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Actuarial Notations

Consider one individual. Define the following:

Tx
Kex+¢
tPx
tqx

f(t)

remaining lifetime of a life aged x
force of mortality

survival probability

probability of death within time [0, ¢]
density of T,

We have the following expressions:

tdx

+Px — e~ fot Pxtsds

]-_tpx:P(TXSt)
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Actuarial Notations

- fot Mx+sds _
Mx+t€ = Wx+ttPx

E(TX) = /O tf(t)dt = A tth,lI,X+fdt

/ P(TX>t)dt:/ ePxdt
0 0

@ The value of a contract is the expected present value of its payments.

~H
—
~
~
|

Actuarial principle:
@ A payment of 1 at time t is worth e™"* = vt.

@ A payment of 1 made at time T, is worth e™"7* = v'* now (a random
quantity).

@ We are interested in the expected present value of this, E(e="T¥).
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Some insurance contracts

1. Whole life assurance

A payment of 1 made at time T,. Payment is worth e~"™= now.

o0
E[e™™] = / e tPxbhrsrdt = A,
0

2" moment = E [e7*T¥]

= A, at force of interest 2r
Variance = A, at 2r — (Z\X)2 at r
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Some insurance contracts

2. Pure endowment

A payment of 1 is made at time n if life is alive. Payment is worth

e*r”l{TX>n} now.

E[e"r,5m)

27 moment =

Variance =

e "P(Tx > n)

—rn

€ an
efr” e fon xttdt

e fo (r+ixre)dt = Ax:ﬁll = nEX

E[e7M7,5m]
—2rn

€ nPx
A+ at 2r

Actat2r— (AL)? atr
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Some insurance contracts

3. Temporary life assurance

A payment of 1 immediately on death if that occurs before time n. Present
value is e "1, <.

n n
E [eirTxl{Txgn}] = / eirtf(t)dt = / efrt,u,X_prxdt
0 0

n
t —_
B / eirtp'x—t-tei Jo s it = Ai:m
0

2" moment: = E [e‘erxl{szn}]
= ALmat2r
Variance = Al at 2r— (’Z\isz atr
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Some insurance contracts

4. Endowment assurance

A payment of 1 either immediately upon death or at time n, whichever comes
first. Present value is €= 17,5y + €17, <y =750,
E[erm] = Ak AL,
= Ax:m
2" moment = E [e*Qr(Tx/\”)}
= Ax;m at 2r
Variance = A, at 2r — (Z\X:m)2 at r
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Annuities

Annuity certain: am, am, anm
Life annuity: a1 - 1 per annum payable continuously till death

a / l{TX>t}e_rtdt
0

a = E[/ l{TX>t}ertdt:|
0

o0
/ P(T, > t)e "dt
0

9]
= / tpxe_rtdt
0

5
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Annuities

We also have the relationship

1— e—rTX
ar] = T
1-A -
i = E(@m)=——=A+ra=1
and variance
1—e 1
Var | ——— ) = = Var(e ™
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Annuities

Discrete annuities:

o0

b o= e _

Tx - e 1{TX>J}
j=0
o

éx = § eirjjpx
j=0

00
—rf
ax = § € ijx
J=1

ax

X

1
ay + 3 for whole life annuities
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Annuities

Temporary annuities: a5 - 1 per annum payable continuously till death or
time n, whichever comes first.

n
_aTX/\n = /I{Tx>t}eirtdt
0

n
éx:m = / tpxeirtdt
0
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Annuities

We also have the relationship

1— e—r(TX/\n)

T =
axm = +m = Acm+raem=1
and variance
Var <—1 - err(mn)) = riz\/ar (e ()

1 /- N2
= I’_2 (AX;m at 2r — (szm) at r>
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Annuities

Discrete temporary annuities:

n—1

éx:m = E e_rjj Px
Jj=0
n

am = Y e i
Jj=1
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Principle of Equivalence

Expected P.V. of premiums = EPV(benefits) + EPV(expenses)
Ignoring expenses for the time being, EPV(premiums) = EPV/(benefits)
We use this to calculate the premiums.

Example: Whole life assurance

Suppose we have a whole life assurance financed by a continuous life annuity
of P per annum, then by the principle of equivalence,

Pa, = A,
EN

If the premium is only payable till time n, then

'Déx:m =

D

P — X
éx:m
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Principle of Equivalence

Example: Temporary life assurance

For premium payable continuously up to time n, we have

= Al
Pax:m = Ax:m
Al
P _ I_AXZm
dx:m

If premium is payable annually in advance,

Al
_ Ax:m

P=-
ax:ml
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Principle of Equivalence

Example: Deferred annuities (pensions)

A whole life (or temporary) annuity commencing at a fixed time m provided
the policyholder is alive then.

Expected present value = axm = € mPxdxtmml
= dximtnl — )

= Ay — ax (for n = o0)

For a simple pension contract where premium is paid till time m and life
annuity starts thereafter, we have

m|§x

P =

3><:W\
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Reserves

Money set aside to finance the rest of the contract. Two kinds of reserves:

@ Prospective Reserves: Value at time t of future liability minus future
income = EPV(future benefits) - EPV(future premiums)

© Retrospective Reserves: Net accumulation of money already received.

If interest rates remain the same, prospective and retrospective reserves
should equal.
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Reserves

Example: Pure endowment
Single premium P payable in advance.

P= V"an = Ax;nl} = nEx

At time t,

Prospective reserve, V; = vt _ipeis

Retrospective reserve, VX = Pe't x o
tMx

— o Jo (rpxss)ds o [y (rpces)ds

— e fonit(r+lv"x+r+s)ds

= Vi‘

The " accumulation” of P at time t is Pels (r+ixis)ds,
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Thiele’s Differential Equation

Suppose a policy where a premium 7 is being paid continuously and there is
a death benefit b; and a terminal benefit B at time n. Consider a small time
interval (t, t + dt).

Retrospective argument

Vt+dt = Vt +r; tht+7l'tdt+llvx+tdt(\/t — bt)+ O(dt)
Vt+dt — Vt = (r + [Lx+f) Vfdt + Wtdt — ux+tbfdt + O(dt)

As dt — 0, we have

dV;
ar = (r+ pxtt) Ve + T — txiebr

Solve subject to Vg = 0, since there is no premium upfront.
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Thiele’s Differential Equation

Prospective argument

Vt =

(]. — rtdt)(l — ,U,X+tdt) Vt+dt — 7rtdt -+ I.lox+tdtbt + O(dt)
Vf - Vtert =

—(r = H'X+t)dt\/t+dt — medt + ll:x+tdtbt =F O(dt)

As dt — 0, we have

%
d_tt = (re + thxtt) Ve + Tt — Wyytbr

Solve subject to V,_ = B, the terminal benefit. In the case of whole life
assurance, the condition is lim:_,o, V; = 0.

Aside

efrdt

X

1 — rdt 4+ o(dt)

e f T mesds 1 dt + o(dt)
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Thiele’s Differential Equation

The reserves are obtained by solving the differential equations.

Solutions
Retrospective:

4 t
Vt = / efs (rU+U'X+U)d” (7r$ — U'x+sbs) dS
0

Prospective:

Vt = /n e~ fts(f+ﬂx+u)du (“X+Sbs _ 7['5) ds + Be_ frn(fs+ptx+s)ds
t
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Thiele’s Differential Equation

Example: Pure endowment - single premium
Retrospective reserve:

Vt+dt - Vt I Vtrdt + Vtﬂx+tdt
Viiar — Vi o Virdt + Vipixyrdt n O(dt)
dt - dt dt
As dt — 0, V.
t
— ot " V,
dt (r 4 toxye) Ve

Solving subject to Vy = P, we have

Vt — Pefot(r+ﬂx+s)ds
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Thiele’s Differential Equation

Example: Pure endowment - single premium

Prospective reserve:

Vt = (1 — rdt)(l — l»‘bx—i-tdt) Vt+dt
Vei—Vipgr = (r+ pixge)dt Ve + o(dt)
dt - dt T
Letting dt — 0,
dV,
d_tt = (I’ 4 ,Uf><+t)\/t

Solving subject to V,,_ =1, we get

n—t
V, = e~ Jo (rixes)ds — petrospective reserve
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Thiele’s Differential Equation

Example: Pure endowment - premium P payable continuously

p= obx
ax:ml
Retrospective reserve:
Vt+dt = Vt =+ Vtrdt + Mox 4t tht + Pdt =+ O(dt)
V, dt — V, o(dt
% = (f+l-tx+t)Vt+P+%
dV,
d_tt = (f+l-tx+t)\/t+ P

subject to Vg = 0.
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Thiele’s Differential Equation

Example: Pure endowment - premium P payable continuously

Prospective reserve:

Vt‘ = (1 - rdt)(l - ILX+tdt) Vt+dt - Pdt

dVi

o (r+ txqe)Ve + P

subject to V,, = 1. Solving the equations, we get

Vi = eir(nit)n—thth = PBpis
= EPV(benefits) — EPV(premiums)
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Stochastic Process Approach

I+: Stochastic process.

I 1 if life is alive
Y71 0 if life is dead

N:: No of deaths up to time t (for an individual).

dN; = Ngyge — Ny = no. of deaths in [t, t + dt)

t
Iy = 1—/st
0
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Stochastic Process Approach

Present value at time t of future payment

@ Consider time t < s < n, where bs payable if death occurs, B payable at
time n if alive, and premium s payable when alive.

@ Cashflow at time s (small interval): bsdNs; — wslsds

e Discount factor: e "(s=t) = = Ji wdu (if constant i.r.)

@ So P.V. = e 757 (bydN, — s lsds).

We have the following conditional expectations:

E(st|]:t) = E(Ns+ds - Ns|]:t) = s—tpx+t/1'x+sd5
E(/s|]:t) = s—tPx+t
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Stochastic Process Approach

Prospective reserve
n
W, = / e "7 (bydNg — slsds) + e ("B,
t
W; is a random variable, so we take expectation.

Vi = E(WiF)
E( / e " DpdN, — / e’(st)'/rslsds—i—er(”t)B/nU-})
t t

n n
/ e—r(s—t) bssftpx+tu'x+sds - / e_r(s_t)ﬂ-ssftpx+tds
t t

+eir(n7t)n—tpx+tB
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Stochastic Process Approach

Retrospective reserve
t
W = / (sl — bsdNs) (== ds
0

for 0 < s < t. Retrospective reserve is its expectation shared among the

survivors

R
VR _ E(WR)
) - =228 )

tPx
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Stochastic Process Approach

Example: Pure endowment - single premium
Prospective reserve at time t:

W, = e "1,
Vt = E(Wf|.7:t)
= e_r(n_t)n—tpx-o-t

e ftn(f+ﬂx+s)d5

V,=1and V, = e~",p, the single premium. And the reserve increases with

time. Or we can solve Thiele's equation.
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Stochastic Process Approach

Example: Pure endowment - single premium
Retrospective reserve at time t:

wf = pet
P rt
VR =
tPx

— Peﬁ)t(r'fﬂx-#s)ds

e, p, edo (risss)ds

= Prospective reserves

We can also solve Thiele's equation to get the same thing.
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Reserves - more examples

Example: Temporary assurance - continuous 7 payable for n

years
We solve Thiele's equation:

dV,

d_tt = (r + txtt) Vedt + T — Lyt s

subject to the conditions V,, = 0 for prospective reserve, and Vy = 0 for
retrospective. We get

t t
Vi = / (7(' = Nx+5)efs (i) U g
0
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Reserves - more examples

Example: Temporary assurance - continuous 7 payable for n

years
Since V(0) =0 and V/(n) =0, we have

Figure : Positive reserves when Figure : Negative reserves when

Wx is increasing Ux is decreasing

If wy is an increasing function of x, we will have ™ — py+s > 0 for some

s<mand ™ — puy+s < 0 for some s > m, so V; is increasing for t < m and
decreasing for t > m. On the other hand, if u, is decreasing in x, we have
negative reserves, which is impossible. )
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Reserves - more examples

Example: Temporary assurance - but variable premium

T = Kx+t

Thiele's equation:
v,

dt
subject to Vy = 0. Solving this, we get V; = 0 for all t. There are no
reserves. Office just takes premiums and pays them out. This is impractical
but very safe for the office.

= (r + I-‘LX+t)tht
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Reserves - more examples

Example: Endowment assurance - continuous premium 7

Prospective reserve is the expected present value of all future benefits less
premiums.

Vi = Aqermn— Moot
_ 1-— réxq _
= l-ra o~ T agy et
X:n
= 1 _ Dprnet

éx:m
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Reserves - more examples

Example: Endowment assurance - continuous premium

If wy is increasing in x, we have

n
§X+t:m = / e~ I (r+ﬂ«x+u)duds
t
n
< / e fzs(r+l~‘«x+t)du
t
= ; _ e*(r—}—u,xﬂ)(n,t)
Ft Wxte
1
< -
F+ Hxte
d a -_
Eax—&-t:m = (r == “X+f)ax+t;m -1

1
< (f+ux+t)(m) -1=0
X

Since a, ;57— is decreasing, V; is an increasing function of t.
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Reserves - more examples

Example: Temporary annuity - 1 payable till death or time n
Thiele's equation:
av.
dt
We have w = —1, buy+: =0, V, =0.

= (r+ pxgt) Ve + T — bpiggs

Vt = ittt
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Selection

Forms of selection:
@ Class selection (e.g. gender)
@ Time selection (e.g. mortality improves over time)
@ Self selection (e.g. antiselection)
@ Temporary initial selection (e.g. time selection that wells off)

Select period: s

Ux++ and ¢py does not lead to a proper model, because it does not take into
account when the underwriting took place. So we write for a person aged x
at the time of underwriting,

px(t) = pxyefort>s
= /J'[x]+t
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Selection

rq[x]+¢ IS the probability of death within 7 years for a life aged x + t, but
went through underwriting at age x (t years ago).

rxj+t = r0xgr fOrt>s
= P(Tx <t+T7|Tx>1)
Pt = P(Ta>t+7|T > 1)
— hx]+t
Hpgre = 0 —h

Example: s=2 (selection up to time 2)

2Px] = 1P[x] X 1P[x]+1
3Px] = 1P[x] X 1P[x]+1 X 1Px+2
a = l+vXxipy+ v? x 2P[x] T+ v? x 1P[x] X 1P[x]+1 X 1Px+2 + ...
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Expenses

Types of expenses:
@ Fixed: constant rate n
@ Proportional to the sum assured: ab
@ Proportional to premium: Bm
@ Proportional to reserve: vV,
Expenses occur at rate n + ab + B + yV;. Thiele's equation becomes
Vit = Vi+ rVidt + pyie(Ve — b)dt + wdt — (n+ ab+ Br +yV4)dt

dV;

T = (rH Vet T —pheb— (n+ ab+ B+ Ve)

(r=24ptxyt) Ve + ((1 = B)T —n—ab) — pxyth

Solve subject to V,, = B.
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Expenses

We have the Thiele's equation with changed parameters:
Ve = / e JElr=ytue)du (1 b — (1 — B)m +n+ab)ds
t
+Be_ f:n(r_'Y‘l’Heru)du
We can calculate the premium 7. Since Vy =0,
n
0 = / eifo (r—y+#xtu)du (/J'X-i-sb_ (1 _ﬁ)w+n+ab) ds
0
+Be™ Jo (r=7+ixsu)du

= A)l«mb - (1 - ﬁ)”réx:m + (T] + Oéb)éx:m + Bnpxei(rir)’),7
(1-B)Tawm = Alab+(n+ab)aum+ Bpe ="

where 2,7 and ’Z‘izm are at force r — . We can get the premium from this
equation.
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Joint Life

One life: ’_4)(: szm, /_Ai:m, Ax:ﬁl‘, éx, éx:m: ?}X:m.
Now, suppose we have two lives aged x and y. Then

A, = 1 payable when xy breaks on the 1st death

AL, = 1 payable on the death of x, provided y is alive

Ay = A, +A,

Axy; = 1 payable on the second death

’Z\x)% = ’_Aiy

A7 = 1 payable on the death of y provided x is already dead
Agim = Same as A before, but only if it happens within n years
/Z\W;m = 1 payable on the second death, provided it is before time n
A7 = pure endowment (both alive at n)
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Joint Life

Suppose lives: 1,2, ..., r, ages:

Remaining lifetimes: T, Ty,,
Joint status: (x1, x2, ..., X/)

T
P(T>t) =

X1, X2, ooiy Xp.

..., Ty, (Denote by: Ty, To, ..., T,)

min(Tl, T2,..., Tr)
P(min(Tl, T2, . Tr) > t)
P(Tl >t, To>t,.... T, > t)
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Joint Life

If they are independent, then

P(T>t) =

tpxl...x, -

Mx, .. x,+t =

GM mortality law:

ud = A+ B
e+ pl) = (A A)+ (B ...+ B)e also GM law

P(Ty > 6)P(To > t)...P(T, > t)

tPxy X tPx, X X tPx,

e fotuxl...xr+sd5

e fot "")((i+sd567 Ot p’izz)#rsd f;] “'xr+s
(1) () (r )

Bttt by o T By yp

(LSE) ST305: Actuarial Mathematics - Life

Aug 2012

44 / 178



Some joint life contracts

Example: Pure endowment
1 payable at time n if all are alive.

PV = Vl{ran
Axl...x,:% = nEx1...x,

_ n
= V aPxi..x

Example: Whole life assurance
1 payable at first death

PV = VT _ vmin(T1 ..... Tr)

oo

A —rt

Ax1...><, = / e’ “x1...x,+ttpx1...x,dt
0

o0
/ € (x4t + Mgt + ot bt )tPry.x, AE
0
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Some joint life contracts

Example: Temporary assurance
1 payable on first death provided it is before time n

X1..-Xp:N

n
AL = / e (Mxyt + Mgt + oo+ bhgtt)ePra..x, A
0

Example: Endowment assurance
1 payable on first death or at time n, whichever comes first

A 1 1
Axl...xr:m =A—— 7l + Axl...x,:m

X1... XN

Example: 1 payable on death of x; if everybody else is alive

00

Al _ —rt

Axlxz___x, —/ e I'I’X1+tl’pX1...X,dt
0

Note that A, = ALl  +..+A L

X1...-Xr r
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Some joint life contracts

Example: 1 payable on death of x; if everybody else is alive and
it happens within n years

n
1 —rt
Axl...x,:m:/ € rUJX1+ttpx1...x,dt
0

Note that Axl,,,x,:m = ’_4><11...x,:m + A ;

X1... X0

Example: Annuity payable if everybody is alive and up to time n
(n can be o)

n
= —rt
axl...x,:m:/ € rtpxl...x,dt
0
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Last survivor status

More complicated case: we are interested in the time of the last death.

T = max(T1, T2, ... T})
P(T <t) P(max(Ty, ..., T,) < t)
P(T: <t T, <t . T,<t)
= P(T1 <t)P(T, < t)...P(T, < t) if independent

tdxi..xx =  t0x3 X t0x; X ... X ¢(x,
= (1= pu)(1 = tPx)--(1 = ¢px)
= 1—irax

where ¢px— = prob. of at least one surviving.
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Last survivor status

Example: Annuity payable up to the last death

IS

= —rt

I — / e’ tpxl...x,dt
0

/000 et (1 - (1 - thl)(]- - tpxz)---(]- - tPXr)) dt

Example: Pure endowment - 1 payable at time n if at least one
life is alive

PV = an{max(Tl...T,)>n} = Vn[]- - l{max(Tl...T,)Sn}]
Expected value = V[l — Gy X tGx, X ... X ¢Gx,]
For 2 lives, V'L — +Gx X +qy]
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Last survivor status

Example: (not typical) 2 lives, x and y. 1 is payable on the
second death of x and y

AW — E[efr(Tx\/Ty)]
E[e—r(TxVTy)l{TX>Ty} + e—r(Tx\/Ty)l{Ty>Tx}]

= E[eirTxl{TX>Ty}] —+ E[eirTyl{Ty>TX}]

(o) o0
/ e~ ipubbxrt(1 — ¢py)dt + / e~ ipytby+e(1 — ¢py)dt
0 0

Alternatively, we also have

Ay =

™I

x+/_4y_/_4xy
%]

9]
= eirtu'erttpxdt + / efrtMertthdt
0 0

- / eirttpxtpy(ux—&-t + Ly4e)dt
0

o’
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Last survivor status

Example: (not typical) 2 lives, x and y. 1 is payable on the
second death of x and y

Suppose we have continuous premiums as long as both are alive, then

Ai
m=—
ENY
If payable as long as somebody is alive,
m=
Iy

and we have the following relationships

éx +§y = éW"'éxy
IS
éﬁ = / e_rt(l - tQthy)dt
0
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Last survivor status

Example: (not typical) 2 lives, x and y. 1 is payable on the
second death of x and y

If the contract finishes at time n,

m =

5xy:m

Example: (most common contract) 1 payable on the first death
provided it happens before time n. Premium payable as long as
they are both alive up to time n

™I
S
E

Qo
=
3|
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Some conditional probabilities

Question 1

In the previous contract, the amount was paid before time n. What is the
probability that y got the money (x died first)?

P(Ty, > T, min(Tx, T,) < n)
P(min(Tx, Ty) < n)
P(Ty, > Tx, Tx < n)

P(T, > Ty|min(Tx, T,) < n)

1= npxnpy
1 n
= ———F 1 dt
1 — wPxnPy [/0 {T, >t} tPxkx+t
1 n
= — Px t Py kx4 ¢ dt
1— npxnpy/o tMxtMy Mx+-t
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Some conditional probabilities

Question 2

Somebody died at time t (exactly), and (s)he has died first. What is the
probability that it was x that died?

_ P(Tee[t, t+dt), T, >t)
dts0 P(TxA T, € [t. t + dt))
P(Tx € [t t +dt))P(T, > t)

N BT, € [t t £ dO)P(T, > 1) + P(T, € [t - dO)P(T. > D)
. tPxlx 4t dtepy
B tPxlhx+tdEePy + £Py Ly ¢+ Pxdt
. Mx+t
TS Ky ¢
This extends to m lives: If we know the time of the first death is t, the
probability that it is life j,j = 1,..., m is Zmi—“
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Joint life - More examples

Example: Deferred annuities - On the death of x, y gets a life
annuity

PV= rjamilr,>7s
Expected value = ,a,
Ty
E |:/ eirtdtl{Ty>Tx}
= / l{y is alive and x is dead at time t} e "dt
0

oo
= / Py (1 — tpy)e "dt
0

= ad, — ay
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Joint life - More examples

Example: On the first death, the survivor gets a life annuity

o0
3 3 —rt
x|dy T y|dx = /0 € l{exactly one is alive} dt

o0
= / e_rt[tpy(l - th) + th(]- - tpy)]dt
0

o]
= / eirt[l - tpxtpy - tCIxto]dt
0
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Joint life - More examples

Example: Two lives, 1 payable on second death if before time n

There will be 3 (or 4) reserves:
@ V,(t) = 0: Reserve if both dead
o V,(t): Reserve to be set up if only x is alive
@ V,(t): Reserve if only y is alive
e V., (t): Reserve if both are alive
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Joint life - More examples

Example: Two lives, 1 payable on second death if before time n

Assume premium is payable continuously as long as both are alive (till time n).

Vi (t) = E(PV of future payments - benefits|both are alive)
= Ax+t,y+t:ﬁ — Way it ytrn=t
Vi(t) = E(PV of future payments - benefitsfonly x is alive)
A
V,(t) = E(PV of future payments - benefits|only y is alive)
- Ay—kt:ﬁ
o ’_AW:W
Axy:m
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Joint life - More examples

Example: Two lives, 1 payable on second death if before time n
Vi (t) is thus

n
ny(t) = /eir(57t)s—tpx+t/1'x+s(1_s—tpert)ds
t
n
+/ eir(57t)s—tpy+tuy+ts—tQXthdS
t

n
—71'/ eir(57t)s—tpx+t5—tpy+td5
t
Vi(n) = 0

and we can compute the derivative

Vi (t)le=n =0+0+m >0
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Joint life - More examples
Example: Two lives, 1 payable on second death if before time n

Figure : Graph of Vi (t), reserve when both are alive

Hence, Vi, (t) is increasing for values just before n. This implies that

Vi (t) < 0 for some m < n, as illustrated in the graph. But we are not
allowed to have negative reserves, so when this happens, the usual remedy is
to have the premium payable up to a time n; < n instead of being payable till
time n. In which case we will have

Vxly(t) = rVXy(t) + 7r1{t<m} - »U'X—&-t(vy(t) - ny(t)) - /»"y+t(VX(t) - ny(t))

If n = oo, we do not necessarily have a problem.
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Markov Chains

Let X(t), the state at time ¢, be a stochastic process that takes values from
a finite set {1,2,..., K}, t > 0. X(t) is a Markov process,
B <th<..<t,<th1. SO we have

P(X(ta+1) = jIX(tn) = jns X(tn=1) = ja-1, ... X(t0) = Jo)
= P(X(tay1) =JIX(tn) = Jjn)

Denoting the o-algebra F; = o{X(s): 0 < s < t},
P(X(tni1) = J|1Fr,) = P(X(tn+1) = JIXs,)
Also, conditionally on the present, the past and the future are independent:

P(X(ts) =j3. X(t1) = 1| X(t2) = J2)
= P(X(t3) =j3|X(t2) = 2)P(X(t1) = 1l X(t2) = J2)
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Markov Chains

Definitions:

@ For small h,

P(X(t+ h) =j|X(t) = i) = p;(t)h + o(h), i#J

@ P(Two or more transitions in [t, t + h)) = o(h). So

1= uy(t)h+ o(h)
J#i
= 1—p;(t)h+o(h)

P(X(t+ h)=iX(t)=1)

o P(X(u)=Jj|X(t)=1)=p;(t u), fort < u.

Aside:
K K
wi(t)= Y wu(t), pi(t)= Y mt)
k=1 k#i k=1 k#j
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Kolmogorov Backward Equations

Consider what happens in interval [t, t + h). For t < u,

py(t,u) = P(X(u) =JIX(t) =1)
K
= ZP u) = j|X(t + h) = k)P(X(t + h) = k|X(t) = i)
= Z pii(t 4 h, u)[mi(t)h + o(h)]
k=1, k#i

+pi(t + h,u)[1 — i (t)h + o(h)]

So
pii(t, u) = pi(t + h. u)
h
EkK=1,k¢i Pii (£ + h, u)pi(t)h — wi (£)hp;(t + h, u) + o(h)

h

(LSE) ST305: Actuarial Mathematics - Life Aug 2012 63 / 178



Kolmogorov Backward Equations

Let h — 0,
K

op;i(t, u

—% = Z Prj (t)in (t) — pij(t) i (t)

k=1 k#i
K
op;(t, u
% = pi(Oui(t) = D pig(t)mu(t)
k=1,k#i

The Kolmogorov equations for i =1, ..., K to be solved simultaneously
subject to the conditions

py(u,u) = 0, if i)
pii(u, u)

Backward equations: To find the probability that we are in a state j at the
end given we are at various states (all possibilities) at the start.
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Kolmogorov Forward Equations

Consider what happens in [t, t + h). For s < t,

pi(s.t) = P(X(t)=jIX(s)=1)
K
pi(s. t+h) = Y P(X(t+h)=jX(t) = k)P(X(t) = k|X(s) = i)
k=1

= Y (w(t)h+o(h)pi(s, t) + (1 — pih + o(h))py(s, t)
k=1,k/

So

pi(s. t +h) —ps(s. t) Zf:l,k;sj i (£)pik(s, t) — wj(t)hp;(s, t) + o(h)
h o h
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Kolmogorov Forward Equations

Letting h — 0,

opi(s, t)
U Z ,u’kj p/k S, t) IJIJPU(S, t)

The Kolmogorov forward equations are solved for all possible j = 1,2, ..., K
simultaneously, subject to

pi(s.s) = 0 for j £ i
pi(s.s) =

Forward equations: We know where we are at time s and we want the
probabilities of all possible outcomes at a future time.
Quite often, s = 0 and p;(0, t) = p;(t).
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Occupation probabilities

Another interesting probability is the "occupation” probability p;(s, t), the
probability of staying in state / from time s to t, without having left state /.

p(s.t) = P(X(v)=iVvels t]X(s) =)
pi(s.t) > pz(s.t)

We look at the interval [t, t + h),

pils.t+h) = pyls )yt t+ )
= p;(s. t)pi(t, t + h) +o(h)
= p(s t) (1 = pi (t)h) + o(h)
Pt (t)pss.
p;(s.s) = 1

So we have

W(S: t) = e fst Wi (u)du
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Markov Chains - more examples

Example: Model of competing risks / Multiple decrement model

Figure : Model of competing risks / Multiple decrement model

Start at 0 and move to 1, ..., n and stay there. At time 0, we are in state 0.

)
uO(t) =

)

)

0 for i #£0

/.Li’},_t

P(X(t) =0)

P(X(t) =) forj=0,1,2,....,n
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Markov Chains - more examples

Example: Model of competing risks / Multiple decrement model

To find po(t), we use the forward equation

po(t+h) = po(t) [ 1= ullh | +o(h)
Jj=1
po(t+h) —po(t) =iy ) ehpo(t) + o(h)
h o h
Ph(t) = —pixsepo(t) (where =" pu0))

j=1
subject to pp(0) = 1. Solving this, we get

po(t) = e ommecs

= e fot(/“"x+s+/"’5<2-25+ +u'x+ )ds
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Markov Chains - more examples

Example: Model of competing risks / Multiple decrement model

Forj=1,2,...,n, we have

pi(t+h) = po(t)ud)ch+ pi(t) + o(h)
pilt ) =p(t) _ po()udeh | o(h)
h h h
pi(t) = po(t)ul),

Solving this subject to p;(0) = 0, we have

t .
p(t) = [ po(sull s
0

Suppose there is benefit b;, payable on transition to state j.

n
EPV/(benefits) = > _ b, / et ud)  po(t)dt
=1

y
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Markov Chains - more examples

Example: Model of competing risks / Multiple decrement model
Let 7 be the time we move out of state 0.

P(T>t) = e Jomsds = po (t)
Density of T = fiesepo(t Zuwpo(t
T t,t dt
L P(Telttrd)
dt—0 dt

We also have

P(TE[t,t-i—dt),X(T) :_j) 0)
dtTO dt y’x+tp0( )

So @
P(X(T) = i|T = t) = it
Mox+t
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Markov Chains - more examples

Example: James Bond insurance

W e

I Death in career I | Other ceath |

Figure : James Bond insurance

Benefit b for other death, 2b for death in service.

(o0} 0
EPV(benefits) = b/ e‘rspo(s)u)(ﬁsd5+2b/ e_rspo(s)uilﬁsds
0 0
po(t) = o= Jo (e+ul)o)ds
‘ 0)
pi(t) = /0 Po($) by sds
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Markov Chains - more examples

Example: Two lives x, y

Figure : Two lives x, y
We use forward equations to find py,(t).

Py (t+dt) = Py ()1 — (Kt + by11)dt] + 0(dt)

dpxy ()
dt

= _(u'ert + U'y+t)pxy(t)
Solve subject to py, (0) = 1. We get

t
pxy(t) =€ Jo (bt tiiyes)ds tPxtPy
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Markov Chains - more examples

Example: Two lives x, y
For px(t), we have

px(t+dt) = pe(t)(1 — oxrtdt) + pyy (£) by dt + o(dt)
Px(t + dt) — px(t) _ _ Px(t)paxiedt n Pry () thy +dt n o(dt)
dt dt dt dt
p;(t) = _u'x+tpx(t) + ply+tpxy(t)
We need to solve this subject to py(0) = 0. After some calculations, we will
obtain
t t s
Px(t) = e Jo uxﬂdu/ efo uxwdull'erspxy(s)ds
0
=  tPxtQy

Similarly, p,(t) = tpy+Qx.
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Markov Chains - more examples

Example: Two lives x, y
And po(t) = 1 — puy(t) — px(t) — py(t). Alternatively,

po(t+dt) = py(t)o(dt) + pe(t)pxsedt + py(t)py+edt + po(t) + o(dt)
Po(t) = tstPe(t) + tysepy (1)

Solve subject to py(0) =0 to get

Pl = [ Goriepe(s) + e ()

t t
= / SpXN’X+SqudS + / spyﬂy—kSSdeS
0 0
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Markov Chains - more examples

Example: Health-Sickness Model

Figure : Health-Sickness Model

At time 0, we are in state H (healthy). X(0) = H and
pr(t) = P(X(t) = H|X(0) = H)

Note also that we use x + t here, but in practice it can depend on t in other
ways.
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Markov Chains - more examples

Example: Health-Sickness Model
The forward equations are:

pH(t + dt)
Ph(t)

with py(0) = 1, and

p[—[(t)(l — O'X+tdt — /J;X_H—dt) = pS(t)pX_Hfdt P O(dt)
— (Ot + thxre)Pr(t) + Ps(t)Pxst

ps(t) = —(px+t + Vxre)Ps(t) + pr(t)oxse

with ps(0) = 0.

Solve the two equations simultaneously. In special cases, e.g. if 0,4+ = 0,

Ox+t = P» hxtt = W, Vx1r = V, we can solve them explicitly.
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Markov Chains - more examples

Example: Health-Sickness Model
We denote the backward probabilities (for t < v):

pa(t) = P(X(u) = SIX(t) = H)
ps(t) = P(X(u)=SIX(t)=9)
po(t) = P(X(u)=S|X(t)=D)=0

To get the backward equation for pZ(t):

ph(t) =

Pat) =

with p& = 0.

P(X(u) = SIX(t) = H)
P(X(u) = S|X(t + dt) = H)(1 — 0xqedt — pxy:dt)
+P(X(u) = S|X(t + dt) = S)oxiedt

pE/(t I dt)(l - Ux+fdt — N’X+tdt) T PSB(t I dt)px+tdt aF O(dt)

(Ourt + bxrt)PA(E) — PxstPE(1)
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Markov Chains - more examples

Example: Health-Sickness Model

Similarly, we have for p£(t),

plg(t) = (px+t + l/x+t)p55(t) = O'X+tpfl(t)
with pB(u) = 1.

Solve simultaneously. If we want to find P(X(u) = H|X(t) = H) and
P(X(u) = H|X(t) = S) we can use the same equations but with terminal
conditions p&(u) =1 and pg(u) = 0.

Clearly the value of an annuity payable as long as | am alive is
e ) + ps(t))dt. The value of the sickness benefit, a continuous
annuity payable while sick is [~ e~ ps(t)dt.

Criticisms of this model:
@ Recovery does not depend on how long sickness has lasted.
@ Recovery does not depend on how many times you have been sick.
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Stochastic Process Approach - multistate model

We define the following stochastic processes.

X(t) = {1,2,..,K}
1 ifX() =)
b(t) { 0 ifX(t) %)
Ny (t) = No. of transitions from state j to state k up to time t
1 if X(t+dt) =k X(t) =]
Ni(t) = Nyt A+ dt) = Nye(t) = { 0 ( oth)erwise )
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Stochastic Process Approach - multistate model

We have the following expectations.

E((t)) = P(X(t)=J)
E(dNJ'k(t)) = E( Jk(t—i—dt) N; (t))
= P(X(t) = ))P(X(t + dt) = k|X(t) =)
= P(X(t) = J)ui(t)dt + o(dt)

E(Nk(t) = / P(X(S) = )use(s)ds

Example: Alive-dead model

t
E(Nap(t)) = / sPxlxtsdS = +qyx
0
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Stochastic Process Approach - multistate model

We have states {1, ..., K}. Suppose we have continuous payments with rate
b;j(t) made while at state j at time t. Discrete payment Bjc(t) on transition
from state j to state k at time t. Final payment at time n: A; if then at
state j. Continuous premium m(t) in state j at time t.

n K
PV of benefits = / > bi(t)e o () | de
0 i
K K

22 (/ (£)dNj(t)e —fo‘r<s)ds)

J=1 k=1 k#j

+ 3 A
Jj=1
K

PV of premiums = Z </o m(t)e” er(S)dS@-(t)dt)

Jj=1
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Stochastic Process Approach - multistate model

Actuarial Principle: EPV(benefits)=EPV(premiums)

EPV(benefits) = Z( / e~ Jo ) p(x(t) = j)dt>

B3> ( [ Bute O px(e) = st

J=1 k=1k#j

30 AP = eSO

=1

K n .
EPV(premiums) = Z (/ mi(t)e” Jo r(s)dSP(X(t) :j)dt>
j=1 M0
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Stochastic Process Approach - multistate model

We want to find the reserves in state / at time t.

Z/ ()~ 7 (5)) (s)ds
3 S [etigan,

J=1 k=1 k#j
3 A9
j=1

W (t) is random, hence we take expectation conditional on being in state i at
time t.

Vi(t) = E(W(8)|Fe) = E(W(1)|X(t) = 1)
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Stochastic Process Approach - multistate model

Reserves at time t given we are in state i (for simplicity, r(t) = r):
K n
V() = 3 [ B TIRX(E) = iIX(1) = )ds
t

+Z Z /” Bi(s)P(X(s) = jIX(t) = iup(t)e " Dds

=1 k=1,k#j /¢t

+ )T APX(n) = jIX(t) = i)e (")

Jj=1

K n
- Z/ 7;(s)e "I P(X(s) = j|X(t) = i)ds
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Thiele’s equations - multistate model

Consider the time interval [t, t + dt).

Vi(t+dt) = Vi(t)(1+ rdt) — (bi(t) —m(t))dt — Z Wi dtBig
k=1,k#i
Z WikdtVi(t Z widtVi(t) + o(dt)
k=1k#£i k=1,k#£i

Vi(t + dt) — Vi(t)

dt = (r+u'/ / Z/J'lk /k + Vk( )) b'(t)+7r,-(t)

Hence, Thiele's equation becomes

d\zgt):r\//(t)_ Z ik Bir (t) = bi(t) +mi(t) — Z Hik vt
KLt k=1,k#i

for i =1, ..., K such that V;(n—) = A;. If there is no premium upfront,
Vi(0) =0, Vi.
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Thiele’s equations - multistate model

Example: 2 lives aged x, y. Premium payable in advance.
Benefit of 1 payable on second death.

Figure : Two lives x, y

Thiele's equations for the reserves:

dV,,(t

d_yt( ) = (r + u'X+t + N'ert)ny(t) - u'X+i‘ Vy(t) = N,y+t Vx(t)
dV,(t

dt( ) = (4 Bxrt) V() = Boxre
dv,(t

://,f ) = (r+uyre)Vy(t) — pyte
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Thiele’s equations - multistate model

Example: 2 lives aged x, y. Premium payable in advance.
Benefit of 1 payable on second death.

and the conditions
Viy(n) = Vi(n) = Vy(n) =0, Viy(0) =7

Suppose there is no premium upfront, but premium is payable continuously
while both lives are alive. Then

dV,,(t
%() = (r+ pocrr + tyse) Vg (£) = e Vi (8) — by e Vo) + 7
™ = /_AW
= 3
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Thiele’s equations - multistate model

Example: Health-Sickness model. A continuous benefit b is
payable as long as the life is sick. Single premium payable
upfront. The contract lasts for n years.

Figure : Health-Sickness Model

Vi(t) = rVu(t) + ot Via(£) = 0sqe (Vs (t) = Vi(2))
Vs(t) rVs(t) + vxq Vs(t) = pxre(Vi(t) — Vs(t)) = b

subject to the conditions V(n) =0 and Vs(n) = 0.

Solve and we can find V4 (0) = .

v
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Thiele’s equations - multistate model

Example: Health-Sickness model. Same as above, but instead of
a single premium we have a continuous premium 7 payable while
healthy.

Thiele's equations become

Vi(t) = rVu(t) + picie Vi(t) = 0sre(Vs(t) = Vi(t)) +7
Vs(t) = rVs(t) + virt Vs(t) = puyr(Viu(t) — Vs(t)) — b

and the conditions Vy(n) =0 and Vs(n) = 0.
7 should be such that V(0) = 0. But how do we find 77
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Thiele’s equations - multistate model

Example: Health-Sickness model. Same as above, but instead of
a single premium we have a continuous premium 7 payable while
healthy.

First, we want to find the value of a continuous annuity payable as long as a
life is healthy and up to time n (this can be viewed as a continuous benefit of
1 payable as long as healthy). In order to find that, we solve:

Wh(t) = rWh(8) + phes Wi(t) = opr(Ws (t) = Wi(t)) — 1
Ws(t) = rWs(t) + vt Ws(t) = ot e (Wai(t) — Wh(t))

subject to the conditions Wy (n) =0 and Ws(n) = 0.

Wi (0) will be the value of this annuity (by the Principle of equivalence).

(LSE) ST305: Actuarial Mathematics - Life Aug 2012 91 /178



Thiele’s equations - multistate model

Example: Health-Sickness model. Same as above, but instead of
a single premium we have a continuous premium 7 payable while
healthy.

Now, consider the single premium model as in the previous example:
U(t) = rUn(t) + toreUn(t) — 0upe(Us(t) — Un(t))
Us(t) = rUs(t) + vureUs(t) = pure(Un(t) — Us(t)) = b
subject to the conditions Uy(n) = 0 and Us(n) = 0.
By the Principle of equivalence,
WWH(O) = UH(O)

Un(0)
Wi (0)

Then we substitute 7 into the differential equations for Vj(t), Vs(t) and
solve to find the reserves. Check to see if Vy(0) = 0.

4
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Higher Moments

We want to find \/i(z)(t), which we denote as the second moment of W(t),
the future benefits less premiums. We have the following moments of

revenues:
@ W(t) is a stochastic process.
@ First moment: \/i(l)(t) = E(W(t)|F) = E(W(t)|X(t) =) is the
reserves in state /.

e Second moment: V(1) = E(W2(t)|X(t) = i), which will lead to
Var(W ()X () = /).
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Higher Moments

Example: Life-death model - continuous benefit b payable as
long as alive until time n, one off payment B at time of death,
and C at time n if alive.

W(t) = / —=pl.ds + / e "I BAN, + Ce ("1},
t

Let Txi: be the remaining lifetime. So

W(t) = b_aﬁ—x“/\n L Be—rTx+r1{TX+r<n} + Ce_r(n_t)]-{TX+t>n}
[S) 1— e—r(s/\n) 2
2nd moment = / <bf +e "Blisen + Cer(”t)l{s>n}>
0
sPx+thbx+t+sdS
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Higher Moments

Example: Life-death model - continuous benefit b payable as
long as alive until time n, one off payment B at time of death,
and C at time n if alive.

Alternatively, we can use differential equations.

First moment:
W(t) = e W(t+ dt)+ b(t)dt + (B(t) — W(t + dt))dN;

V(t) E(W(t)|F:)
= (1 —rdt)V(t+ dt)+ b(t)dt + (B(t) — V(t + dt))pxredt

So
(1)
d\/dt(t) = r\/(l)(t) = b(t) — (B(t) _ V(l)(t)) Lt

such that V() (n) = C.
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Higher Moments

Example: Life-death model - continuous benefit b payable as
long as alive until time n, one off payment B at time of death,
and C at time n if alive.

Second moment:

W(t) = e W(t+ dt)+ b(t)dt+ (B(t) — W(t+ dt))dN;
W2(t) = [W(t+ dt)— rdtW(t + dt) + b(t)dt + (B(t) — W(t + dt))dN]
= W?2(t + dt) — 2rdtW?(t + dt) + 2b(t)dtW (t + dt)
+2W(t + dt)(B(t) — W(t + dt))dN;
+(B(t) — W(t + dt))?dN; + o(dt)
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Higher Moments

Example: Life-death model - continuous benefit b payable as
long as alive until time n, one off payment B at time of death,
and C at time n if alive.

V() = E(WA(t)|F)
= VO(t +dt)—2rv@Ddt +2b(t) VO (t + dt)
+ (zB(t) VA(t 4+ dt) — 2V (t + dt)) Lt edt
+ (B(t)2 —2B(t)VO(t 4 dt) + VO(t + dt)) Lxtedt + o(dt)
= VO(t+dt) — 2rdtV(t + dt)dt + 2b(t) VI(t + dt)
+ (B(t)2 — VOt + dt)) fhxptdt
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Higher Moments

Example: Life-death model - continuous benefit b payable as
long as alive until time n, one off payment B at time of death,
and C at time n if alive.
So

dv@(t)

= 2V @(8) = 26(t) V(1) - (B2(6) = V() pese

such that V(®)(n) = C2. Note that we have to solve V()(t) first. In

MAPLE, we solve simultaneously (1) and (2). V& (0) — (V) (0)) is the
variance of the contract.
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Higher Moments

Example: A more general case - continuous benefit b; in state /,
payment Bj on transition from state / to j, C; if in state / at
time n

Falt)
—
<
Halt)

Haolt] @ ol

Figure : 3 state model

W(t) = /t (e Dbih(s)ds + e Dby(s)ds + Broe " Do)

—|—le e_r(s_t)szl(s) -+ BlDe_r(s_t)leD(S)
+BQDe’”(5’t)dNQD(s)) + Ge " (n) + Ge "Dy (n)
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Higher Moments

Example: A more general case - continuous benefit b; in state /,
payment Bj on transition from state / to j, C; if in state / at

time n
We denote W;(t) = W(t)| state 1 at t, Wa(t) = W(t)]| state 2 at t.

Thiele's equations for the first moments:
Wi(t) = (11— rdt)Wy(t + dt) + bydt
+ (Bra + Wa(t + dt) — Wi (t + dt)) dNio(t)
+ (Bip — WA(t + dt)) dN1p(t)
V() = (1= rde)VO(t + dt) + bydt
+ (Bl2 + Vvt + dr) = VO£ + dt)) p12(t)dt

i (BlD — vt + dt)) pap(t)dt

(LSE) ST305: Actuarial Mathematics - Life Aug 2012 100 / 178



Higher Moments

Example: A more general case - continuous benefit b; in state /,
payment Bj on transition from state / to j, G if in state / at
time n

So
dv®(t
1d—t() = V(#) = by — pa(t) (B + VI () - V(1))
—p1p(t) (BlD = Vl(l)(t)>
Similarly,
\/(1)
de—t(t) = rV2(l)(t) — by — poi(t) (321 + Vl(l)(t) - Vg(l)(t)>

—p2p(t) (Bzo - Vz(l)(t))

Solve subject to Vl(l)(n) = (, Vz(l)(n) =C
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Higher Moments
Example: A more general case - continuous benefit b; in state /,
payment Bj on transition from state / to j, C; if in state / at

time n
To get the second moments, we have

Wi(t) = (1— rdt)Wy(t + dt) + bydt
+ (B1z + Wa(t + dt) — WA(t + dt)) dNio(t)
+ (Bip — Wi(t + dt)) dNip(t)

So

W2(t) = (1 — rdt)?W§(t + dt)
+ (Bio + Wa(t + dt) — Wi(t + dt))* dNio(t)
+2bydtW; (t + dt) + (Bip — Wi (t + dt)dt)? dNyp(t)
+2 (B + Wa(t + dt) — Wi(t + dt)) Wi(t + dt)dNio(t)
+2(Bip — Wi (t + dt)) Wi (t + dt)dNip + o(dt)

v
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Higher Moments

Example: A more general case - continuous benefit b; in state /,
payment Bj on transition from state / to j, C; if in state / at
time n

V@) = vO(t +dt) — 2rv (¢ + di)dt
+ (Bl = Vit +dt)) mo(t)at
2 (1) 2)
+ ( Bir + 2B Vo (t 4 dt) + Vo' (t + dt)

v+ dt)) p1a(t)dt + 26, VO (t + dt)dt
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Higher Moments

Example: A more general case - continuous benefit b; in state /,
payment Bj on transition from state / to j, G if in state / at
time n

So
dv? ,
T = 2P0 - (Bl V() mo(t)
— (B2 + 2BV (8) + VI2(6) - V(6)) maa(t) — 26 V(1)
Similarly,
dV(z)
o = v - (82— V() waolt)

— (B3 + 2B V() + V() = V(1)) maa (1) — 260 VA (1)

Solve subject to V! (n) = ¢, V@ (n) = €2, VI (n) = G, VP = 2.
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Safety Margins

Principle of Equivalence: EPV(benefits) = EPV(premiums).

However, to make a profit, a safety margin is included so that premiums
charged are higher than that implied by the principle of equivalence.

Example: 1 year temporary assurance - benefit b is payable at
the end of 1 year if life is dead, single premium upfront.

EPV/ (benefit) = e™" bgy

In order to make a profit, the premium includes a loading factor & > 0. The
single premium is e~ "bgy (1 + 0). Suppose we have 10000 such policies,
independent of each other.

E(profits) = 10000 (e~ bgy(1 + 0) — e bay)
100006e™ " bq,

100006%6%e~2" g,
10000%b%6%e™2" g, px

E(profits?)
Var (profits)
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Safety Margins

Example: 1 year temporary assurance - benefit b is payable at
the end of 1 year if life is dead, single premium upfront.
By the Central limit theorem, the profits

Z ~ N (100000e ™" bgy, 10000b°6° e~ gy py)

So we have

1 T bay
P(loss) = W < 00006 "bq ) ~0

100b0e="/GxPx

The probability of loss is close to 0. This is especially so if there is a large
number of policies.
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Stochastic Interest Rates

We have previously been working with constant interest rate. In practice,
interest rates do not stay constant. Now, we consider the case when the
force of interest r; is a stochastic process. Amount S invested at time 0 will
grow to Selo =% at time t. We might want to calculate £(ee +%). Suppose
a markov chain model with states {1, 2, ..., K}. At state /, the force of
interest is r(), If X(t) =i, r; = r). Let \; be the force of transition from i
toj. Then

E(efon’5d5|}‘t) _ E(efotfsdseftnrsd5|ft>
= ehrop (eline)R)
= elntE (elnoix () =)
_ el

where we have denoted W;(t) = E (efzn S| X (t) = j),
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Stochastic Interest Rates

Now we obtain the differential equations:

Wi(t — dt) = (1+r<>dt)< (1— > )\Udt)+ > AWt )

J=1j#i Jj=1,j#i
= Wi(t) + rOW(t)dt — Wi(t) Z Aydt + Z Ay W(t)d
J=1j#i J=1j#i
+o(dt)
Wi(t — dt) — W,-(t) o(dt)
i Z# A (W(8) = Wi() + =
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Stochastic Interest Rates

So
d

WD) = —rOwi() - ZAU W(t) = Wi(t))

J=1j#i

Solve simultaneously such that W;(n) =1 for all i =1, ..., K. | solve all my
predicted accumulation at time t. If | know X(t) =/, then accumulation is

E (efot r(s)ds) = W;i(t). In particular, E (efon ’(s)ds) = W, (t) if we know
X(0) = in.
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Stochstic Interest Rates

For variances calculate second moment £ <e2f°" r5d5|]:t>- So replace r() by

2r() everywhere and we get the second moment. Solve

aw () _
=2 = 2w () + 3 (W) - W)

such that VV,.(2)(n) = 1. Then

E (el 2r9) = WP (o)

2
and variance is Wl-gz)(O) - (VV,E”(O)) .
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Financial risk vs Mortality risk

With stochastic interest rate, what is the price of 1 payable at time n? Or
equivalently, the single premium at time 0. Here, the principle of equivalence
does not work. Mortality risk is diversifiable, i.e. in a large portfolio of people
aged x, gx will die on average, hence we can simply take expected values.
However, interest rate risks are non-diversifiable no matter how large the size
of the portfolio is.
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Financial risk vs Mortality risk

Example: 1 year term insurance policies with a sum assured of
1, paid out at the end of the year if dead.

The probability of death g, = 0.01. The assumed force of interest is
r = 0.05.
EPV (payments) = e %% x 0.01 = 0.0095

Premium will be slightly higher, suppose 0.0097. If there are 1000000
policies, in one year’s time, the 9700 premium will accumulate to
9700e%9% = 10197. The expected loss and variance are

E(loss) = 1000000 x 0.01 = 10000
Var(loss) = 1000000 x 0.01 x 0.99 ~ 100
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Financial risk vs Mortality risk

Example: 1 year term insurance policies with a sum assured of

1, paid out at the end of the year if dead.
Hence, the probability of a loss for the office is

P(loss) = W (

10000 — 10197

00 ) = W(-1.97) ~ 0.024

Now suppose r is not 0.05, but it is O with probability % and 0.1 with
probability . Then

P(loss)

2 10000 — 9700€%! 1 10000 — 9700¢e°
v + V| —

3 100 3 100
2 x 0+ L x 0.99

3 3 '

0.33
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Financial risk vs Mortality risk

Example: 1 year term insurance policies with a sum assured of
1, paid out at the end of the year if dead.

As we can see, financial risk cannot be hedged out, it applies to all policies.
There is still a bit of mortality risk, if we did not get 0.01 right. In order to
calculate price in this case, we can use the equivalent martingale measure so
that we work under the risk neutral measure. Typically in our calculation we
will be using a risk-neutral measure for interest rates and the physical
measure for mortality.
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Financial risk vs Mortality risk

Quite often, the structure of the model is the same under the EMM except
with changed parameters. So to find £ (e‘ s rsds), we denote W(t) as

Wi(t) = E (e I1m1F)
e GRS N OE)

This replaces r(t) in W;(t) with —r(t). Hence the equation becomes

dV(\;,'t(t) _ ,,,‘;Vi(t)_i:;#xy(m(r)—V"v,-(t))
Wi(n) = 1

So we have E (e* o r(s)ds) = W, (0) if X(0) = f.
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Financial risk vs Mortality risk
Boredom: calculation from scratch

e_rU)dt (W,(t) (1_ Z }\jjdt) + Z >\ijWJ(t)dt>

j=1,j#i J=14#i

Wi(t — dt)

= (1-rWgrt) (W,-(t) (1 -y AUdt) + ) >\,-j|/"vj(t)dt)

J=1j#i J=14#i

So we have
AW _ o 3 A
Gt =~ 3 M) )

such that Wi(n) =1 for all i =1, ..., K. W;(0) is the premium we want.
Aug 2012 116/ 178



With-profits policies

One way to safeguard against non-diversifiable risks is to assume a "basis” (a
set of interest and mortality rates), and calculate premiums and prospective
reserves based on a "safe” or "conservative” basis which we denote (r#, ux).
Premiums and reserves calculated based on the safe basis will be more
prudent, hence generating a surplus. With-profits policies are such that
policyholders get a share of the surplus. We calculate the premium using the
safe basis (also called "first order” basis), and calculate technical " safe”
reserve using the equation:

d\/* * * * *
dtt = (r'+ U’x+t)Vt — Pypebe + 7
Vi = B

Also Vi = 0 by our choice of . As we will see, the retrospective
accumulation will in general exceed V;* producing a surplus.
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With-profits policies

Discounted new surplus at time O:

t
St = / e fos(r(u)+lllx+u)du(7r — ljlirsbs)dS — e fo u)+px+u)du V*

0
ds
d_tt = e ING +ux+u>du(7r_lllx+tbt) ( (t)‘i‘IJ'ert)e ING +U'x+t)vt
o S t)dn AV
dt
= e B mdd (e byt (K(E) + i) V7
—(r* +:u’><+t)\/ 7r+y'x+tbt)
= e fo u)+ibxqu)du ((I’(t) —r )\/* + (/»“x-i,-t u'x+t)(bt . V:))
= e fo U)+phxtu)du (t)
where

c(t) = (r(t) = r*)V¥ + (s e — bxye)(be = V)

This is the emerging surplus value (per survivor). It is the sum of the interest
rate profit and mortality surplus.
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With-profits policies

Remark: If r(t) = r*, e = k., then c(t) =0, £ =0, S, = 0.
A safe basis is one where r* is as low as possible. The choice of u* depends
on the products, for example:

@ Temporary assurance. V;* < b the death benefit. A high p* is safe.
@ Pure endowment. b; = 0, we choose a low u* to be safe.

@ Endowment assurance. by = B = b, (survival benefit). Recall that V;
increases to B, so V; < B. We would choose a high p*, but it does not
matter very much.

(LSE) ST305: Actuarial Mathematics - Life Aug 2012 119 / 178



With-profits policies

Distribution of surplus (Bonus):

@ Cash bonus: Pass it on as it emerges. Pay c(t) at time t to each
surviving member.

@ Pay a terminal bonus: Accumulate all surpluses and pay it as a terminal
bonus at maturity.

L, = /n efsn(’”“**”)d”c(s)ds
0

Sometimes there is a guarantee so the bonus will be L,V g; actually
there is always a guarantee because in reality you pay L, V 0.
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With-profits policies

@ Combination of the above: Pay a bit of a cash bonus (but not the whole
surplus), accumulate the rest to a terminal bonus. Note that the
equation of value will have to hold. Let /(t) be the cash bonus value and
let L be the terminal bonus.

/n /(S)ef fos("(“)"'MXJrU)d“ds_FLe* Jo (r(0)+txru)du = /n C(S)67 Jo (r(0)+poxsu)du
0 0

@ Purchase additional insurance: We use surplus to purchase some units of
the product; the emerging surplus is used as a single premium to buy
more units. This is a little complicated because extra units generate
more surplus to buy extra units and so on.
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Purchase additional insurance

A surplus c(t)dt emerges at time t. This will buy g(t)dt extra units. c(t)dt

is used as a single premium, so calculate first how much is the single premium
for an extra unit. We need to solve

d\/** * * *% *
d; = (r'+ .fo+t) Vit — ,U'x+tbt
Vix = B

V¥ represents the single premium to be paid at time t to buy an extra unit

c(t) = alt)vy”
c(t)
q(t) - Vt**
We want to calculate Q(t fo s)ds, the accumulated extra units. The

benefits will then be b, (1 + Q(t)) and survival benefit B(1 + Q(n)).
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Purchase additional insurance

The surplus is:

c(t) = (r(t)=r" )V +QIOVE™) (e =t o) (b (14 Q(1)) = Vi = Q(8) Vi)

So we have
d(t) _ (r(t) = r) (Vi + Q1) V™)
dt Vi
+(“’1+t =ty r) (D (1 + Q1)) — Vi — Q(£)Vy™)
Vt**
d\/* * * * *
d_tt = (" + by ) V5 + (T — pgebr)
dv;* * * Kk sk
d_lt: = (r + /J'x+t) Vit — Nx+tbt

subject to Q(0) =0, V¥ =Bor V=0, and V}* = B.
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Purchase additional insurance

We do not have V™, so in order to solve this we need two steps:

@ Solve
d\/** * * * *
d; = (M 4wy )V — Wyprbe
Vit = B

and extract Vg™.

@ Solve 3 differential equations for Q(t), V¥, and W™ where

dW**
dt

= (r" + W) W™ — 13yt
together subject to the initial conditions Q(0) =0, V§ =0, and
Wi* = V§*. We then have Q(t) for all values of t.

If we use the basis r(t), ux+ for predictions then we can represent that the
predicted survival benefit is [1 + Q(n)]B and the predicted death benefit if it
occurs at time t is by (1 4+ Q(t)).
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Purchase additional insurance: Variation

Variation of the above: Extra units do not generate extra units. The extra
surplus generated by new units is given out as cash bonus.

Suppose c(t)dt buys q(t)dt units. c(t) = q(t)V;*. Since extra units do not
generate extra units, g(t) = f/(—f) Q(t) = fot q(s)dt. So

c(t) = (r(t) = )V + (Wpr = tare) (br = V)

and we solve the three differential equations below

dQ(t) _ (r(t) = r)VE + (B — bxie)(be — V)
dt W=
dvy * * * *
dtt = (4w ) Ve +m —uiy by
dWw* * * sk *
dtt = (" + ) WE™ — p5i by

subject to Q(0) =0, V§ =0, and W™ = V™.
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Purchase additional insurance: Variation

The extra surplus to be given out as cash bonus will be

Q1) ((r(t) = r)VE + (Mrye = txre)(be — V7))

If you want it to be terminal bonus, this will be

| Q) ((r(5) = 1)V + (s = (b = Vi) el et
0
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Purchase additional insurance: Variation

We can also summarise this into four equations. We have

L) = / Q) ((F(5) = F)VE* + (s — fose) (bs — V)

X efst(r(”)+l"'x+u)d”ds

IO () + ) (D)

dt
+QUE) ((r(8) = r)WE™ + (Bkge = base) (be — W)

Solve this and the above three differential equations subject to L(0) = 0,
Q(0) =0, Vi =0, Wj* = V§*. L(n) is the terminal bonus prediction.
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Predicting cash bonus

We will use the Markov model for interest rate introduced three weeks ago.
States 1,2, ..., k. While at state i, interest r(t) = r; if X(t) =i. \j are the
discount rate. We will also assume for simplicity that p: = pu} .. If we
were not to do that we could also assume a model for stochastic mortality
rates so for example when X (t) =i, r(t) = ri, pxit = p,(x'lt,

= (r(t)—r")V¢
So we need to predict ¢, = (r(u) — r*)V; = f(r(u)). We need to calculate
E[F(r)IF) = E [f(r)lre = ] = wi(e)
Because X(t) and r(t) is a Markov process, we just need to calculate

Elcd|X(t) = 1] = E[(r(u) = r)VyIX(t) = i] = ViE[r(u)|X(8) = i] = r*Vj
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Predicting cash bonus

So we define W;(t) = E[r(u)|X(t) = i]. Then

Wi(t —dt) = (1—Z>\,jdt) VV,-(t)+Z>\,-J-dtVVJ-(t)+o(dt)
J# J#
Wit —dt) - W at
(t 2 O _ s w3 e ()

J# J#

dwi(t) D7 N (Wi(E) — Wi(t))

dt
J=1j#i

subject to W;(u) = r;. We can predict the cash bonus by Wi(t)V; — r* Vs if
X(t)=1i.
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Predicting cash bonus

Alternatively, we can define W;(t) = E[(r(u) — r*)V|X(t) = i], and solve
the equation

dWi(t)

0t = Z)\U(Vvl(t) - VVJ(t))
J#i
Wi(t) = (—r*)Vv;

Vi is to be calculated from Thiele's equation.
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Predicting Terminal Bonus

We want to calculate:

w = /On () rma)du () — ) VE
= /O ef U)+txtu d”(r(s) —r )V ds
/ ef U)+thxtu d”(r(s) _r )V ds
t
= efe( r(u)+pixtu)d / ef r u)+ux+u)dU(r(s) _ r*)VS*dS
0

/ el b p(5) — )V ds
t
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Predicting Terminal Bonus

Define the following:

ui) = e (W) tpia)du (Accumulation of past surplus)
t t
W(t) = / els (W) du( () — *) V2 ds (Past surplus)
0
V:V(t) = / els () tme)dup(5) — ¥ V2 ds (Future surplus)
t
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Predicting Terminal Bonus
Then we have

E(U(t)|F:)=E (efr"(r(u)+ux+u)du|ft)

Define
Vi) = E (X () =)
Vi(t —dt) = [ 1= Xgdt | (14 (i + phesedt)) Vi(t)
J#i
+> X Vj(t)dt + o(dt)
J#
(t —dt) — Vi(t) o(dt)
o = (i + Bxsr) Vi(£)dt — gxu (D) + =g
J#i
avi(t)
g = () Vi f)+;% i(t) — V(1))

fori=1,2,..., k subject to Vi(n) =1 for all i.
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Predicting Terminal Bonus

Next define 5 y
Vi(t) = E(W|F)

If no change occurs,

Wit —dt) = W)+ (r— r7)Vy el Uer i 4 o(dr)
E(lﬁ/,'(t — dt)|no change)
= E(Wi(t)Ino change) + (r; — r*)V; E(e) ) +mesadu x4y = j)

143

= E(W,(t)Ino change) + (r; — r*)V; Vi(t)
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Predicting Terminal Bonus

Vi(t —dt) = (1—Z>\Udt) (Vi(£) + (ri — r*) V7 Vi(t)dt)
J#
+> Xdt Vi(t) + o(dt)
J#
V(t—dsz Vi) _ r ;AU\"/ Y )Ho(dcl{t)
YA CEDMUCDRD)

with V;(n) = 0 for all i.
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Predicting Terminal Bonus

We need to solve the following simultaneously.

d\N//(t) * * \/ v
O~ vy +§AU(V( _70)
avi(t)

& = itV +§AU Vi(t))
dv}

dtt = (r" + g e) Vi + T — lyyebe

subject to the conditions V;(n) = 0, Vi(n) =1, V¥ = B for all i. And

t
Wm:AeMWWmeg—mw¢

has been recorded or calculated from past value. If we are at time t and the
past accumulated surplus is W(t) and X(t) =i, our prediction of the
terminal bonus is W (t)V;(t) + Vi(t).
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Cash bonus with guarantee

With guarantee that we will never pay less than gVy*. Typically g = 0. We
pay bonuses max(r(t) — r*,0)V{. In general max(r(t) —r*, g)V;. We need
to calculate the cost of the guarantee to the office and change the
policyholder (either by a premium upfront or an extra surcharge on the
premium). Expenses of the office is (r* — r(t))4+ V7.

Cost of the guarantee = E </ e Jo (r)tm)dupx _ (g, Vs*ds)
0

= E (/ e S rdnr (), Vs*spxd5>

0
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Cash bonus with guarantee

Define

wi(e) = €( [ e o - ). vz pasix(0) = 1)

t

Wi(t —dt) = (1 - Zx,jdr) ((r* = )2 Vi epedt + Wi(£)(1 = ridt))
J#i
+ > X dtW(t) + o(dt)
J#I
WU pwift) = (" = 1) Vieps + 3 M (Wilt) — W)

J#

such that W;(n) =0 for all i = 1, ..., k. If X(0) =i, W;(0) is the cost of the
guarantee.
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Cash bonus with guarantee

A slightly different way:
Define

(e = € ([ ettt - s veasix(e) = )

(t—dt) = [1= " Xgdt | (" =) Vi + Wit) (1 = ridt — ey edt))
J#i
+ > Nde V(1)
J#i
dWi(t . . . . .
U ) WD) — (7 = )+ S A (0) — (1)
J#i
such that W;(n) = 0 for all i. If X(0) =i, W;(0) is the cost. Observe that

o () = We).
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Cash bonus with guarantee

Remarks:
© The calculated cost of the guarantee should be relatively small.

@ A large value could indicate that the safe basis was too aggressive (not
conservative enough). Maybe r* should have been lower.

© This measure can be used as an indicator of how "safe” the basis is.
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Unit-linked Insurance

ry = interest rate at which the fund grows (unknown and variable). We set
up two funds:

@ Unit fund (grows at rate r;): The money there belongs to the insured
and they will get it back at maturity or earlier death.

@ Cash fund (grows with a "safe” rate r}): This money will be used to
cover any shortfall between the guarantee and the unit fund.

Split the premium between the unit fund and the cash fund (in such a way
that there is no shortfall). «;m: goes to the cash fund. (1 —y;)m: goes to
the unit fund.
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Unit-linked Insurance

Rate of growth of the unit fund is

du

dtt =reUs + (1 —ve)ms
Rate of growth of the cash fund is

dVe

dt (rt + .u’X"rf) Vf + ’Yt"rt l»l'x-l,-t(g —_ Ut)_;,_

If there is a survival benefit: V,, = (¢ — U,);. We would like this to be
positive.
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Unit-linked Insurance

Example: Endowment assurance without reserves

Let 7 be the premium, r is the interest, b is the sum assured (guaranteed).
Choose «; such that

Ve = pxpe(b— Us)
(I=7)m = T~ txye(b— Ur)
Then
% = rUs+ 7 — pxie(b— Us)
= (r+ txst)Ur + 7 — poyseb
and Uy = 0.
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Unit-linked Insurance

Example: Endowment assurance without reserves
So we can compute

t
Uy = elolrtaerads / (1 — foxssb)e™ Jo (Hcn)du g
0

A . .
Suppose we choose ™ = éxﬂ b. Then the accumulation of the fund at time n,
x:n

n
Un = efon(r"'u'XJru)d“ / ((ﬂ- _ u[x_’_sb)e* fos(r+l1'x+u)du) ds
0
= el (r3, 0 — bAL )
= efD"(F'HLeru)dU (bl_q)];m + bei foﬂ(ru+}1:x+u)du _ b/_A)];m>
= efon(""ﬂ'xw)d” <b€7 fon(l'+ux+u)du>
= b
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Unit-linked Insurance

Example: Endowment assurance without reserves

Since U(t) is an increasing function, we will have that b — U(t) > 0 for all
t<n. So(b—U(t))y =b—U(t) forall t < n. )
However, if the premium is larger than the actuarial premium, m > b;\x—le, then

n AX'n = A
U(n) > efo (r+uxpu)du (b - ] Ay — bAX:ﬂ) = b
ax:ml

So if U(n) > b, there exists an m such that U(m) = b, and for t > m,
U(t) > b. So (b—U(t))+ = 0. In this case, the unit fund will work as follows.

For t < m, dL(/IEt) = rU(t) +m— pxre(b— U(1))
du(t
Form<t <n, % = rU(t)+m such that U(m) = b
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Unit-linked Insurance

In general,
t
U(t) = be't=m 4 w/ els rduds
Now, if ™ < b*—:l then U(n) < b. So U(t) < bfor all t < n. So
(b—=U(t))+ = (b— U(t)) for all t < n. But in this case, we did not make the
sum assured and we do not know where to find it from. This is not good, so
we have to charge enough premium, or there will be a loss.
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Unit-linked Insurance - Stochastic interest rate

However, r(t) can follow a stochastic model. If r(t) is stochastic, then there
is no guarantee that U(t) > b. If U(n) < b, then there will be no way to pay
the survival benefit. By the principle of equivalence,

E| [ O = aaelo = U e epudt = (b= Un)) e "ope] =0
0
If we set y:m = pyi (b — U(t))4, the LHS becomes:

—E[(b—U(n))+e™" ",px] <0

We did not put in enough in the cash fund. Hence, we should choose -y; such
that v:m > pyi:(b — U(t))+ so net money will be going into the cash fund.
We have

YT = txre(b— U(L)) 4 + e
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Unit-linked Insurance - Stochastic interest rate

How do we choose a:? It should be such that
E [/ asme " Spy — (b— U(n))+e_r*”,,px + W|F:| =0
t

Mark to market:

Observe every day V; and U;. Calculate E[(b — U(n))+|F:] using a. that has
been used the previous day. Choose new a; such that the above equation is
satisfied. Continue and repeat every day. Note of course that if at any point,
U(t) = b, scrap the whole thing and stop putting money into the cash fund
because we have made the guarantee.
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Unit-linked Insurance - Stochastic interest rate

Very important: How do we choose the premium?
Assume a "safe” interest rate r for the growth of the unit fund r > r* but
still low enough. Then assume (from experience and relevant simulation) a

future a.
dV, .
_dtt = ("4 pxyt) Ve + oy
du
d_tt = rU(t) +m— /J'x-l—f(b - U(t))+ — o

where Vp = 0 and Uy = 0. Solve and find U(n) and V/(n) for a given
premium. Calculate U(n) + V/(n) and choose 7 such that U(n) + V(n) = b.
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Pensions

@ Defined contributions
» Contributions defined in terms of salary.
» Financial risk is with the member.
» The accumulated value at the time of retirement is random.
» There is uncertainty about interest rate at retirement.

@ Defined benefits
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Pensions

Profit reporting should be as follows:
@ Predict the accumulated value of the contributions of retirement (A).
@ For various interest rates calculate A and a,.

We will use a force of interest r(t) and a force of mortality pyi¢. Also, we
use a salary scale which will be such that the salary at time t is

S, = Syelo atu)du

where a(t) is the force of salary inflation. When we need a stochastic model,
we will use a larger Markov chain model, where X(t) takes values from

1,2, ...,k and when X(t) =i, r(t) = r; and a(t) = a;. Transition rates X; as
before.
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Defined Contributions

The contribution is usually a proportion «y of the salary at any time.
Contribution rate is vS;. If v depends on time, then contribution rate is
v:S:. The accumulation at time n is

0

Assume there are no death benefits. (If contributions are returned on death,
then the accumulation will be [J ySsels "% ds ) Since S = Spelo 214 we
have the accumulation at time n

vSo /n efos a(“)d“efsn(r(“)+ﬂx+u)duds
0
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Defined Contributions

If we use a Markov chain model, we will have to predict:

YSoE (/n efos a(u)du efs"(r(u)+ux+u)duds|]_-t>
0

t
’YSOE (/ efos B(U)duefsn(r(u)+Mx+u)dudS|ft>

0
+’YSOE (/n efos a(U)dUefsn(f(u)+#x+u)duds|]_-t)

t

t
’YSO/ elo al duef (W) Fpxsu)du yo (efr +ux+u)dU|]:>
0

HySyels Awdu g (eff a(u)d o 7 (r(u)Hitx )0 i ].‘t>

Define
Vi(t) = (ef: u)+pxtu d”|X(t) )
VVI(t) _ E (/ efts a(u)duefsn(r(u)+pbx+u)dudS|x(t) _ I)
t
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Defined Contributions

Then we have the differential equations

Vi(t —dt) = (14 (i + bxse)dt) Vi(t (1—Z>\Udt)

J#i
+> N Vj(t)dt + o(dt)

JF#i
_d‘zlft) = (5 ) Vi) = S A (Vi(e) = Vi(t)
J#i
d\zgt) = —(r+ ) Vi(t) + Z Ai(V Vi(1))
J#i
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Defined Contributions
For W;(t), we have

Wi(t —dt) = (1—Z>\Udt) (1 + a;dt)Wi(t)

J#I
= (eftn(r(u)+ux+u)du|X(t) — ,') dt) + Z)\UdtVVj(t)

J#i
= (1 —Zkgdt) (1 + a;idtW(t) + Vi(t)dt)
J#i
+ 3 ApdtWi(t) + o(dt)
J#i
Wi(t — dt) — W, d
(=W~ qwe)+ vie ;xu(w vvj(t))+%
M~ = V) + 00 - W)
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Defined Contributions

Solve both sets of equations together such that V;(n) = 1 and W;(n) = 0 for
all i. Our prediction will be (if X(t) =)

U(e)Vi(t) +S:Wi(t)
where

t
U(t) I’YSO/ efcsa(u)duefst(r(u)+ux+“)d”ds
0

(LSE) ST305: Actuarial Mathematics - Life Aug 2012 156 / 178



Defined Benefits

Use the principle of equivalence to calculate -y, the proportion of salary to
contribute.

EPV/(contributions) = EPV(benefits) + EPV(expenses)
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Defined Benefits - EPV(Contributions)

The EPV of future contributions is
/ ’YS e ‘];J +U'x+u)duds = ’YSO/ efo u)du 7‘1‘0 +U’X+u)d”ds
0
= 7S / T R o) s
0
If stochastic, we use the Markov chain model. We need to calculate

c (,_YSO /n - IOS(r(u)+Mx+u—a(u))duds|]_~f)

0
t
— / o S ()b du g
0
Ly Sy i) () ( / ! e ) ) g ].‘t)

t
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Defined Benefits - EPV(Contributions)

Now we define

Mt)zE(/t o= I ) g X (1) ,->

Then
Wit —dt) = [ 1= Xgdt | (1= (ri + e — a;)dt) Wi(t)
J#
+1dt) + Y N W(t)dt + o(dt)
J#i

Wi(t — dt) — Wi(t)

= —(ri+ pxyr —a)Wi(t) + 1

dt
o(dt)
—§>\U(W/(t) - W)+ —5
M (0t s = )W)~ 1 A (Wi() — (1)

J#i
such that W;(n) =0 for all i. The EPV at time t of future contributions is
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Defined Benefits - EPV(Expenses)

Suppose they occur at a rate C;. EPV of expenses is

/OO C567 fos(r(u)+ll'x+u)du ds
0

If we assume a stochastic model, E <f000 Cee™ fos(r(“)”**“)d“ds) can be

calculated by solving

aw(t)

= (0 e )W) = Gk DN () = W)

J#I

such that VV,.(C)(oo) = 0. EPV of expense is thus W,.(C)(O) if X(0) =
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Defined Benefits - EPV(benefits)

Example: Final salary scheme

A continuous pension payable at rate aS, where S, is the salary at
retirement. Usually a = g5 or g5 where n is the number of years of service. If
aged x at time 0 and age of retirement is 65, then a = 65 o - EPV of
pension is

/OO aS,e Jo () tua)du g

= aSoefon 3@ /oo e~ fos(r(u)+llx+u)duds
n

— 0Syek Wi g [ (r(a)psu)du / % o S () ) du g

n
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Defined Benefits - EPV(benefits)

Example: Final salary scheme
Suppose we want to calculate

E <a50 e~ Jo (r()+pxru—a(u))du /°° - f:(r(u)+ux+u)duds>

n

E (E (asoe Jo (r(u)+pxru—a(u))du /Oo o f:(r(”)+“‘x+“)dud5|fn>>

n

@SoE (e J ()t a(u))du ( / R HCOTmE f)>

n
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Defined Benefits - EPV(benefits)

Example: Final salary scheme
Define -
Wi(t)=E </ e~ JF W Hher)du go| X (1) = i)
t

for t > n. From before,

dwi(t)
dt

= (N Bt ) WG(£) = 14+ > Xi(Wi(t) — Wi(t))
JFI

and W;(oo) =0 for all i. Then

n
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Defined Benefits - EPV(benefits)

Example: Final salary scheme

Now, define

Vi(t — dt) — Vi(t)

dt

avi(t)
dt

= (e‘ JP(r(@)+pau—a(u))du Wi (ny(n)| X (t) = i)

(1 — (5 + pxsr — a;)dt) Vi(t) (1 -3 >\,-J-dt>

i

+> V()

i
— (11 + thare — @) Vi(£) = > (Vi) = V(1))

J#i

o(dt)
+ dt
(ri + b — @) Vi(2) + D X (Vi(t) = V(1))

J#i

such that Vi(n) = Wi(n). Wi(n) has been calculated previously.

4
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Defined Benefits - EPV(benefits)

Example: Final salary scheme

Hence, the procedure would be:
@ Solve the set of differential equations for W;(t) such that W;(c0) =0
for all /.
@ Extract all Wi(n).
@ Solve the set of differential equations for V;(t) such that Vi(n) = Wi(n)
for all i.
@ EPV of benefits is aSq V;(0) for X(0) = i.
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Defined Benefits - EPV(benefits)

Example: Varying retirement time

Suppose the member can choose to retire at any time between n; and n,.
We assume the deterministic case but if we want to use stochastic just need
to calculate expectation of everything. It is safe to assume the member will
try to maximise the EPV of the pension:

n

D% o (@) ) du
50 /. S,e ds

Find which n in [ny, ny] maximise the quantity and do the calculation for this
n. Usually but not always it is n,. In practise, however, people do not always
retire at the optimal time. Suppose for example the time of retirement is
distributed between n; and np, with density f(n) (for survivors). Then

2 o0 s
EPV Of pension = %/ 5[767 fo (F(U)+Mx+u)dudsf(n)dn
nm n
no n e
EPV of contribution = / / S Jo (W) thxsu=al)du gef (1) i
n 0

4
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Defined Benefits - EPV(benefits)

Other pension schemes
@ Final salary but it is the average over the last j years.

o [ Sedt .
EPV benefit = — / fn—f__fef S () baa) o g
80 J, J
o Career average
© [TSedt s
EPV benefit = %/ fOTtei Jo (r(u)+pxru)du e

@ Maximum over the last j years.

o
EPV beneﬂt — i/ < max St) e fo (r(U)‘HLeru)duds
80 n n—j<t<n
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Defined Benefits - EPV(benefits)

Other benefits: Lump sum payable on retirement of 1 or 2 times
final salary BS,

EPV benefit = BS,e J5(rw)+u)as
= ISSOGIUH 20 Jo (r(u)+pxru)du

If we assume a stochastic model, we already have calculated

BSoE (e* fa"(r(u>+ux+ra(u))du)
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Defined Benefits - EPV(benefits)

Death benefits
On death before time n, a lump sum BS; is paid if death occurs at time t,
t < n. Then

Z t t
EPV benefit = / BSgelo W)= Jo(r(w)tuasu)duy, gt
0
= ﬁSO /n e fos(r(“)+l-"X+u*a(u))d‘-"ulx_i_sds
0
With a stochastic model, we want to calculate the EPV

BSoE (/ e~ fas(r(u)+ux+u—a(u))duMX+S dS)

0
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Defined Benefits - EPV(benefits)

Death benefits
Define

—~
=
SN—r
Il

£ </ - fts(r(u)+ux+u—a(u))duulx_‘rsdS|X(t) _ f)

t

(f,' + Uxtt — ai)VVi(t) — Px+t + ZAU(VVI(t) - VVJ(t))
J#i

Solve such that W;(n) = 0. The EPV of benefit is §SoW;(0) if X(0) = 1.
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Factors Affecting Mortality and Mortality Indices

@ Nutritions and Lifestyle
o Climate

@ Health care services

@ Housing

@ Genetics

o Marital status

@ Occupation

@ Education
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Selection

This leads to selection. Selection in life insurance:
@ Temporary initial selection (due to underwriting).
@ Class selection (gender, occupation, education etc).

@ Time selection. In general mortality improves with time but this
improvement can vary according to age and sex.

Adverse selection. Ill people have more incentive to buy life insurance.

Spurious selection. It manifests itself as temporary initial selection that
does not wear off.

We should produce as many separate tables as possible. Failure to
differentiate will mean that we discourage lives with low mortality and
encourage lives with high mortality and leading to insolvency. However, we
should not over-classify because small sets of data is unreliable. Also,
classification can be costly, e.g. DNA testing.
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Selection

All of the above are important especially so adverse selection. The office
should be possible to produce separate tables for

@ Active lives
@ Normal retirement

@ |l health retirement

Early retirement

@ Deferred retirement (indicate good health)
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Mortality Indices

To find a single figure to describe the mortality of a region, a country or a
group of people etc. Suppose we are given either

E, . initial exposed to risk for age group x in an area (population at
the start of the year of measurement)

Jx . probability of death of the age group in the area
= : some quantities for a standard population (eg the country as a
whole)
e . probability of death for a standard population
or
Ex: . central exposed-to-risk over the period (x, x + t)
Mz . : central death rates approximate to the force of mortality
SExt : quantities for a standard population
My ¢ . death rates for a standard population
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Mortality Indices

@ Crude death rate

Zx ExQx _ Ex Ex,th,t
Zx EX Zx EXCt

# of death

population

CDR =

Obviously this can be very misleading. For example if area A has lower
mortality rate than area B but much older population it will probably
have a higher CDR.

@ Standardised mortality rate (SMRate): instead of using the population
of the area we use the standard population (direct standardisation).

S B _ SLEC M
SIE YL

A criticism of this is that we might not have age specific rates for the
area.

SMRate =
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Mortality Indices

@ Standardised mortality ratio (SMRatio): compare the actual mortality
experience of the area, with what it would have been if we had the
standard mortality experience instead (indirect standardisation).

Actual deaths
" Expected” deaths
Zx E.qx . Zx ExC,th,t
> ox ESax B Y ox B Myt

SMRatio
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Mortality Indices

We can even produce an indirectly standardised mortality rate:

SMRatio X CDRstandard. SMRatio > 1 could mean higher mortality than
"standard”. SMRatio < 1 could mean lower mortality than "standard”. We
can even perform a standardised test. If the "standard” mortality is
applicable, the expected death is E = >, EZqy. The distribution of this is
binomial and also approximately Poisson with parameter E so the variance is
approximately E. And so it can be approximated by a normal distribution
N(E, E). Thus, we can look at the test statistic % and perform a 2-sided
or 1-sided test depending on the circumstances. For example, at the 5%

(2-sided) level, there is a significant difference if ’%‘ > 1.96 (one-sided this

would be 2.5%). All the above indices use the number of deaths, this is
heavily geared towards old ages which will be more influential on your
conclusions.
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Mortality Indices
Example: WHO standard

0.068 x 1.7 4+ 0.142 x 0.2 4 ... +-0.016 x 148.3

CDRys = i
= 85 (per 1000)
0.089 x 1.7 +0.173 x 0.2 +... + 0.006 x 148.3
SMRate for US = X + X 1 tet X
= 55
SMRate for Venezuela = 5.8
8.5
SMRatio for US =
ato tor 0.068 X 10+ 0.142 x 1 + ... + 0.016 x 100
= I1.25
SMRatio for Venezuela = 1.08

If you are young, it is better to be in US since lower mortality rate. But after
55, the mortality rate is higher in US. Both countries have low mortality rate
for young and high mortality rate for old people.
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