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A Monte Carlo Method for Fully nonlinear PDEs
L Financial and nonfinancial motivations
L Dynamic portfolio optimization
» Price: dTS: = udt + odW;.
» Bank account with interest rate = r.
» Choose an admissible portfolio strategy. Self-financing
portfolio: dX*¢ = 0,dS; + (X*¥ — S.0,)rdt.

» Change of numéraire: dX*? = 0, ((n — r)dt + cdW,).
» To maximize E [U(X%)|Xo = x| over all admissible portfolio.
» DPP approach:

v(t,x) = s;pE [U(X?)\Xt = x} .

» H-J-B equation:
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A Monte Carlo Method for Fully nonlinear PDEs
LFinanciaI and nonfinancial motivations

L Dynamic portfolio optimization

» The equation is parabolic and fully nonlinear.

(=) (5)°

- 2
8t 2% 2?)2

v(T,x) = U(x).

0

» Jump in price: dtsf = pdt +odW; + [, n(z)J(dt, dz).
» Fully nonlinear nonlocal parabolic PDE:
ov 02 28

ov
_E_Sup H(ll’_r)ai_'— Hx2

Il
o

—l—/(v(t X+ 0n(2)) — v(t, x)) dv(2)
(12121}
v(T, ) = U(")
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A Monte Carlo Method for Fully nonlinear PDEs
LFinancial and nonfinancial motivations
LSimulation of coupled FBSDEs

» Non financial motivation: coupled FBSDE (Markovian case).
t t
Xe = X—l—/ b(s, Xs, Ys)ds+/ o(s, Xs, Ys)dWs
0 0

T T
Y = g(Xﬂ—i—/ f(s, Xs, Ys,Zs)ds—/ ZsdWs
t t

» Simulation:

- 4 step scheme ([Ma, Protter, Yong, 1994]).
- Picard type iteration ([Zhang, Bender] or [Menozzi,
Delarue]).
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A Monte Carlo Method for Fully nonlinear PDEs
LFinanciaI and nonfinancial motivations
LSimulation of coupled FBSDEs

4 step scheme

» Quasi-linear PDE:
ov T 2
—E—tr[ao (t,x,v)Dv] 4+ Dv - b(t,x,v) + f(t,x, v, Dvo(t,x,v)) = 0
v(T,:) = &()-

> Yt = V(t,Xt) and Zt = DV(t,)(t)O'(t,X7 Yt)
» A Monte Carlo method could be used in 4 step scheme.

» Despite iterative methods, 4 step scheme is not practically
implementable in great dimensions.
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A Monte Carlo Method for Fully nonlinear PDEs
LScheme and 2BSCDs

Fully nonlinear parabolic PDE

—LXv(t,x) - F (t,x, v(t,x), Dv(t,x), D?v(t,x)) = 0,0n[0, T) x R,
v(T,:) = &
where
dp

1
LXp(t,x) = (E + - Do+ 52 D?p)(t,x)

Separation of linear and non linear part is to some extent arbitrary.
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A Monte Carlo Method for Fully nonlinear PDEs
LScheme and 2BSCDs
LSn:heme idea

Scheme idea

Let X be the diffusion corresponding to £X. If the solution v is
smooth enough by It6 lemma:

tit1

Bunlv (b Xl = v(tn) 4B | [ (e X0t

ti

tip1
= v(ti,x) —E4« [/ F(-,v,Dv, D?v)(t, Xt)dt]
ti
V(ti,X) ~ IEt',-,x [V (ti+17 Xti+1)]
+ hF ('7 Eti,xv(ti—ﬁ—h Xti+1)7 ]Eti,XDV(ti—i—l) Xti+1)’ ]Eti,XDZV(ti-Fla Xff+1)) .

The choice of linear operator = the choice of diffusion process
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A Monte Carlo Method for Fully nonlinear PDEs
LScheme and 2BSCDs
L Scheme idea

Scheme

X is Euler discretization of X.

vVI(T,):=g and vi(t;,x) .= Tu[v"](t;, %),
where
TV (t6) = B v (ti41, K )|

+ hF ('7 Et,‘,xv(tl'—‘rl? )A<ti+l )7 ]Et,‘,XDV(tH-l? )A<fi+1 )’ Eti,XD2V(ti+17 )A<t,'+1 )) .

Arash Fahim 10/32 A Monte Carlo Method for Fully nonlinear PDEs



A Monte Carlo Method for Fully nonlinear PDEs
LScheme and 2BSCDs

LDelrivative calculation

Integration by part

S W —hlg

H =1 Hi= (o) e H = (o)

For every function ¢ : @7 — R with exponential growth, we have:

E[DWep(tir1, )] = Elp(tivr, X7V H (8, X)),

» This result gives an Monte Carlo approximation for the
derivatives.

Arash Fahim 11/32 A Monte Carlo Method for Fully nonlinear PDEs



A Monte Carlo Method for Fully nonlinear PDEs
L-Scheme and 2BSCDs
L 2BspE

2BSDE |

» If the solution v is smooth enough by applying I1t6 lemma to
Y: := v(t, X¢) and Z; := Dv(t, X;):

T T
Yo = g(X7)+ / F(5, X, Yo, Zs,Ts)sd — / Z.dX,
t t

dZt - Atdt+ rtth

> (Yta Zt7 rt7 At) =
(V(t7 Xt), DV(t7 Xt)7 D2V(t, Xt), ﬁDV(t, Xt))
» No existance result. Uniqueness due to
[Cheridito-Soner-Touzi-Victoir].
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A Monte Carlo Method for Fully nonlinear PDEs
LScheme and 2BSCDs
L 2BspE

2BSDE I

» t; = ih. Discretization gives:

1 1
Zi = ZE,’ [YipiAWi ], T = ZEi [Zit1 AW, 4]

Yi = Ei[Yiqh+ F(, Xi, Vi, Zi,TS)], Ai= ...

» Suggested by [Cheridito-Soner-Touzi-Victoir]. Different from
Tj,—scheme.

Th-scheme : D@ ~ E[p(t; 1, X H2]
CSTV-scheme : DXy ~ E[p(tis1, Xﬁi’x)Hé Hé]
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A Monte Carlo Method for Fully nonlinear PDEs
LMain results

L Convergence

Convergence |

Assumption for convergence

The nonlinearity F is Lipschitz-continuous with respect to (r, p,~)
uniformly in (t, x), Lipschitz continuous on x uniformly on other
variables, 1/2—H®older on t uniformly on other variables and
|F(t,x,0,0,0)|00 < o0. Moreover, F is uniformly elliptic and
dominated by the diffusion of the linear operator £X i.e.

5ld§%F§aoanxRdede for some ¢ > 0.
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A Monte Carlo Method for Fully nonlinear PDEs
LMain results

LConvergence

Convergence |l

Convergence Theorem(F., Touzi, Warin)

Assume that the fully nonlinear PDE has comparison for bounded
functions. Then for every bounded Lipschitz function g, there
exists a bounded function v so that

v — v locally uniformly.

In addition, v is the unique bounded viscosity solution of the
problem.

Regularity
v is lipschitz on x and 1/2—H®dlder on t.
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A Monte Carlo Method for Fully nonlinear PDEs
LMain results

LRate of convergence

Rate of convergence |

Assumption for rate of convergence: HJB

The Lipschitz nonlinearity F is of the Hamilton-Jacobi-Bellman
type:

F(t,X, rapa’Y) ig;{‘ca(tax7 r7pa7)}

‘Ca(ta X, r, p, ’Y)

1
5 Tr[o®a®T (t, x)y] + b*(t, x)p + c*(t, x)r 4+ F(t, x)

where the functions y, o, o¢, b%, c® and < satisfy:

Iﬂloo+\<f|oo+sua(laalﬁ!b°‘|1+|ca|1+|fa|1) < oo
[e1S
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A Monte Carlo Method for Fully nonlinear PDEs
LMain results

L Rate of convergence

Rate of convergence |l

HJB+
The nonlinearity F satisfies HJB, and for any ¢ > 0, there exists a
finite set {a;},’\i‘sl such that for any a € A:

inf |o% — 0% o + [b* = b |c + |c¥ — cYi|oo + |fY = Y] < 0.
1<i<Ms

Rate of convergence Theorem(F., Touzi, Warin)

Assume that the final condition g is bounded Lipschitz-continuous.
Then, there is a constant C > 0 such that:

(i) under Assumption HJB, we have v — vh < Cht/4,
(ii) under the stronger condition HJB+, we have
—ChY/10 < v — vh < ChY/A.
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A Monte Carlo Method for Fully nonlinear PDEs
LNumerical results

- Conditional expectation

Conditional expectation

» Method is backward. We can calculate v/(t, x) if we know
vi(t + h,-) at any point.

» Shoud we do simulate many paths at each piont to estimate
v(t,x)? [Touzi, Bouchard] and [Longstaff, Schwartz]

> Elp(X5)] = Elo(Xe., )X = x].
» For the second conditional expectation, we do not need to use
the paths which satisfies X;, = x.

» Weighting the sample paths with their t; time distance from x.

N
>o=1 SO(XtI,-H)"f(Xt/,- - x)
m )
> =1 "@(th,- —x)

E[QO(XE‘H ) ’Xti = X]

Arash Fahim 18/32 A Monte Carlo Method for Fully nonlinear PDEs



A Monte Carlo Method for Fully nonlinear PDEs
|—Numerical results

[ Non-financial test problem

Mean curvature |

Mean curvature flow

Dv - D?vD
vt—Av+%:0 and v(0,x) = g(x)
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A Monte Carlo Method for Fully nonlinear PDEs
LNumericaI results

L Non-financial test problem

Mean curvature Il

Hean Curvature Flow in 3D for a sphere
1 T T T

“analytical solution”
"Solution with step 8.88125 volatility 1" ——
8.9 “Solution with step 8.88125 volatility 1.8" —— |

8,7 4

8.5 4

Radius

8.4 1

8.3 4

8,2 4

8,1

Figure: Solution of the mean curvature flow for the sphere problem
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L Numerical results

L Non-financial test problem

Error on the Mean Curvature Flow in 30 for a sphere Error on the Hean Curvature Flow in 30 for a sphere
6.2 8.25
“Error schene 1 step 8.65 volatility 1" —— “Error schene 1 step 8.85 volatility 1.6" ——
“Error schene 1 step 0.025 volatility 1" —%— “Error schene 1 step 0.025 volatility 1.8" —x—
0.18 “Error schene 1 step 8,0125 volatility 1" —#— “Error schene 1 step 8.8125 volatility 1,8 —+—
0.16
0.14
0.12
§ §
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0.08
0.06
0.04
0.02
N e
8 .05
tine tine

Figure: Mean curvature flow problem for different time step and
diffusion: scheme 1
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L Numerical results

L Non-financial test problem

Error on the nean curvature flow in 30 for a sphere Error on the Mean Curvature Flow in 30 for a sphere

“Error schene 2 step 8.05 volatility 1" ——
“Error schene 2 step 0.025 volatility 1" —%—
0.16 “Error schene 2 step 8,0125 volatility 1" —#—

“Error scheme 2 step .05 volatility 1,87 ——
"Error scheme 2 step ©.025 volatility 1.8" ——
“Error schene 2 step 8,8125 volatility 1,8" —%—

Error
2
2
Error

-0.02
]

tine tine

Figure: Mean curvature flow problem for different time step and
diffusions: scheme 2
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A Monte Carlo Method for Fully nonlinear PDEs

L Numerical results

L Non-financial test problem

T
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1.5 F * 4
o
s ]
+ X*
8.5 - J >< 1
# *
X %
+ %
% % o«
0r 3 g on J
% X
* S
* #Foox
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Figure: Mean curvature flow problem in 2D
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A Monte Carlo Method for Fully nonlinear PDEs
LNumericaI results

L Financial subsolution

Portfolio optimization

Two dimensional
Heston model:

dS; = pSidt+ v/ YtStth(l)
e = k(m=Yi)dt+c/Y; (paw D + /1= p2aw®) .

HJB PDE

v(T,x,y)=—e ™
0=—v —k(m—y)v, — %c2yvyy — SUPyeRr (%GSvaX + 0(pv + peyvy)
= —ve = k(m = y)v, = 3¢%yvy + sz/p—v?x/vxy)'
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A Monte Carlo Method for Fully nonlinear PDEs

L Numerical results

L Financial subsolution

Difference

Error for schene one, financial problen one Error for schene two, financial problen one
0.025 — .07 —
volatility 6.6 Schene 1 —— volatility 8.6 schene 2 ——
il schene 1 volatility 1 schene 3 —x—
volatility 1.2 schene 1 —#— volatility 1.2 schefs 2 —+—
8.06
.02
8.05
0.015
§ 0.0
4
&
@ e.03
8.01
0.02
0.005
a.01
) )
6.02 0.84 0.06 0.08 0.4 0.2 0.4 0.6 0.8 0.2  0.22 0.02 0.04 0.05 ©.08 6.4 0.2 0.4 0.6 6.8 0.2  0.22
tine step tine step

Figure: Difference between calculation and reference for scheme one and
two
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A Monte Carlo Method for Fully nonlinear PDEs
LNumericaI results

L Financial subsolution

Portfolio optimization

Five dimensional
Vasicek model:

dre = r(b—ry)dt+ cdw .
CEV-SV model and Heston model.

a5 = 1isDdt + o/ YOO gD g, — 1,
av{ = ki (mi— ) de+ ) v aw P
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A Monte Carlo Method for Fully nonlinear PDEs

- Numerical results

value

LFi

-0.18

-0.19

-0.21
-0.20
-0.23
-8.24
-0.25
-0.26
-8.27

-0.28

nancial subsolution

Solution of the financial 5 dinension problen with 3 nillions particules

Solution of the financial 5 dimension problen with 38 millions particules

volatility

volatility 8.6 ——
iliby 1 ——

-0.19

-0.21

-0.22

value

-0,23

-0,24

-0.25

volatility 8.8 ——
volatilit:

@.02  0.64 0.6 0.88 0.1 0.2 0.4 0.6 0.8 0.2

tine step

0.22 0.62  0.84 0.85 ©0.08 0.4  6.42 0.4 0.16 0.18 0.2  0.22

tine step

Figure: Five dimensional financial problem and its results for different
volatilities with 3 millions and 30 millions particles
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A Monte Carlo Method for Fully nonlinear PDEs
|—Nonlocal PDEs

Nonlocal parabolic fully nonlinear PDE

—LXv(t,x)— F (t,x, v(t,x), Dv(t, x), D?v(t,x), v(t, ) =0, on[0,T)x R,
v(T,) =g, on €R7.

0 1
LXo(t,x) = (£+u-0¢+§a'D2w)(t,X)

+/1;d ((p(t,X +77(tvxvz)) - (p(t,X) - ]1{\z\§1}D‘P(t7X)TI(faX,Z)) dl/(z).
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A Monte Carlo Method for Fully nonlinear PDEs
LNonIocaI PDEs

LCompound Poisson process approximation

Discretization

f(,f’x’” = x4+ p(t,x)h+ o(t, x) Wy + / n(z)j([O, h], dz),
{lz|>x}

vX, K
~ti, X0 Rk

XN = Xh” fi and X" = x.

tiy1

NE = / J(o, 7], dz).
{21z}

Notice that Ny has intensity equal to A, := f{|z|>m} v(dz).

Np
KE = Xt (n= M) b+ oWy + S n(Yh),
i=1

where Y;s are i.i.d. R9—valued random variables, independent of
W distributed as y-v/(dz).
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A Monte Carlo Method for Fully nonlinear PDEs
LNonIocaI PDEs

L Integral term approximation

Integration by part

We can choose k dependent on h such that h\, = A for some
constant A.

Dp(9)(t,x) == E

/{ VG (a2

Lemma
For every function ¢ : RY — R with exponential growth, we have:

1 Utx,K K
PRUNEX) = FE[(e+h KN

N} is a Poisson process with parameter .
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|—Nonlocal PDEs

L Integral term approximation

Integral operator

Texrpdl = [ (et n(ex2) - i)

*

~112<1y DY(t, x)(t, x, 2)) dv(2)

ﬁ[t,X, r, va] = 9ﬁ(¢)(t7x) —Ar—=Ap-E []]-{|Y|§1}77(Y)] :
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A Monte Carlo

LConclusions

Method for Fully nonlinear PDEs

Final remarks

» The convergence is in L,,—norm.

> despite the convergence is established on uniform ellipticity

assumption, the numerical tests shows the convergence in not
uniformly elliptic cases.

The rate of convergence may not be optimal. It is shown in
[F., Touzi, Warin] that the rate for linear equation is 1/2 from
both sides.

Rate of convergence is derived for convex(concave)
nonlinearities.

» The proofs in nonlocal case do not change dramatically.

» Possible extensions: Elliptic problems, Obstacle problem.
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