
and Vy = 0.
Prospective reserve:
‘/t = (1 — T’dt)(l — Nfﬂ-‘y—tdt)‘/t-‘rdt — Pdt
dVv;
d7t = (r+pape)Vi + P
t
and V,, = 1. Solving,
Vi = e_r(n_t)n—tpw-i-t - Paert;m

= EPV(benefits) - EPV(premiums)

2.2 Stochastic process approach

I;: Stochastic process.

7 — 1 if life is alive
t 0 if life is dead

N;: No of deaths up to time t.

dN; = Niyar — Ny = no. of deaths in [¢, ¢ + dt)

t
I, = 17/st
0

Present value at time t of future payment:

Consider time t < s < n, where b; payable if death occurs, B payable at time n if alive, and
premium 7g payable when alive.

Cashflow at time s (small interval): bsdNg — wslsds

Discount factor: e (578 = ¢~ Ji' d (if constant i.r.)

So P.V. = e "(5=0) [b,dN, — 7 I,ds).

Prospective reserve:
Wy = / e (5= (bsdNg — wslsds) + e "=t pr.
t

W, is a random variable, so we take expectation.

Vi = EWi|F)

E[ / e " dN, — / e " Ids + e """V BI, | F,
t t

/ e*“S*t)bsE(stm)f/ e T E(I|F)ds + e """V E(I,|F,)B
t t



Since E(dNg|F:) = E(Nsids — Ng|Ft) = s—tPattthztsds and E(I5|F;) = s—tPztt, we have

E(thj:t) — / e_r(s_t)bssftpm+tﬂw+sd3 - / e_T(s_t)ﬂ-ssftpa:+td3 + e_T(n_t)nftszrtB
t t

Retrospective reserve:

t
Wi = / (I, — bydNy) ") ds
0

for 0 < s < t. Retrospective reserve is its expectation shared among the survivors

R
v B = E(Lt())
tPx
Example: Pure endowment - Single premium
Prospective reserve at time t = e_r("_t)n,tpmﬂ

— e~ ftn(r"l‘ﬂchrs)ds

Vo, =1, Vj = e "™,p; the single premium. And the reserve increases with time.
Or solve:

vy
— = (r+ Vi
dt (r + pase) Ve
subject to V,, = 1.
Retrospective reserve at time t = e_mnpggefﬂt(TJ”‘”S)CIS
= Prospective reserves
Or solve: V.
t
— = (T —|— - V
dt (r + to+t) V2

—Trn

subject to Vo = e™ """,z
Example: Temporary Assurance - Continuous premium payable for n years, 1 payable on death
provided it is before time n

Solve: av
ditt = (1 + poe) Vidt + T — pgye

subject to the conditions V;, = 0 for prospective reserve, and V = 0 for retrospective. Solving this,
we have

t
Vi = / (ﬂ— - ,U/z+s)€fs/(7'+”w+u)duds
0
Vn = / (ﬂ— - Nr+s)efsn(r+um+u)dud8 — 0
0

If p, is an increasing function of z, we will have m — pyys > 0 for some s <m and m — pz4s <0
for some s > m, so V; is increasing for ¢ < m and decreasing for ¢ > m. On the other hand, if u, is
decreasing in x, we have negative reserves, which is impossible.



Figure 1: Positive reserves when p, is increasing Figure 2: Negative reserves when p, is decreasing

Example: Variable premium - same as above but m; = pz4¢

Thiele’s equation:
dVvi
— = (1 pag) Vit
subject to V; = 0. Solving this, we get V; = 0 for all t. There are no reserves. Office just takes

premiums and pays them out. This is impractical but very safe for the office.

Example: Endowment Assurance - 1 payable upon death or at time n, whichever comes first,
continuous premium 7

Vi = Apienmn— Tpqpn=e
_ 1—razm_
= 1- ra’zﬂrt:nft - — a’:r+t:n7t
Qg
_ 1— ax-‘rt:n—t
Qg7

Assuming pu, is increasing in x, we have

n
Opipn—gl = / o JS (rtpasa)du g g
t
n s
< / e ftb(r+ﬂz+t)du
t
1 —(r+ )(n—t
= —_— — € Pott)(n—t)
T+ M+t
1
< 1
Tt Hott
Now
d a —
%aert:m = (7" + /J/w+t)az+t:m -1

1
< (T+,U';c+t)(m) -1=0

Since @, ;= is decreasing, V; is an increasing function of t.

Example: Temporary annuity - 1 payable till death or time n

Thiele’s equation:

av;
d—tt = (r+ pa+)Ve + 7 — bigie



We have m = —1, buyyt =0, V,, = 0.
V;f = d:ert:m

3 Selection

(Read section 3.4 of Lifebook)
Forms of selection:

e Class selection (e.g. gender)

e Time selection (e.g. mortality improves over time)

e Self selection (e.g. antiselection)

e Temporary initial selection (e.g. time selection that wells off)

Select period: s
tete and ¢p, does not lead to a proper model, because it does not take into account when the
underwriting took place. So we write for a person aged x at the time of underwriting,
pe(t) = gy fort>s
= Hz]+t

7q[z)+¢ 18 the probability of death within 7 years for a life aged = +t, but went through underwriting
at age x (t years ago).

Qe+t = Gzt fort>s
= P(T, <t+7|T, >t)
P+t = Py >t+ 7T, > t)
iy - lim h4[z]+t
o]+t h—0

Example: s=2 (selection up to time 2)

2Pz] = 1P[z] X 1P[z]+1
3Plz] = 1P[z] X 1P[x]4+1 X 1Pz+2
ije) = 140X 1P +v° X ope) + 0 X 1P[a) X 1P[e)41 X 1Dat2 + -

4 Expenses

(Read Chapter 5 of Lifebook)
Types of expenses:

e Fixed: constant rate n
e Proportional to the sum assured: ab
e Proportional to premium: S

e Proportional to reserve: vV;

10



Expenses occur at rate 7 + ab+ Bm + vV;. Thiele’s equation becomes

Vivar = Vi+rVidt + pigi(Vy — b)dt + wdt — (n+ ab + B +yV;)dt
dVy

o (r+ prat) Vi + 7 — pragtd — (n + ab + B + 4 V3)

= (r=7+pat)Ve + (1 =B —n—ab) — piz4eb

Solve subject to V,, = B. We have the Thiele’s equation with changed parameters:
Vi = / e~ Jitr=rtperdu (L b (1= B)m + 1 + ab) ds + Be~ JI (rrt b du
¢

We can calculate the premium 7. Since V) = 0,

n
0 = / e Jo (r=y+pptu)du (Nersb _ (1 _ ﬁ)ﬂ' +n+ ab) ds + Be~ I (P =y ) du
0
= Al _b— (1= B)Tlwm + (1 + ab)agan + Bppye """
(1 o ﬂ)ﬂ'@x;m = A;ﬁ\b + (77 + O‘b)aw:m + Bnpa:ei(riﬂwn

where ;.7 and fl;:m are at force r — . We can get the premium from this equation.

5 Joint life

5.1 Notations

Multiple insurance
Notation:

e A A il 1 = = -
One life: Az, Aza, Ay Apys Qs Qo Gy

Now, suppose we have two lives aged z and y. Then

flmy = 1 payable when xy breaks on the 1st death

A,, = 1 payable on the death of z, provided y is alive

Awy = AL +A,

Azy = 1 payable on the second death

A2 A,

}—y? = 1 payable on the death of y provided x is already dead
AgZm = Same as A before, but only if it happens within n years
Azgm = 1 payable on the second death, provided it is before time n
Axy:% = pure endowment (both alive at n)

Suppose lives: 1,2, ....7r, ages: T1,Ta, ..., Ty
Remaining lifetimes: T, Ty,, ..., Tz, (Denote by: T1,Ts, ..., T})
Joint status: (z1,za, ..., z,)

T = min(Ty,Ts,...,T})
P(T>t) = Pmin(Th,Ts,....T,) > 1)
= PTy>t,Ta>t,.. T, >t)
= tPxy,...z,

11



If they are independent, then

P(T>t) = P(Ty>t)P(Ty > t)..P(T, > t)

= Pz X tPpy X oo X D,
— e fot Mwl..,w7-+sd5

tp:rl...:rr
o Sond s = Jn)ds = [yl ds
1 2
Hzy..x.+t = ,“;1)+t + lu.’(l‘,'g)—‘rt +o+ H;:)H
GM mortality law:
pl = A+ B
pV 4D = (A + 4 A+ (By + ...+ B)eCT also GM law

5.2 Common joint life contracts

1. Pure endowment - 1 payable at time n if all are alive.

PV = ’Unl{T>n}
A zrz% = nExl...xT

T1...
o n
= U nPzx..x,

2. Whole life assurance - 1 payable at first death

PV = T _  min(Ty,...,Ty)

oo
—rt
Axl...wr = / € /le..wr-&-ttpml‘..wrdt
0

L)
= / 6_7‘t(ﬂw1+t + paytt + oo+ /J'errt)tp:m-..wrdt
0

3. Temporary assurance - 1 payable on first death provided it is before time n

n
Axf.l.’xr:m - A e_Tt(uzlth T layte o+ M1r+t)tpl’1-..zrdt

4. Endowment assurance - 1 payable on first death or at time n, whichever comes first

_ A 1 1
Al’lmzrlm - Aa:f:./zr:m + Azl...xr:m

Example: 1 payable on death of z; if everybody else is alive
_ o0
ACl}lfL‘Q...mr = / eirtﬂlerttpzl...mrdt
0

Note that Ay, o, = A} . + ..+ A, 2.

Example: 1 payable on death of z; if everybody else is alive and it happens within n years

n
1 _ —rt
Aml..,xrzm*/ e ey 14ty ..z dE
0

12



Note: z‘_lm,,.z,,,;m =A]} mt A ;

£ 7% O e T1... TN

Example: Annuity payable if everybody is alive and up to time n (n can be 00)

n

= —rt

Agy...xpm] = / € tpzl...xrdt
0

5.3 Last survivor status

More complicated case: we are interested in the time of the last death.
T = max(Th,Ts,....Ty)

P(T<t) = Pmax(Ty,..,T,) <t)
= Py <t,Ty<t, ..T,<t)
= P(Ty <t)P(T» <t)..P(T, <t) if independent
=tz X tqzy X oo X tqz,
= (1= pay)(1 = tPzy)--(1 — tpa,)
= 1= per=r

tqzl...:r,.

where (pz7—=- = prob. of at least one surviving.

Example: Annuity payable up to the last death
oo
Uzray = / e " iprradt
0

_ /0°°ert(1—(1—tpm)(l—tpm)...(l—tpm)dt

Example: Pure endowment - 1 payable at time n if at least one life is alive

PV = v"limax(n.. )50} = 0" [1 = Ymax(1y...1,)<n}]
Expected value = 0"[1 — 1@z, X tGuy X -oo X tqy,.]
For 2 lives, V"1 = 1qe X 1qy]

Example: (Not typical) 2 lives,  and y. 1 is payable on the second death of  and y.
A@ — E[efr(TI\/Ty)]
_ E[e—r(vaTy)l{Tm>Ty} _;'_e—T(vaTy)]_{Ty>Tm}]

= Ele Y, >7,3) + Ele™v 17, >1,}]

/ e ipaptare(1— tDy)dt + / 67Ttthﬂy+t(1 — p)dt
0 0

Alternatively, we also have
Azg = A+ A, — Ay
o0 o0 o0
= / €7Tt,um+ttpzdt+/ e fhy iy dt */ e " iDaiDy (ot + pyte)dt
0 0 0

Suppose we have continuous premiums as long as both are alive, then

Oy

13



If payable as long as somebody is alive,

= A
Oy
and we have the following relationships
Gy + 0y = Ggg+ Guy
oo
azy = / e (1 = queqy)dt
0
If the contract finishes at time n, -
_ ATy:m
@xy:ﬁ\

Example: (Most common contract) 1 payable on the first death provided it happens before time
n. Premium payable as long as they are both alive up to time n.

A1
_ Amm

C_Lgcy:m

5.4 Some conditional probabilities

1. In the previous contract, the amount was paid before time n. What is the probability that y
got the money (z died first)?

P(T, > Ty, min(T,,T,) <n)
P(min(T,,Ty) < n)
P(T, > T, T, <n)
1- npznpy

P(T, > T,|min(T,,T,) <n) =

1 n
= —F 1 dt
1_ DenPy [/0 {T,>t}tPzhz+t
1 n
1_ PanDy /0 tPxtDy Mzt

2. Somebody died at time ¢ (exactly), and (s)he has died first. What is the probability that it
was = that died?

P(T, € [t,t+dt), T, > t) . P(T, € [t,t +dt))P(T, > t)

A BT A T, €Lt +dt)) A BT, e it dt))P(T, > t) + P(T, € [t,t + dt))P(T, > t)
B tPxfattdlipy
C iDeMattdtiDy + Dy fly+eepadl
_ Hx4t
Mo+t + Pyt

This extends to m lives: If we know the time of the first death is ¢, the probability that it is

. .o . P+t
hf =1.... 1S —=Lt—.
€ SRR SET—

14



5.5 More examples

Example: Deferred annuities - On the death of x, y gets a life annuity.

PV = g a1, >1,)
Expected value = . a,

Ty
/ eirtdtl{Ty>Tz}
T

e’}
= —rt
- |:/ l{y is alive and z is dead at time t}e dt
0

= I

)
= / tpy(l - tpw)e_rtdt
0

= Gy —Qgy

Example: On the first death, the survivor gets a life annuity
o0
xIdy + y|5‘90 = / e7Tt]—{exactly one is alive}dt
0

= / et [tpy(l - tpac) + tpx(l - tpy)]dt
0

o0
= / e‘”[l — tPatDy — tqztqyldt
0

Example: Two lives, 1 payable on second death provided this occurs before time n. There will be
3 (4) reserves.

o V5(t) = 0: Reserve if both dead

e V.(t): Reserve to be set up if only z is alive

e V,(t): Reserve if only y is alive

e V.y(t): Reserve if both are alive

Assume premium is payable continuously as long as both are alive (till time n).

Vay(t) = E[PV of future payments - benefits|both are alive]
= Aa:+t,y+t:m - Wa’x+t,y+t:m
Va(t) = E[PV of future payments - benefitsjonly x is alive]
= Aert:m
Vy(t) = E[PV of future payments - benefits|only y is alive]
= Ay—i—t:m
o~ A
azy:ﬁ\
Vay () is thus
n n
wa (t) - / e_r(s_t)s—tpz-&-t/fcz-‘rs(l - s—tpy+t)d8 + / e_r(s_t)s—tpy-l-t,uy-l-ts—th—i-tds
¢ t

n
—r(s—t
—77/ e )sftszrtsftpertds
t

Vay(n) = 0

15



and we can compute the derivative

Vay@)t=n =0+ 0+7 >0

V0

V(9 >0atn

Figure 3: Graph of V,, (), reserve when both are alive

Hence, V,,(t) is increasing for values just before n. This implies that V,,(t) < 0 for some m < n.
But we are not allowed to have negative reserves, so when this happens, the usual remedy is to
have the premium payable up to a time n; < n instead of being payable till time n. In which case
we will have

Vm/y(t) =1Vay (t) + 7T1{t<m} - ,Uac-i-t(vy(t) = Vay (t)) — Hy+t (Va(t) — Vay (t)

If n = oo, we do not necessarily have a problem.

6 Markov Chains

Let X (t), the state at time ¢, be a stochastic process that takes values from a finite set {1,2,..., K},
t > 0. X(t) is a Markov process, t; < to < ... < t, < tp,+1. So we have

P(X(tnt1) = jIX(tn) = jns X(ta-1) = Jn-1, ., X(to) = Jjo) = P(X(tn+1) = jIX(tn) = jn)
Fi = o{X(s):0<s<t}
P(X(tnt1) = jlFe,) = P(X(tat1) = jlXe,)

Also, conditionally on the present, the past and the future are independent:
P(X(t3) = js, X (t1) = j1| X (t2) = j2) = P(X(t3) = js| X (t2) = j2) P(X (t1) = j1| X (t2) = j2)
Definitions:

e For small h,
P(X(t4h) = J1X(6) = i) = iy (®h +o(h), i #]

16



e P(Two or more transitions in [t,t + h)) = o(h). So

K
PX(t+h) =ilX(0) =) = 1= piy(0)h+o(h)
j#i
= 1—pi(t)h +o(h)

o P(X(u) =jlX(t) =1) = pi;(t,u), for t < u.

Aside:
K K
S it = 3 )
k=1,k#i k=1,k#j

6.1 Kolmogorov Backward Equations

Consider what happens in interval [¢,t 4+ h). For ¢ < w,
pij(t,u) = P(X(u) =j|X(t) =)

= ) P(X(u) =jX(t+h)=k)P(X(t + h) = k| X (t) = i)

K
= > iyt how) (O + o)) + pig (4 by w)[L = pa.()h + o(h)]

k=1,k#i
So X
pij(t,u) — pij(t +h,u) D ket ki Pej (E+ Ry w)pire () B — i () hpij (¢ + hyu) + o(h)
h - h
Let h — 0,
K
opii(t,u
*# = Z Prej () pin(t) — pij ()i (t)
k=1,k+#i
K
opii(t,u
% = pl_] Z pk] ,uzk
k=1,k#i

The Kolmogorov equations for ¢ =1, ..., K to be solved simultaneously subject to the conditions

pij(u,u) = 0, ifi#j
pjj(uau) =1

Backward equations: To find the probability that we are in a state j at the end given we are at
various states (all possibilities) at the start.
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6.2 Kolmogorov Forward Equations
Consider what happens in [t,t + h). For s < t,
pij(s,t) = P(X(t) =jlX(s) = 1)

pij(s,t+h) = P(X(t+h) = jIX(t) = k)P(X(t) = k| X(s) = 4)

] =

b
Il

1

I
M=

(ki (E)h + o(h)|pir (s, 1) + (1 — pjh + o(h))pij (s, t)

k=1,k#j

So

K
pij(s,t+h) —pij(s,t)  Dk—1kzs Hhi(O)pi(s, ) — p(£)hpi; (s, t) + o(h)
h o h
Letting h — 0,

0pij(s,t)
” Z Nk] tpir(s,t) — p.jpij(s,t)

The Kolmogorov forward equations are solved for all possible 7 = 1,2, ..., K simultaneously, subject
to

pij(s,s) = 0forj#i
Pn‘(Sas) =1

Forward equations: We know where we are at time s and we want the probabilities of all possible
outcomes at a future time. Quite often, s = 0 and p;;(0,t) = p;;(t).

6.3 Occupation probabilities

Another interesting probability is the ”occupation” probability p;(s,t), the probability of staying
in state ¢ from time s to ¢, without having left state <.

pals,t) = P(X(v) =i, € [s,1]|X(s) = i)
pii(s7t) Z pﬁ(s’w
pa(s,t+h) = pa(s,t)pg(t,t +h)
= p(s,O)pis(t,t + h) + o(h)
= pr(st) (1= pi.(t)h) + o(h)
W = —Uu (t)pﬁ(s t)
pr(s,s) = 1

So we have

pﬁ(su t) =e fst i, (u)du

Example: Model of competing risks / Multiple decrement model

18



Figure 4: Model of competing risks / Multiple decrement model

Start at 0 and move to 1,...,n and stay there. At time 0, we are in state 0.

pij(s,t) = 0fori#0
W) = uh
polt) = P(X(t)=0)
pi(t) =poj(t) = P(X(t)=j)forj=0,1,2,...,n

To find pg(t), we use the forward equation

pot+h) = po(t) [ 1= ullih | + olh)

j=1
polt+h) —polt) = =Y pllihpo(t) + o(h)
j=1
polt+h) —po(t) _ —2j i) hpo(t) + o(h)
h h
po(t) = —papepo(t) (where ="y u9))
j=1
subject to pg(0) = 1. Solving this, we get
polt) = e Jonarads

o= Jo ) +n) ol )ds

(1) (2) (n)
e_f l“z+sd5 _f Hats ds e_f Hotsds

For j =1,2,...,n, we have

pi(t+h) = po(t)ull,h+p;(t) + o(h)
pilt+h) —pi(t) _ po()uglh L olh)
h h h
pit) = po()ull,

Solving this subject to p;(0) = 0, we have

t
pi(t) = / po(s)uY)ds
0
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Let T be the time we move out of state 0.

P(T>t) = e Jorareds — po(p)
n
Density of T = fpig44po(t) = Z /Agj_tpo(t)
i=1
o P@ ety dn)
dt—0 dt

We also have P(T € [t,t+dt),X(T) = j)
. € [t,t +dt), =J) _ 0
d1t1_>0 o = /,Lw_»'_tpo(t)

So
,u(i)
P(X(T)=4|T =t) = 2+
Ha+t

Suppose there is benefit b;, payable on transition to state j.
n 00 )
EPV (benefits) = Z bj/ e_"tugfltpo(t)dt
=1 70

Example: James Bond insurance

Alive
1

ol u?

I Ueathlcareer I I Otherdeath I

Figure 5: James Bond insurance

Benefit b for other death, 2b for death in service.

EPV (benefits) = b / e po(s)u s + 20 / e po(s)uY ds
0 0
po(t) = o= Jo S +n) ds
t .
pi(t) = /Opo(s),uiﬂ)rsds

Example: Two lives z, y

Figure 6: Two lives z, y

20



We use forward equations to find p, (¢).

Pay(t+dt) = puy (O — (pate + :uert)dt] + o(dt)
dpay (t)
Tyt = _(Mz+t + ,uy-‘rt)pwy(t)
Pay(t) = e~ Jo (nootiysa)ds — tDxtPy
Pey(0) = 1
For p,(t), we have
Dot +dt) = Pu(t)(1 = fadt) + Py (E)piyadt + o{dt)
Pa(t 4 dt) — pa(t) _ b (t)proyedt | pay(t)pyredt  o(dt)
dt dt dt dt
Pe(t) = —parDe(t) + fystDay(t)

We need to solve this subject to p,(0) = 0. After some calculations, we will obtain

t
pa(t) = 67f0tlm+udu/ efoauzﬂduﬂy-&-spry(S)dS
0

=  tDPxtly

Similarly, p, (t) = tpytqe. And po(t) = 1 — pgy(t) — pa(t) — py(t). Alternatively,

Dot 1) =y ()o(dt) + pu(t)psdt + py ey edt + po(t) + o)
p()(t) = Nx+tpx(t>+ﬂy+tpy(t)

Solve subject to po(0) = 0 to get

t
/0 ;U'erspz + ﬂy+8py( ))d

t
/5plﬂl+sSdeS+/ spy,uy-l-ssq;/ds
0

Example: Health-Sickness Model

O,

H 5
Prasd

(S !
b

Figure 7: Health-Sickness Model

At time 0, we are in state H (healthy). X (0) = H and py(t) = P(X(t) = H|X(0) = H). (We use
x + t here, but in practice it can depend on ¢ in other ways). The forward equations are:

prlt+dt) = pr(t)(1 = Gasedt — predt) + ps(t)pusadt + ofdt)
Put) = —(0utt + fat)Pu(t) + Ds(t)prie
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with pg(0) = 1, and

Ps(t) = —(pust + Vert)ps(t) +pu(t)osis

with ps(0) = 0. Solve the two equations simultaneously. In special cases, e.g. if 0,4+ = 0, prit = P,
gttt = [y Vpqr = V, we can solve them explicitly.

We denote the backward probabilities (for ¢ < u):

pir(t) P(X(u) = S|X(t) = H)
ps () P(X(u) = 5|X(t) = 5)
pB(t) = P(X(u)=S|X(t)=D)=0
The backward equations are:
pi(t) = P(X(u)=S|X(t) = H)

+P(X(u) = S|X(t+dt) = S)ogpdt
= pB(t4dt)(1 — opyidt — ppyidt) + pE(t + dt)ogyidt + o(dt)
o(dt)

= (gt + fag)Pp (t+ db) + PG (L + dt) gy + g

pi(t) —pi(t+dt)
dt

B
Pat) = (Outt+ par)p () — 0urep§ (t)

and pZ(u) = 0. Similarly, we have for pZ (¢)

B
P's(t) = (patt + Vart)DG (t) — parepr ()

and pZ(u) = 1. Solve simultaneously. If we want to find P(X (u) = H|X(t) = H) and P(X (u)
1 =

H|X(t) = S) we can use the same equations but with terminal conditions p& (u) = 1 and pZ (u) = 0.

Clearly, the value of an annuity payable as long as I am alive is fooo e "(pu(t) + ps(t))dt. The

value of the sickness benefit, a continuous annuity payable while sick is fooo e "ps(t)dt.

Criticisms of this model:
e Recovery does not depend on how long sickness has lasted.

e Recovery does not depend on how many times you have been sick.

6.4 Stochastic Process Approach

We define the following stochastic processes.

Xty = {1,2,...K}
1 EX@) =
L) = { 0 it X(1) £
N;i(t) = No. of transitions from state j to state k up to time ¢
1 i X(E+rdt) =k X(t) =]
dN]k(t) = Njk(t + dt) - N]k?(t) = { 0 ( ot}ierwise ( )
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We have the following expectations.

B(I,(1) = P(X(1) =)
BN(t) = E(Nju(t+dt) — Nys(t)
— P(X(t) = j)P(X(t+ dt) = KX (t) = )
— P(X(t) = fusn(t)dt + ofdt)
BOW®) = [ PO = Dgel)is

Example: Alive-dead model

t
E(NAD(t)) = / spa;,u$+sd5 = tqx
0

Example: States {1,..., K'}. Suppose we have continuous payments with rate b;(¢) made while at
state j at time ¢. Discrete payment B,,(t) on transition from state j to state k at time ¢. Final
payment at time n: A; if then at state j. Continuous premium 7;(t) in state j at time .

n [ K
PV of benefits = / ij(t)e*f(fr@)dﬁj(t) dt
0

j=1
K K n
+X S ([ Butanae s
Jj=1k=1k#j 0
K
+ZAJIJ( Je Jo' r(s)ds
j=1
K n
PV of premiums = Z(/ Wj(t)e—fgr(s)dslj@)dt)
j=1 N0

Actuarial Principle: EPV (benefits)=EPV (premiums).

K
EPV (benefits) Z( / Jor()ds p(x () = j)dt>
j:l
( [ Bt O e ) = Dyar
j= 1k 1,k#j
+ZAP :j)e_ Jg r(s)ds
Jj=1

Mw

(/n —Jor®)dsp(x(¢) = j)dt)

EPV(premiums) =
j=1
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6.5 Reserves in the multi-state model

W (t)

K
Z/ e T(s—1) (bj( )_ 7Tj ds + Z Z / e~ T(s— t)ngdek
=1t

=1 k=1,k#j
+ZAI 7rnt

Vi(t) = ( ()\ft)— EW@®)|X(t) = 1)

Reserves at time u given we are in state ¢ (for simplicity, r(t) = r):

K n

Z/ b; (t)e—r(t—u)p(X(t) — X () = d)dt

+Z Z / ;k X(t) =j|X(u) = i)ﬂjk(u)e—r(tw)dt
J=1k=1,k#j

+ZAjP(X(n) = j|1X (1) = i)e (W)

- Z /n 7 (0)e T Y P(X () = j| X (u) = 4)dt

6.6 Thiele’s equations for the multi-state model

K
Vilt+dt) = Vi(t)(1+rdt) — (bi(t) — mi(t))dt — > pixdtBi
k=1,k#i
Z Wik dt Vi (t) Z wikdtV;(t) 4+ o(dt)
k=1,k#i k=1,k#i
Vi(t + dt) — Vit K
CHAD =V (g V) = 3 e Ba(t) + Vi) — b)) + (1)
k=1
K
dvi(t
WL v Y B+ Vel0) — bi(0) + i)
k=1,k#1
dvi(t) S
C;t - Z ,uLk:sz +7TL Z /J’lk _‘/z(t))
k=1,k#1 k=1,k#1

for i =1, ..., K such that V;(n—) = A;. If there is no premium upfront, V;(0) = 0, Vi.

Example: 2 lives aged x, y. Premium payable in advance. Benefit of 1 payable on second death.
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Figure 8: Two lives z, y

Thiele’s equations for the reserves:

AV (¢)

dt = (r+pate + My+t)Va:y (t) — HattVy (t) — Hy+Va (t)
dV,(t
% = (14 pa+e)Va(t) = fae
dV,(t

5; ) = (r+ :uy+t)vy (t) — Hy+t

and the conditions
Vay(n) = Vi(n) = Vy(n) =0, Viy(0) =7

Suppose there is no premium upfront, but premium is payable continuously while both lives are
alive. Then

AV, (t
TZ() = (1 fatt + pytt) Vay (8) = pareVy (8) — pye V() + 7
Azy
T =
Ay

Example: Health-Sickness model. A continuous benefit b is payable as long as the life is sick.
Single premium payable upfront. The contract lasts for n years.

..
H 5
(R
1L, Y
0o

Figure 9: Health-Sickness Model

Vir(t) = Vi) + poriVir(t) — oope(Vs(t) — Vi (t))
Vs(t) = rVs(t) + vosaVa(t) = posae(Vu (t) — Vs(t)) — b

subject to the conditions
VH(n) = 0, VS(TL) =0

Solve and we have Vi (0) = .
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Example: Health-Sickness model. Same as above, but instead of a single premium we have a
continuous premium 7 payable while healthy, then

Vi(t) = rVa(t) + tareVi (t) — 00 (Vs(t) = V() + 7
Vi(t) = rVs(t) +veptVs(t) — pose(Vu(t) — Vs(t)) — b
and the conditions
Vi (n) =0, Vs(n)=0
7 should be such that Vi (0) = 0. But how do we find 7
First, we want to find the value of a continuous annuity payable as long as a life is healthy and up

to time n (this can be viewed as a continuous benefit of 1 payable as long as healthy). In order to
find that, we solve:

Wiht) = rWa(t) + poseWa (t) — 0aro(Ws(t) — W (1)) — 1
W) = rWs(t) + vesWs(t) — pose(Wit(t) — Wi (1))

subject to the conditions
Wg(n) =0, Ws(n) =0

W (0) will be the value of this annuity (by the Principle of equivalence).

Now, consider the single premium model as in the previous example:

Up(t) = rUn(t) + ptariUn(t) — 004(Us(t) — Un(t))
Us(t) = rUs(t) 4 vastUs(t) — poit(Un(t) — Us(t)) — b
subject to the conditions
Un(n) =0, Us(n) =0
By the Principle of equivalence,
WWH(O) = UH(O)
-~ U0
Wi (0)

Then we substitute 7 into the differential equations for Vi (t), Vs(t) and solve to find the reserves.
Check to see if Vz(0) = 0.

7 Higher Moments

We have
e W (t) is a stochastic process.
o Vi(t) = E(W(t)|Fe) = E(W(t)|X(t) =i).
o VI (t) = E(W2(1)| X (t) = i), which will lead to Var(W (£)| X (t) = 4).

Example: Life-Death Model - Continuous benefit b payable as long as alive until time n, one off
payment B at time of death, and C' at time n if alive.

W(t) :/ efr(sft)bISdSJr/ efr(sft)BstJrCe,r(nit)In
t

t
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Let T,4+: be the remaining lifetime. So

W(t) = bap—zm+Be " g, ey + Ce T g oy
00 1— e—r(s/\n) 2
Second moment = / (br +e " Blygcpny + Ce_T("_t)l{s>n}> sPzt+thzttrsds
0

Alternatively, we can use differential equations.
The first moment:

W(t) = e ""W(t+dt)+b(t)dt + (B(t) — W(t + dt))dN,
V() = EW(R)|F)
= (1= rdt)V(t+dt) +b(t)dt + (B(t) — V(t + dt)) prpedt
VO v -~ (BO - VOO o

such that V) (n) = C.
The second moment:
W2(t) = [W(t+dt) —rdtW (t + dt) + b(t)dt + (B(t) — W (t + dt))dN,)
= W2(t+dt) — 2rdtW?(t + dt) + 2b(t)dtW (t + dt) + 2W (t + dt)(B(t) — W (t + dt))dN;
+(B(t) — W(t +dt))*dN; + o(dt)
V@) = BEWA(t)|F)
= VOt +dt) —2rvOdt + 206) VO (L + dt) + (2B(t)V(1)(t +dt) -2V (t + dt)) [y edt

+ (B(t)2 — 2BV (t +dt) + V(¢ + dt)) Lo pedt + o(dt)
= VO(t 4 dt) — 2rdtV P (t + dt)dt + 2b(t) VD (t + dt) + (B(t)2 VOt + dt)) [y edt

dV A ()
dt
such that V) (n) = C2. Note that we have to solve V(1) (¢) first. In MAPLE, we solve simultane-

ously (1) and (2). V®(0) — (V(l)(O))2 is the variance of the contract.

= 2V@() = 2V (1) — (B) = VW) prae

Example: A more general case

Figure 10: 3 state model

n
W(t) — /t (e—’l-(s—t)bljl(s)ds + e_Tl(S_t)bQIQ(S)dS + B12e_7»(s—t)dN12(8) + lee—r(s—t)szl(S)

+BlD67T(Sit)dN1D(S) + BgDeir(Sit)dNQD(S)) + CleiT(nis)Il (n) + Cgefr("*t)fg(n)
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We denote W1 (t) = W (t)| state 1 at t, Wa(t) = W(t)| state 2 at t.
Thiele’s equations for the first moments:

Wl(t) = (1 — ’I’dt)Wl (t + dt) + bidt + (Blg + Wg(t + dt) - Wi (t + dt)) leg(t)
+ (Bip — Wi(t +dt)) dNyp(t)

vIO@®) = Q- rdt)VO(t+ dt) + bydt + (B12 vt +dt) - v+ dt)) p2(t)dt
+ (BlD - Vl(l)(t + dt)) ,ulD(t)dt

avV(t
L ) b pst) (B + 00 - V)~ min(0) (B - vO0)
Similarly,
aviV(t
T V00— by () (B + V0~ V) — e (®) (Bao ~ 0(0)

Solve subject to Vi (n) = C1, Va(n) = Cs.
To get the second moments,

W) = (1—rdt)>W2(t+ dt) + (Bia + Wa(t 4 dt) — Wi (t + dt))* dN1o(t) + 20y diW, (¢ + dt)
+ (Bip — Wi(t + dt)dt)® ANy p(t) + 2 (Bia + Walt + dt) — Wi (t + dt)) Wi (t + dt)dNa(t)
+2 (BlD - W (t + dt)) Wi (t + dt)leD + O(dt)

ViR = VP@+dt) - 2VP (t+ dt)dt + (B%D — VPt + dt)) pp(t)dt
+ (B%2 + 2B VD (8 + dt) + Vi (t + dt) — VP (1 + dt)) fi1a(t)dt
+2b, VP (¢ + dt)dt

@)
dv,
= = 2P - (8L - v ®) mp(t)
(B + 2BV (1) + V2 (1) - V(1)) pa () — 200V, (1)
Similarly,
()
dv.
2 2V @) ~ (B3p = Vi? () 2 (1)

— (B3 +2BavV () + V(1) = i (0)) piar (1) — 200, (1)

Solve subject to Vl(l)(n) = (4, 1/1(2)(71) =C%, 2(1)(71) = Cs, V2(2) =C3.

8 Safety Margin

Principle of Equivalence: EPV (benefits) = EPV(premiums).

However, to make a profit, a safety margin is included so that premiums charged are higher than
that implied by the principle of equivalence.
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Example: Consider a one year temporary assurance, where benefit b is payable at the end of
1 year if life is dead.

EPV (benefit) = e "bqy
and the single premium is e~ "bg, (1 4 0) where 6 > 0 is the loading factor. Suppose we have 10000
such policies, independent of each other.

E(profits) = 10000 (¢~"bg(1+6) — e "bg,)
100000e~"bq,
E(profits®) = 100006*6%¢~*"q,
Var(profits) = 100002b%6%¢ %" q,p.

By the Central limit theorem, the profits
Z ~ N (100000e™"bg,, 100006*6%e > ¢, p,,)

So we have

-1 Oe~"bq,
P(loss) =W < 00000 q<,> ~0

100b0e~" .\ /qzDs

This is especially so if there is a large number of policies.

9 Stochastic Interest Rates

We have previously been working with constant interest rate. In practice, interest rates do not stay
constant. Now, we consider the case \;vhen the force of interest r; is a stochastic process. Amount
S invested at time 0 will grow to Sefo 7295 at time t. We might want to calculate E(elo 7+%%).

Suppose a markov chain model with states {1,2,..., K'}. At state 4, the force of interest is r(®,
If X(t) =i, r, = . Let \;; be the force of transition from i to j. Then

E (efon Tsds‘ft) = F (efot "'sdse.l‘tn ’l‘st|JT_'t>
_ ef(;‘ rsds p (eftn rsds|Ft)
= elirdp (et x (1) = i)
= elomdsy(¢)
where we have denoted W;(t) = E (eft" reds| X (t) = z)
Now we obtain the differential equations:
‘ K K
Wit —dt) = (L+rDdt) [ Wit) [ 1= > Ngdt | + D AgW;()
J=1,j#i j=1,j#i

K K
= Wi(t) +rOWit)dt — Wi(t) D Agdt+ > AgWi(t)dt + o(dt)

J=1,j#i j=1,j%i
K
(t—dt) — Wit ' y
W( dz W( ) r(l)I/Vi(t)Jr Z )\ij (Wj(t)*VVi(t))Jr O(dt)
J=Lj#i
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So
d

£W1(t) E— )W Z )\Zj - Wi(t))

J=1,j#i
Solve simultaneously such that W;(n) = 1 for all = 1,..., K. T solve all my predicted accumu-
lation at time ¢. If T know X(t) = 4, then accumulation is F (efot T(S)d3> = W;(t). In particular,

(ef 7(s) 5) = W,,(t) if we know X (0) = ig.

For variances calculate second moment F <62 e “ds|]-"t>. So replace (V) by 2r(" everywhere and

we get the second moment. Solve

(1) @4 (2
WO+ S (10 w0
such that Wi(2)(n) = 1. Then

(610 2r( s)ds) — Wi(OQ) (0)

2
: . 2 2
and variance is VVZ(0 )(0) - (W-( )(0)) .

20

9.1 Financial risk vs Mortality risk

With stochastic interest rate, what is the price of 1 payable at time n? Or equivalently, the single
premium at time 0. Here, the principle of equivalence does not work. Mortality risk is diversifiable,
i.e. in a large portfolio of people aged x, g, will die on average, hence we can simply take expected
values. However, interest rate risks are non-diversifiable no matter how large the size of the portfolio
is.

Example: Consider one year term insurance policies with a sum assured of 1, paid out at the end
of the year if dead. The probability of death ¢, = 0.01. The assumed force of interest is r = 0.05.

EPV (payments) = e~%% x 0.01 = 0.0095

Premium will be slightly higher, suppose 0.0097. If there are 1000000 policies, in one year’s time,
the 9700 premium will accumulate to 9700e%% = 10197. The expected loss and variance are

E(loss) = 1000000 x 0.01 = 10000
Var(loss) = 1000000 x 0.01 x 0.99 ~ 100

Hence, the probability of a loss for the office is

10000 — 10197

P(l =v P(—-1.97) =~ 0.024
(loss) < 100 > (—1.97) = 0.0

Now suppose 7 is not 0.05, but it is 0 with probability % 5 and 0.1 with probablhty £. Then

— 0.1 _ 0
P(loss) = g\I/ 10000 = 9700¢ +1\p 10000 — 9700€”
3 100 3 100
2 1
= 3 0+§ x 0.99
= 0.33
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As we can see, financial risk cannot be hedged out, it applies to all policies. There is still a bit of
mortality risk, if we did not get 0.01 right. In order to calculate price in this case, we can use the
equivalent martingale measure so that we work under the risk neutral measure. Typically in our
calculation we will be using a risk-neutral measure for interest rates and the physical measure for
mortality.

Quite often, the structure of the model is the same under the EMM except with changed parameters.

So to find E (e’ J5 des), we denote W;(t) as

Wz(t) = E(e*ftnudﬂ]_—t)
- =)

This replaces r(t) in W;(t) with —r(t). Hence the equation becomes

dW;(t = - j j

So we have E (e* Ie T’(S)ds) =W,

(0) if X(0) = io.

Boredom: calculation from scratch

K K
j=1,j#i J=1j#i
= (L=rDdr) [ Wie) [ 1= D gt | + D AgW(t)dt
j=1,j%i J=L,j#i
- ~ K

Wit — dt) — Wit g . < o(dt

( di (t) = —rOWi) + Z i (W5 (t) — Wi(t)) + (dt)
j=1,j#i
So we have _ %

dWl t D TE T 1

Jj=1j#i
such that Wj(n) =1 for all i = 1, ..., K. W;(0) is the premium we want.

One can become more sophisticated and try to price derivatives. For example, suppose one promised
the accumulation or a guarantee g whichever is larger. The expected value of the accumulation is

E (efon r(s)ds \/ g), g>1.

10 With-profits policies

One way to safeguard against non-diversifiable risks is to assume a ”basis” (a set of interest and
mortality rates), and calculate premiums and prospective reserves based on a ”safe” or ”conser-
vative” basis which we denote (rx, p*). Premiums and reserves calculated based on the safe basis
will be more prudent, hence generating a surplus. With-profits policies are such that policyholders
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get a share of the surplus. We calculate the premium using the safe basis (also called "first order”
basis), and calculate technical ”safe” reserve using the equation:

avy” * * * *
T; = (" + lu‘z—i-t)v;& — Papyibe £
Vv = B

Also V7 = 0 by our choice of m. As we will see, the retrospective accumulation will in general
exceed V;* producing a surplus.

Discounted new surplus at time O:

t
St = / e f(; (T(U)+Mm+u)du(ﬂ' — ;u':l:+sbs)ds — e~ fJ(T(u)+HJ;+u)du‘/'t*
0
% = e fot(’F(u)+#z+u)du(ﬂ— — paatby) + (r(t) + pose)e” fot(’r‘(u)+#z+t)‘/t* e fff(r(u)wzﬂ)du%
= 67 j‘()t(r(u)+#x+u)d’u (7T _ ,ux-‘,-tbt + (’/‘(t) + ﬂg;-i,—t)‘/t* _ (T'* + M:’_"_t)‘/;* g + lui-‘rtbt)
= ¢ holrltperde ((r(®) =)WV + (W — page) (b — Vi)
= e~ f(;ﬁ(r(u)+/“br+u)duc(t)
where

c(t) = (r(t) = r )WV + (o — Hatd) (0r = Vi)
This is the emerging surplus value (per survivor). It is the sum of the interest rate profit and

mortality surplus.

Remark: If r(t) = r*, prgys = p}yy, then c(t) = 0, dd—‘s;* =0,5 =0.
A safe basis is one where r* is as low as possible. The choice of p* depends on the products, for
example:

1. Temporary assurance. V;* < b the death benefit. A high p* is safe.
2. Pure endowment. b; = 0, we choose a low p* to be safe.

3. Endowment assurance. by = B = b, (survival benefit). Recall that V;* increases to B, so
V¥ < B. We would choose a high p*, but it does not matter very much.

Distribution of surplus (Bonus):
1. Cash bonus: Pass it on as it emerges. Pay ¢(t) at time ¢ to each surviving member.
2. Pay a terminal bonus: Accumulate all surpluses and pay it as a terminal bonus at maturity.
L, = /n efsn(r’”””“)d“c(s)ds
0

Sometimes there is a guarantee so the bonus will be L,, V g; actually there is always a guarantee
because in reality you pay L, V 0.

3. Combination of the above: Pay a bit of a cash bonus (but not the whole surplus), accumulate
the rest to a terminal bonus. Note that the equation of value will have to hold. Let I(t) be
the cash bonus value and let L be the terminal bonus.

/n l(5)67 jo& (T(U)+#m+u)dud3 + Le™ f(’"(r(u)+#x+“)du = /n C(S)ei jo& (r(u)+potu)du
0 0
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4. Purchase additional insurance: We use surplus to purchase some units of the product; the
emerging surplus is used as a single premium to buy more units. This is a little complicated
because extra units generate more surplus to buy extra units and so on.

Purchase additional insurance

A surplus c¢(t)dt emerges at time t. This will buy ¢(t)dt extra units. c(t)dt is used as a single
premium, so calculate first how much is the single premium for an extra unit. We need to solve

avy; * * *% *
d; = (M+ Mz+t)Vt — Hapitbt
v = B

Vi** represents the single premium to be paid at time ¢ to buy an extra unit.
ct) = V"

q(t) = ‘c/it)

We want to calculate Q(t) = fot q(s)ds, the accumulated extra units. The benefits will then be
bi(1 4+ Q(t)) and survival benefit B(1 4+ Q(n)). The surplus is:

c(t) = (r(t) =)V + QOVy™) + (Hape = Hat) (0:(1+ Q1) = Vi = QOV)

So we have

dQ(t) () =)V + QOVE™) + (o — tate) (0: (1 + Q) — V" = QIOV™)
dV* * * * *
TZ = (r"+ /’Lert)V; + (7 — Mz+tbt)

dV** * * *kk 3k sk
dif = (r"+ /’Lert)V; — Myttt

subject to Q(0) =0, V¥ = Bor Vi =0, and V** = B.

We do not have V5™, so in order to solve this we need two steps:

1. Solve
avyr * * * *
d;; = (7" +u’w+t)‘/t _/’Lz-‘rtbt
Vo= B

and extract V™.

2. Solve 3 differential equations for Q(t) (replacing V;** with W;*), V;*, and W;* where

dW** * * ok *
dr (r" + Mo ) W™ =t
together subject to the initial conditions
Q) =
VO* ==

and we have Q(t) for all values of t.
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If we use the basis r(t), pg4:+ for predictions then we can represent that the predicted survival
benefit is [1 + Q(n)]B and the predicted death benefit if it occurs at time ¢ is b:(1 4+ Q(t)).

Variations: Extra units do not generate extra units. The extra surplus generated by new units
is given out as cash bonus.

Suppose c(t)dt buys q(t)dt units. c(t) = q(t)V;**. Since extra units do not generate extra units,
c t
q(t) = $5. Q(t) = fy als)dt. So

c(t) = (r(t) = r )WV + (o = patd) (0r = Vi)

and we solve the three differential equations below

dQ(t) _ (r(t) —r" )V + (/u‘;—i-t — tayt)(be — V)
dt Wt**
dV* * * * *
dtt = (" + ppa )V + T — pogebe
dW** * * *% *
dtt = (T + :u:c-‘rt)Wt - :u:c+tbt
subject to
Q) = 0
VO* - 0
Wék* _ V()**

The extra surplus to be given out as cash bonus will be

Q) ((r(t) = r)Vi™ + (s — Hate) (b — Vi)

If you want it to be terminal bonus, this will be

/ Q(s) ((r(s) = P )V 4 (g = pags) (bs = V7)) el i Frasdugy
0

We can also summarise this into four equations. We have

L(t) = / Q(3) ((r() = IV + (g — prags) (by — V™)) el b
%}Et) — (,r.(t) + ,Uert)L(t) + Q(t) ((T(t) — T*)Wt** + (/‘LZH - ,Uf:c+t)(bt - Wt**))

Solve this and the above three differential equations subject to L(0) = 0, Q(0) = 0, V; = 0,
Wi* = Vi*. L(n) is the terminal bonus prediction.

Predicting cash bonus

We will use the Markov model for interest rate introduced three weeks ago. States 1,2,...,k.
While at state ¢, interest r(t) = r; if X(¢) = 4. \;; are the discount rate. We will also assume for

simplicity that jiz4; = p, ;. If we were not to do that we could also assume a model for stochastic
(@)

mortality rates so for example when X (t) =i, r(t) = 74, flott = Hpyys

e = (r(t) =)V
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So we need to predict ¢, = (r(u) — r*)V,* = f(r(u)). We need to calculate
E[f(r)lF) = E | f(r)lre = | = Wi(t)
Because X (t) and r(t) is a Markov process, we just need to calculate
Eleu| X (1) = i] = E[(r(u) — )V |X(8) = i] = Vi E[r(u)|X(¢) = ] — "V

So we define W;(t) = E[r(u)| X (t) =i]. Then

J#i i
Wi(t — dZ -wi) SAG) + 3 AT () + o(dcit)
J#i J#i
k
DO~ S AW - W)
j=1,j7#i

subject to W;(u) = r;. We can predict the cash bonus by W;(t)V,F — r*V,* if X (¢t) = i.

Alternatively, we can define W;(t) = E[(r(u) — r*)V¥| X (¢) = i], and solve the equation

dW;(t
L S (00 =5
Wl(t) = (ri—r*)Vu*

V.5 is to be calculated from Thiele’s equation. Predicting Terminal Bonus

W = /eftn(r(u)+/‘m+'u)du(r(t)_r*)‘/'t*dt
0

t n
= / el (i) du (p(5) — p* )V ds +/ el (bt du (p(5) — %)V 2 ds
0 t

t n
_ eft"(r(u)-i-um+,u)du / efst(r(u)-‘rquru)du (7’(8) _ T*)Vvs*ds + / efS"(r(u)+um+u)du (7’(8) _ T*)‘/;*ds
0 t

Define the following:

Ult) = el rwtperudu (Accumulation of past surplus)
t
W) = / els (rl)Fhara)du () — p*)V*ds (Past surplus)
~ 07l n
W) = / el @t pasa)du gy — ¥ VE s (Future surplus)
¢

Then we have
E(U(t)‘ft) = F (eft '(T(u)+uw+u)du‘ft)
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Define

Vit) = E (ef:’<r<u)+uz+u)du| X(t) = Z)
Vit —dt) = (1 -y Aljdt) (1+ (i + pasedt)) Vi() + Y Nij Vi(t)dt + o(dt)
J#i Jj#i
Vi(t — dt) — V;i(t) o(dt)
7 = (ri + poye) Vi(t)dt — Z)‘” Vi(t)) + i
J#i
dV;(t
M~ Vi) + Y A ()~ V(1)
J#i
for i =1,2,...,k subject to V;(n) =1 for all . Next define
Vi(t) = E(W|F)
If no change occurs,
Wit —dt) = Wilt) + (ri — 1)V e @ hueeddu | ogy)
E(I}[;/Z(t — dt)|no change) = t)|no change) 4 (r; — )V B(eJ (W Hmaru)du) x (1) — 4)

(Wi(t)
(W (t)|no change) + (r; — r*)V,*Vi(t)

Vi(t —dt) = (1 -3 /\ijdt) (%(t) + (1 — T*)‘/t*%(t)dt) + ) NijdtVi(t) + o(dt)

J#i J#i
Vit —dt) —Vi(t) - - - o(dt)
i = (n—r)V; Vz'(t)—;&j(%(t)—‘/j(t))ﬂL o
d‘st(t) = —(ri = VPV + Y N (Vilt) = V(1))
J#i

with V;(n) = 0 for all i. We need to solve the following simultaneously.

dvi(t) . . - y
e U O +Z¢:)\ij(Vi(ﬂ - V()
VED)
avi(t)
dt = —(ri+ pare) Vi(t) + ; Aij (Vi V;(t))
avr
dtt = (" + par ) Vi + 7 — plagibe

subject to the conditions V;(n) = 0, Vi(n) = 1, V;* = B for all . And

t
W(t) = /O efo’(r(U)JruHu)du(r(s) —r\Vids

has been recorded or calculated from past value. If we are at time ¢ and the past accumulated
surplus is W (t) and X (¢) = 4, our prediction of the terminal bonus is W (¢)V;(t) + V;(t).
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Cash bonus with guarantee

With guarantee that we will never pay less than gV;*. Typically g = 0. We pay bonuses max(r(t) —
r*,0)V;*. In general max(r(t)—r*, g)V;*. We need to calculate the cost of the guarantee to the office
and change the policyholder (either by a premium upfront or an extra surcharge on the premium).
Expenses of the office is (r* — r(t))+ V.

Cost of the guarantee = FE (/ e Jo (rwWthoru)du (o _ 7’(8))+Vs*d5>
0
= B ([ e () pas)
0

Wity = B ([ e R )V X0 = )

Wi(t - dt) = 1-— E )\Z‘jdt ((r* — 7"1‘)+V;*tpwdt + Wi(t)(l — ’I”idt)) + E )\Z‘jdth (t) + O(dt)
i i
dW;(t . N
dt( ) - riWilt) = (r = r)  Vipe + O A (Wilt) — Wy(1))
J#i

such that W;(n) =0 for all i = 1,..., k. If X(0) =4, W;(0) is the cost of the guarantee.

A slightly different way:
Define

Wi(t) = E( /t eff<T<U>+Mw+u>du(r*—r(s))+v;ds|X(t):i)

Wit —dt) = (1= nydt ((r* ) VWit (1 — radt — ,Lmdt)) + 3 AydtW; (1)
i i
T it s Walt) = (0 = 7 Vi + A7 (0) = Wy(0)
A

such that W;j(n) = 0 for all i. If X(0) = 4, W;(0) is the cost. Observe that ,p, W;(t) = W;(t).

Remarks:
1. The calculated cost of the guarantee should be relatively small.

2. A large value could indicate that the safe basis was too aggressive (not conservative enough).
Maybe r* should have been lower.

3. This measure can be used as an indicator of how ”safe” the basis is.

10.1 Unit-linked Insurance
Managed Unit Link

ry = interest rate at which the fund grows (unknown and variable). We set up two funds:
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1. Unit fund (grows at rate r;): The money there belongs to the insured and they will get it
back at maturity or earlier death.

2. Cash fund (grows with a ”safe” rate r;): This money will be used to cover any shortfall
between the guarantee and the unit fund.

Split the premium between the unit fund and the cash fund (in such a way that there is no shortfall).
Y7y goes to the cash fund. (1 — ;)7 goes to the unit fund.

dU,
Rate of growth of the unit fund is ditt = U+ (1 —y)m
dV;
Rate of growth of the cash fund is d—tt = (] + pott) Ve + 1t — prore(g — Up) 4

If there is a survival benefit: V,, = (g — U,,)+. We would like this to be positive.
Example: Endowment assurance without reserves

Let 7w be the premium, r is the interest, b is the sum assured (guaranteed). Choose =y, such that

Nr = pert(b—Up)
(I=y)m = T paye(b—Up)
Then
dv;

dt =(r" + patt) Vi

Vo =0, s0 V; =0 for all ¢. The cash fund is 0 at all times. Since Uy = 0, we have b — U(0) > 0 so
for small ¢ we will have b — U(¢t) > 0.

v,

dt = TUt+7T—[Lx+t(b—Ut)+

rUt + 7 — piaye(b— Ut)
= (r+ pate)Us + 7 — pogeb

We can compute

t
Ut = ef(f(’r""llm-%—u)du/ (7T _ 'u/w_,’_sb)e_ f(f(r"!';u:c-%—u)duds
0

Suppose we choose m = ’;:””—‘mb. Then the accumulation of the fund at time n,

z:7]

Un = efon (r+haotu)du /n <(’/T - /,Lz+sb)€7 fos (T+Nm+u)du> *
0
= oJS rpar)du (Tazm — bAgm)
_ Sy du (b[lglg:m + be™ Jo (rutpayu)du bA:lvim)
— o Jo(rtparu)du (bef fdl(rwﬁu)du)

=0

Since U (t) is an increasing function, we will have that b — U(¢) > 0 for all t <n. So (b—U(t))+ =
b—Ul(t) for all t < n.
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. . . . A
If the premium is larger than the actuarial premium, = > bﬂ, then
x: M

n A, _
U(n) = efo (r+hzu)du (b _I'm aI:m — bA$m> =)
Q2]

So if U(n) > b, there exists an m such that U(m) = b, and for ¢t > m, U(t) > b. So (b—U(¢))4 = 0.
In this case, the unit fund will work as follows.

For t <m, d%it) = rU@)+ 7 — part(b—TU(2))
For m <t <m, %}Et) = rUt)+m7 such that U(m) =b

In general,

¢
U(t) = bemt=™) 4 7T/ els rdugg

m

Now, if 7 < bé“—fj, then U(n) <b. SoU(t) <bforallt <mn. So (b—U(t))y = (b—U(t)) for all
t < n. But in this case, we did not make the sum assured and we do not know where to find it
from. This is not good, so we have to charge enough premium, or there will be a loss.

However, r(t) can follow a stochastic model. If r(t) is stochastic, then there is no guarantee that

U(t) > b. If U(n) < b, then there will be no way to pay the survival benefit. By the principle of
equivalence,

*

2 [ | 0 = a0 = U@0)) 7 padt — (0= Ul ] = 0
0
If we set v = gyt (b — U(t))4, the LHS becomes:
_E [(b - U(n))+e*’“*“npx] <0

We did not put in enough in the cash fund. Hence, we should choose ~; such that v, > pp4 (b —
U(t))+ so net money will be going into the cash fund. We have

W = pert(b— U(t))4 + aym
How do we choose «;? It should be such that
E [/ e % pe — (b= U(n))pe™" " ppe + Vi| Fi| =0
t

Mark to market:

Observe every day V; and U,. Calculate E[(b—U(n))4|F:] using a; that has been used the previous
day. Choose new «y such that the above equation is satisfied. Continue and repeat every day. Note
of course that if at any point, U(t) = b, scrap the whole thing and stop putting money into the

cash fund because we have made the guarantee.

Very important: How do we choose the premium?
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Assume a ”safe” interest rate r for the growth of the unit fund r > r* but still low enough.
Then assume (from experience and relevant simulation) a future «.

dv;

d—tt = (" + par) Vi + oy

dUu

ditt = rU@)+7— poge(b—U(t))4 — cum

where Vy = 0 and Uy = 0. Solve and find U(n) and V (n) for a given premium. Calculate U(n)+V (n)
and choose 7 such that U(n) + V(n) = b.

11 Pensions

1. Defined contributions
(a) Contributions defined in terms of salary.
(b) Financial risk is with the member.
(¢) The accumulated value at the time of retirement is random.
(d) There is uncertainty about interest rate at retirement.
2. Defined benefits
Profit reporting should be as follows:
1. Predict the accumulated value of the contributions of retirement (A).
2. For various interest rates calculate A and a,.

We will use a force of interest r(t) and a force of mortality p,;. Also, we use a salary scale which
will be such that the salary at time t is

S, = Soef(f a(u)du

where a(t) is the force of salary inflation. When we need a stochastic model, we will use a larger
Markov chain model, where X (¢) takes values from 1,2,...,k and when X (¢t) = i, r(t) = r; and
a(t) = a;. Transition rates \;; as before.

11.1 Defined Contributions

The contribution is usually a proportion v of the salary at any time. Contribution rate is 7.S;. If
depends on time, then contribution rate is v;S;. The accumulation at time n is

/n ’Yssefsn(T(“H‘eru)duds
0

Assume there are no death benefits. (If contributions are returned on death, then the accumulation
will be fon fySSefs' r(wdids ) Since S, = Spelo “wdu we have the accumulation at time n

S, / " I alwydu [T () i) du g
0
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If we use a Markov chain model, we will have to predict:

SO ( / i ) [ ()4 ) g ft)

0

t n
— ASE </ i a(u)dueﬂl(r(u)-&-uwu)duds]:t) +7SoE (/ elo a(u)duefs"(r(u)+ltw+u)duds|]:t>
0 t

t
~ 5 / oI alw)du g [ (r(n) b ) du g g (ef,,"(r<u>+um+u>du| J—:t)
0

+’YSO€[J a(u)duE (efts a(u)duefs"(T(u)+ﬂw+ru)duds|ft>

Define

=

—~

~~

~—
|

=
—
o~
~
I

E (ef,,"(r(u)+um+u)du|X(t) - 2)

E (/ efts a(u)duef:(r(u)+um+u)dud8|X(t) _ Z)

t

Then we have the differential equations

Vi(t —dt)
dv;(1)
dt

dvi(t)
dt

For W;(t), we have

Wit — dt)

Wit — dt) — Wi(t)
dt

dWi(t)
dt

+) N Vi(t)dt + o(dt)
J#i

(14 (7 + poye)dt)Vi(t) (1 -3 /\ijdt)

i

(ri + prote)Vi(t) — Z Aij (Vi(t) = V;(2))
i

—(ri + ) Vit) + D X (Va(t) = V;(1))
J#i

13" Ayt ((1 +adt)Wi(t) + E (eftn(T(“)+“’+“)d“\X(t) - z) dt) + 3 A dtW(t)
Jj#i J#i

1= " Ngdt | (14 a;dtWi(t) + Vi(t)dt) + > XidtW;(t) + o(dt)

G 7
a;Wit) + Vi(t) = Y A (Wilt) — W;(t)) + %
i
—a;Wi(t) = Vi(t) + > A (Wi(t) — W;(t))
i

Solve both sets of equations together such that V;(n) = 1 and W;(n) = 0 for all i. Our prediction

will be (if X (t) = 1)

where

U(t)Vi(t) + S Wi(t)

t
U(t) = ’YS()/ efos a(u)duef_:(r(u)-k#m_'_u)duds
0
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11.2 Defined Benefits

Use the principle of equivalence to calculate ~, the proportion of salary to contribute.
EPV (contributions) = EPV (benefits) + EPV (expenses)

The EPV of future contributions is

/n ’ysse— fOS(T(u)+HI+u)duds _ f')/SO /” efd" a(u)due— fos (r(u)Jr;Leru)dudS
0 0

= ’YSO /n e j;(r(u)+l‘m+u70(u))duds
0

If stochastic, we use the Markov chain model. We need to calculate

FE (’YSO /n e f()s(T(U)+/‘z+u_a(“))dud5|]:t>
0

t n
— / oS3 (@ )du g 4 o600 ()i —a(w)du ( / e ()4 ) g g ft>
0 t

Now we define

Wi(t) = E (/ e Ji e dugg X (1) = Z)

t

Then
Wi(t — dt) = 1-— Z )\ijdt ((1 — (Ti + Uott — ai)dt) Wl(t) + 1dt) + Z /\ijo (f,)dt + O(dt)
i i
PG = i) 1= D00~ 0 + 2
dW;it(t) = (1 + prore —a)Wi(t) — 1+ ; Aij (Wi(t) — W;(t))

such that W;(n) = 0 for all i. The EPV at time ¢ of future contributions is vSoW;(t) if X (¢) = i.
Expenses

Suppose they occur at a rate Cy. EPV of expenses is

/Oo Cse™ f(ls(r(")""#x-*_u)duds
0

If we assume a stochastic model, F (fooo Cee=Jo (T(U)+um+u)dud3) can be calculated by solving

AW (¢)

b = it e )W) = Gt 30N (W () = W59 (1)

J#i
such that Wi(c)(oo) = 0. EPV of expense is thus Wi(c)(O) if X(0) =1.

Benefits: Pensions
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Final salary scheme: A continuous pension payable at rate .S, where S,, is the salary at retirement.

Usually o = g or it where n is the number of years of service. If aged = at time 0 and age of

. — 80 60 65
retirement is 65, then a = >¢5*. EPV of pension is

(oo}
/ aSne_ fog (T(u)—"—uz‘#u)duds
n
= CES()GIOW a(u)du / e f(; (T(u)+um+u)dud8
= aS()efo a(u) d“ = Jo' (r(w)+Hotu)du /OO e~ f,‘:(’r(u)+uz+u)dud5

n

Suppose we want to calculate

y (“506 e fi(r(u)+ux+u)dUd5>
F (E (aSOe— Jo' (r(w)+pzt+u—a(u))du /°° - f,f(’"(“)'*'“’”'“)dudﬂfn))

aSoFE (6_ fon(r-(u)'f‘ﬂeru—a(u))duE (/oo - f:(7-(u)+uz+u)dud8|fn>)

Define -
Wit)=FE (/ e~ JE e dugg X (1) = Z>
t
for t > n. From before,

dWi(t)
dt

= (i + pag ) Wi(t) — 1+ Z Aij (W W;(t))
J#i

and W;(c0) = 0 for all i. Then

Wl(n) =F </ e f;("‘(u)+ﬂw+U)du|X(n) — Z)

Now, define

Vi(t) = E( - T(u)+ur+u—a(u))duwx ()| X (1) = )

Vit —dt) = (1= (ri+ pase — ai)dt) Vi(t) [ 1= Nijdt | + > XijV;(#)
J#i J#i
Vi(t — dt) — Vi(t) o(dt)
i = (Tz + Hatt — az z Z /\l] ( )) dt
J#i
dV;(t
df ) = (Tz + Kzt — az 2 + Z)\Z] ( ))
J#i

such that V;(n) = W;(n). W;(n) has been calculated from the previous set of equations. Hence,
the procedure would be:

1. Solve the set of differential equations for W;(¢) such that W;(co) = 0 for all i.
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2. Extract all W;(n).
3. Solve the set of differential equations for V;(¢) such that V;(n) = W;(n) for all i.
4. EPV of benefits is aSoV;(0) for X (0) = .

Varying retirement time: Suppose the member can choose to retire at any time between n, and ns.
We assume the deterministic case but if we want to use stochastic just need to calculate expectation
of everything.

It is safe to assume the member will try to maximise the EPV of the pension:
% /n S,e” S (@) +piapu)du g o

Find which n in [n1,ns] maximise the quantity and do the calculation for this n. Usually but not
always it is ng. In practise, however, people do not always retire at the optimal time. Suppose for
example the time of retirement is distributed between n; and ng, with density f(n) (for survivors).
Then

na oo
EPV of pension / % / Sne_ f(; (T(u)+ﬂm+u)dUde(n)dn

1

no n +
EPV of contribution = / / v Sy Jo (r(w)tpatu—atw)du gy ¢ (1) dp,
ni 0

Other pension schemes:

1. Final salary but it is the average over the last j years.

oo [ Syt .
EPV benefit = 8%/ fni_]. L e S ) du g
n J

2. Career average

EPV benefit = ﬁ/ b Sftdtef Jo (rw)tpapu)dugg
80 J, n
3. Maximum over the last j years.

n
EPV benefit = —
ene 20 /

n

< max St) = Jo (r(Wtpepu)du g

n—j<t<n
Other benefits

Lump sum payable on retirement of 1 or 2 times final salary 5,.

EPV benefit = BS,e Jo (") tuziu)du
= ﬂS()ern a(u)due_ fon (T(u)+l»¢m+u)du

If we assume a stochastic model, we already have calculated

65’0E (e_ fon (T(“)+#m+u—a(u))du>
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Death benefits
On death before time n, a lump sum SS; is paid if death occurs at time ¢, ¢ < n. Then
EPV benefit = /" BSoefot a(u)du o~ f(f(r(“)ﬂ‘”")d“uwﬂdt
0
_ 35 / " e J @ el g

0

With a stochastic model, we want to calculate the EPV

n
ﬂSOE (/ e f(;(T(u)+ﬂm+u_a(u))duﬂx+sd8>
0

Define

=
—~
~
~—

g </ - fts(r(u)+pm+u,—a(u))duuw+st‘X(t) = Z)
t

= (riF o — @) Will) = prare + Y Nig (Wit) = W5(1))
i

Solve such that W;(n) = 0. The EPV of benefit is 8S,W;(0) if X (0) = i.

12 Factors Affecting Mortality and Mortality Indices

Nutritions and Lifestyle
Climate

Health care services
Housing

Genetics

Marital status

N A T o

Occupation
8. Education

This leads to selection.

12.1 Selection

Selection in life insurance
1. Temporary initial selection (due to underwriting).
2. Class selection (gender, occupation, education etc).

3. Time selection. In general mortality improves with time but this improvement can vary
according to age and sex.

4. Adverse selection. Ill people have more incentive to buy life insurance.
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o.

Spurious selection. It manifests itself as temporary initial selection that does not wear off.

We should produce as many separate tables as possible. Failure to differentiate will mean that
we discourage lives with low mortality and encourage lives with high mortality and leading to
insolvency. However, we should not over-classify because small sets of data is unreliable. Also,
classification can be costly, e.g. DNA testing.

Selection in pensions

All of the above are important especially so adverse selection. The office should be possible to
produce separate tables for

1.

Active lives

2. Normal retirement

3. 11l health retirement
4.
5

Early retirement

. Deferred retirement (indicate good health)

12.2 Mortality Indices

To find a single figure to describe the mortality of a region, a country or a group of people etc.

Suppose we are given either

E, : initial exposed to risk for age group z in an area (population at the start of the year of measurement)
qz : probability of death of the age group in the area
E, : some quantities for a standard population (eg the country as a whole)
. : probability of death for a standard population
or
By, : central exposed-to-risk over the period (z,x + t)
M, : central death rates approximate to the force of mortality
Byt : quantities for a standard population
My : death rates for a standard population
Indices:
1. Crude death rate

Zx Esz _ Zac Em,th,t
> Eo > By

# of death

population

CDR =

Obviously this can be very misleading. For example if area A has lower mortality rate than
area B but much older population it will probably have a higher CDR.
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2. Standardised mortality rate (SMRate): instead of using the population of the area we use the
standard population (direct standardisation).

Z; E.qx _ Zi Eg,tM:mt
22 Ea PN

A criticism of this is that we might not have age specific rates for the area.

SMRate =

3. Standardised mortality ratio (SMRatio): compare the actual mortality experience of the area,
with what it would have been if we had the standard mortality experience instead (indirect
standardisation).

Actual deaths
”Expected” deaths
Zx Eq. o Zz E;,th,t
Zgg Easc(lt B Zgg E;::,tsMx,t

SMRatio =

We can even produce an indirectly standardised mortality rate: SM RatioXC' D Rgtandara- SM Ratio >
1 could mean higher mortality than ”standard”. SM Ratio < 1 could mean lower mortality than
"standard”. We can even perform a standardised test. If the "standard” mortality is applicable,
the expected death is E = ) E%q,. The distribution of this is binomial and also approximately
Poisson with parameter E so the variance is approximately E. And so it can be approximated by a

normal distribution A(E, FE). Thus, we can look at the test statistic A;\/EE and perform a 2-sided

or 1-sided test depending on the circumstances. For example, at the 5% (2-sided) level, there is a
significant difference if ‘A%/EE‘ > 1.96 (one-sided this would be 2.5%). All the above indices use the
number of deaths, this is heavily geared towards old ages which will be more influential on your

conclusions.

Example of WHO standard:
0.068 x 1.7+ 0.142 x 0.2 4+ ... + 0.016 x 148.3

CDRys = -
= 85 (per 1000)
. 1. Nl 2+ ... . 148.
SMRate for US  — 0.089 x 1.7+ 0 73><01 + ...+ 0.006 x 148.3
= 5.5
SMRate for Venezuela = 5.8
8.5
MRatio f =
SMRatio for US 0.068 x 10+ 0.142 x 1 + ... + 0.016 x 100
= 1.25
SMRatio for Venezuela 4.2
Z p—
0.111 x 104+ 0.216 x 1 + ... +0.003 x 100
= 1.08

If you are young, it is better to be in US since lower mortality rate. But after 55, the mortality
rate is higher in US. Both countries have low mortality rate for young and high mortality rate for
old people.
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