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Introduction

Backward SDEs

Pardoux and Peng (1990, 1992) : W BM on (Q, F,PP), F = F"
e For ¢ € .2, H¢(y, z) Lipschitz in (y,z), H.(0,0) € H? the BSDE

Yt = —Ht(Yt, Zt)dt + thWt, Yl == f

has a unique solution (Y, Z) € 82 x H?
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Introduction

Backward SDEs

Pardoux and Peng (1990, 1992) : W BM on (Q, F,PP), F = F"
e For ¢ € .2, H¢(y, z) Lipschitz in (y,z), H.(0,0) € H? the BSDE

Yt = —Ht(Yt, Zt)dt + thWt, Yl == f

has a unique solution (Y, Z) € 82 x H?
e Moreover if H(y,z) = h(t,X;,y,z) and £ = g(X1), where

dXt = b(t,Xt)dt+U(t,Xt)th

Then Y; = V(t, X;) for some deterministic measurable function V
e V is a viscosity solution of the semilinear PDE

1
OuV + 507DV 4 DV + h(t,x, V,oDV) =0, V(1,x) = g(x).
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Introduction

Forward-Backward SDEs

e Antonelli (1993), Ma-Protter-Yong (1994), Hu-Peng (1995),
Yong (1997), Peng-Wu (1999), Pardoux-Tang (1999), Delarue
(2002), Z. (2006), - - -

t t
Xt = X + / b(S, )(s7 Y57 Zs)ds + / O-(S, Xs7 Ys, Zs)dWs7
0 0

T T
v, — g(XT)+/ h(s, X Ys,Zs)ds—/ Z.dw,
t t
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Introduction

Forward-Backward SDEs

e Antonelli (1993), Ma-Protter-Yong (1994), Hu-Peng (1995),
Yong (1997), Peng-Wu (1999), Pardoux-Tang (1999), Delarue
(2002), Z. (2006), - - -

t t
Xt = X + / b(S, )(s7 Y57 Zs)ds + / O-(S, Xs7 Ys, Zs)dWs7
0 0

T T
v, — g(XT)+/ h(s, X Ys,Zs)ds—/ Z.dw,
t t

e Together with other conditions, if the coefficients are
deterministic and o = o(t, x, y), then Y; = V(t, X;) where V is a
viscosity solution of the quasi-linear PDE

1
orV + 5(;2(15,x, V)D?V
+b(t,x,V,o0DV)DV + h(t,x,V,ocDV) =0,
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Introduction

Second Order Backward SDEs

Cheridito, Soner, Touzi and Victoir (2007) :
e 2BSDE :

dYt = Ht(yt,zt,rt)dt+ZtOth, Yl :€ (1)
where

1 1
ZiodWy = ZydWe + §d<Z, W)y = ZedWs + El_tdt

is the Fisk-Stratonovich stochastic integration.
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Introduction

Second Order Backward SDEs

Cheridito, Soner, Touzi and Victoir (2007) :
e 2BSDE :

dYy = Hi(Ye, Ze, T1)dt + ZyodW, Yi=¢ (1)
where
1 1
Ztoth = thWt + §d<Z~ W>t = thWt + Ertdt

is the Fisk-Stratonovich stochastic integration.

o lIf Ht = h(t7 Wt? thzta rt) and g = g(W]_), then Yt = \/(f:7 Wt),
where V is associated with the fully nonlinear PDE :

OtV +h(t,x,V,DV,D*V) =0 and V(1,x)=g(x). (2)
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Motivation from Probabilistic Numerical Methods

Bally and Pagés (2003), Z. (2004), Bouchard and Touzi (2004),
Gobet, Lemor and Warin (2005), - - -, Fahim, Touzi and Warin

(2009)
\A/t’,’] = g( t’,’,) and for1<i<n:
Vo= EL Vol vanf(xg e, 20 )
JaS an —A Ath.
D= L
A~ AN -A ‘AWtiF - At
r?l,il = EI—]. Yt7 W
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More motivations

Motivation from finance

@ Hedging under Gamma constraints (Soner and Touzi 1999,
Cheridito, Soner and Touzi 2005)

@ Hedging under liquidity cost in the Cetin-Jarrow-Protter model
(Cetin, Sonet and Touzi 2006)

@ Uncertain volatility models (Denis and Martini 2006)

Peng's G —expectation
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Wellposedness of 2BSDEs

Cheridito, Soner, Touzi and Victoir (2007) : In Markov case only
e Existence : if the PDE (2) has a smooth solution, then

Yt - V(t, Wt)7 Zt DV(t Wt) rt D V(t Wt)
e Uniqueness : Second Order Stochastic Target Problem
V(t,x) = inf{y: Y4 > g(Wy) for someZGZ}

Under certain conditions, in particular if the comparison principle
for viscosity solution of PDE (2) holds, then V is the viscosity
solution of the PDE (2). Consequently, 2BSDE (1) has a unique
solution in class Z.
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The admissibility set —~ in CSTV

Definition Z € Z if it is of the form

N-1

t t
7, = Zz,,l{t<T"+l}+/0 asds+/0 FsdWs

n=0

e () is an /" seq. of stop. times, z, are F,, —measurable,

[Nloo < 00
e 7, and I, are .°°—bounded up to some polynomial of X;

° I_t = ro =+ fot 35d5+ fot édeSy 0 <t< T! and

|br |
allgp +|lalles + [|€]lB2 < o0, ¢llB,p = || sup
g,y + llallg,s + [I€]] 98, P T+ XE

ILb
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Introduction

Uniqueness in larger class

"Theorem" If the following linear 2BSDE with constant
coefficients has only zero solution in L2, then, under very mild
conditions, uniqueness holds for the general non-Markovian 2BSDE

(1) in essentially IL? space :

dyt = —Crtdt + ZtOth, Yl =0. (3)
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Introduction

Uniqueness in larger class

"Theorem" If the following linear 2BSDE with constant
coefficients has only zero solution in IL2, then, under very mild
conditions, uniqueness holds for the general non-Markovian 2BSDE
(1) in essentially IL? space :

dYt = —Crtdt + ZtOth, Yl = 0. (3)

e Unfortunately, unless ¢ = 3, the 2BSDE (3) has nonzero
solutions in .2 !
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BSDEs under singular probability measures
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@ BSDEs under singular probability measures

Jianfeng ZHANG Dual Formulation of Second Order Target Problems



BSDEs under singular probability measures

Motivation

Consider BSDE : Y, = g(WA) + [} h(s, W, Y5, Zs)ds — [} ZsdWs
and PDE:  0;V + 3DV + h(t,x,V,DV) =0, V(1,x)=g(x)

o If h(t,x,y,z) = sup[uz — f(t,x,y,u)], then V =sup, V¥, where
uel

8t\/u + %D2 vt + uDVY — f(t,X, Vu’ LI) = 07 Vu(]"X) = g(X)

e Consequently, Yo = sup Yy’ where

X¢ =[] usds+ Wi
YE = g(XE) — [} (s, XY, YE us)ds — [} ZEdW.

e Drift control, and P¥ := P o (X")™! is equivalent to P.
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BSDEs under singular probability measures

Motivation (cont)

Consider
2BSDE : Y, = g(Wh) + [} h(s, W, Ys, Zs, Ts)ds — [ Zs o dW
and PDE : 0,V + h(t,x,V,DV,D?V) =0, V(1,x) = g(x)
olf h(t,x,y,z,7) = sup[%ay — f(t,x,y, z,a)], then V =sup, V?,
acA
where
0 Ve + %aD2 Ve —f(t,x,V3,DV? a)=0, V3(1,x)=g(x)
e Consequently, Yo = sup, Y§, where
Xt,-,_ t 1/2dW
Y? = g(X?) ft f(s,X2,Y2,2Z2 as)ds — ft Z2dX2.
e Volatility control, and P? := P o (X?)~! are mutually singular for
different a.
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BSDEs under singular probability measures

General Framework

e Q := (([0,1]), B the canonical process, Py the Wiener measure,
IF := {F:}o<t<1 the filtration generated by B

o " = {Fei bo<est
o A : set of all IF—adapted process a satisfying
a<a(w) <3 dtxdPy—as. forsome a>a>0

e IP? := Py o (X?)~!, measure induced by X2 :
t
X? ::/ ai/Zst, 0<t<1, Py — a.s.
0

P? and IP? are mutually singular for different a and &’ in A.

Definition (Deni and Martini) We say a property holds
quasi-surely, abbreviated as q.s., if it holds IP?-a.s. for all a2 €. A.
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BSDEs under singular probability measures

stochastic integration under (IP?,[F"), a € A

e Note that IF" is right continuous, but not complete, and thus
does not satisfy the usual hypotheses.

o Forany Y € HO(IP,IF‘IP), there exists unique Y € HO(IP,IF 1)
such that Y and Y are IP-modifications.
e For Z € H2(IP?,IF?), let Y; := fot ZsdBs is well defined in the
standard sense
o There exists a unique Y € S?(IP?,TF*) which is
IP?-indistinguishable from Y
o For Z € H2(IP?, F) C H2(P?,IF?), Y, := [, ZsdBs is well
defined as a process in S?(IP?, IFT).
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BSDEs under singular probability measures

Martingale representation under IP?, a € A

Lemma For any ¢ € T.?(IP?, F}), there exists a unique process
7% € H2(IP?, F*) such that & = E2[¢] + [} Z2dB,, P?—a.s.

e Since a is invertible, (IFXa)IPO = IFIPO. Then
ar = a¢(B.), By = 3:(X?), dt x dIPg—a.s. for some measurable a,

e Denote W7 := (3:(B.), 3 :=a;(W?). Then

(IPo, B, X%, a) = (IP?, W2, B, 3) in distribution.

e Since d(X?); = a;dt,IPg—a.s., we have d(B); = 3;dt,IP?—a.s.
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BSDEs under singular probability measures

Forward and Backward SDEs

Under standard assumptions :

e there is a unique solution X € S?(IP?,F) to the SDE
t t
X; = X+/ bs(X;’)ds+/ 0s(XZ)dBs, P? —a.s.
0 0

e there is a unique solution (Y2, Z2) € S2(IP?,IF") x H3(IP?,IF 1)
to the Backward SDE

T T
ys — §+/ fs(Ys"’,Zj’)ds—/ 72dB,
t t

Moreover, usual comparison and stability statement also hold true
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BSDEs under singular probability measures

Patching processes quasi-surely

Lemma (Karandikar) Let X, M be two IF"-adapted cad-lag
processes q.s. with M a IP?—semimartingale for every a € A. Then
there exists a cad-lag process N such that N; = fot Xs_dMs,
IP?—a.s. for every a € A.

Corollary Assume M is IF"-adapted and cad-lag q.s. and is
IP?—semimartingale for every a € A. Then there exists a cad-lag
process X such that X; = (M, B);, P?—a.s. for every a € A. In
particular, (B) can be defined q.s. and there exists a process 4 such
that

d(B); = 3,dt = 3,dt, P? —a.s. forevery ac A

(Define X; := M,B: — [, MsdBs — [, BsdMs)
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© Second Order Target Problems and Duality
@ an alternative Formulation
@ Relaxations
@ Weak version of the Second Order Target Problem
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an alternative Formulation
Relaxations
Second Order Target Problems and Duality Weak version of the Second Order Target Problem

Nonlinearity and spaces

o Hi(w,y,z,7) : @ x [0,1] x R® — IR U {0} is a given
P ® B(IR®)—measurable map, continuous with respect to the
~v—component. Define

1
Ft(w7y>z7a) ‘= sup {av_Ht(wvyaz?’Y)}v aEIR+ (4)
veR 2

e Assume H and F are uniformly Lipschitz in (y, z)

e For simplicity, we assume Dom(H;) = IR as a function of ~, and
Dom(F;) = IR* as a function of a

e Define the spaces :

" o= [ H (P FT)
acA
and the corresponding subsets of cad-lag, continuous, and
semimartingales, ...
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an alternative Formulation
Relaxations
Second Order Target Problems and Duality Weak version of the Second Order Target Problem

Definition

7
e For Z € SM , denote by I the density of the quadratic
covariation between Z and B :

d<Z, B>t = I_td<B>t = I_tét dt, q.s., (5)

oForyE]RandZEg/\\/lz, let YYZ € §2 be :

t ¢
Y; = y—/ HS(YS,ZS,Fs)ds+/ ZsodBs, t<1, gq.s.
0 0

where Z; 0 dBs = ZsdBs + 3T 535ds, q.s.

e For an F{—measurable r.v. &, let

V(©) =inf{y:37¢€ SM’ such that Y?Z > ¢, as}. (6)
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an alternative Formulation
Relaxations
Second Order Target Problems and Duality Weak version of the Second Order Target Problem

First Relaxation of Second Order Target Problems

Relax the connection between Z and I
o Note : dY)% = L3, — H,(Y)?, Z,,T¢)dt + Z:dBy, qs.

e For Z, G € H?, define the controlled state Y2 := Y2¥:4:C .
— 1 —
dyta — |:2Gtél' — Ht(Yta, Zl') Gt) dt + Zl-dBt7 ]1:)3 — a.s.

for every a € A

e The relaxed problem is :

V() = inf{y: 3Z,GeH? Y >€EP° —as. foreveryaej}

e Peng’s G-BSDE : for some constants ¢; > ¢y > 0,

1 ~ 1
He(y,z,7) = 5[C1’y+ —ay I+ h(y,2) =5 sup ay+ he(y,2).

co<as<c
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an alternative Formulation
Relaxations
Second Order Target Problems and Duality Weak version of the Second Order Target Problem

Further Relaxation of Second Order Target Problems

Second relaxation : forget I'!

e Recall the (partial) convex conjugate of H :

1
597 — Ht(yvzafY)}a ac ]R+

Ft()/72¢a) = Sup{z

velR
e For Z € H2, define the controlled state V7 := V2% :
d¥?@ = Fi(Y?, Z;,3,)dt + ZidB;, P? —a.s. forevery ac A
e The further relaxed problem is :

V() = inf{y: 3ZeH?, Y7 >¢ P?—as. for everyaezl}
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an alternative Formulation
Relaxations
Second Order Target Problems and Duality Weak version of the Second Order Target Problem

A Natural dual Formulation

For ¢ € L2, a € A, denote (Y2, Z?) € S2(P?,F*) x H2(P?,F*)
the solution of the BSDE under IP? :

1 1
ve = ¢ [ ROzza)ds - [ z2ds, PP s
t

t

and define the natural dual problem :

W) = sup ¥
acA

e For all these problem, we have the obvious relation :

V(&) > V() = V(©) > v(6)

e In the Markov case, if the corresponding PDE has a sufficiently
smooth solution, we easily prove that V(&) = V(¢) = V(£) =.v(€)
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an alternative Formulation
Relaxations
Second Order Target Problems and Duality Weak version of the Second Order Target Problem

The duality result

Assumption ¢ =g(B) and F(y,z,a) = ¢(t, B, y,z, a) for some
deterministic functions g and ¢ uniformly continuous w.r.t w +
some growth conditions

Theorem For any € € .2, we have V(&) = v(€), and the V(€)
problem has the optimal Z.

Important tool : Peng’s nonlinear Doob-Meyer decomposition
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an alternative Formulation
Relaxations
Second Order Target Problems and Duality Weak version of the Second Order Target Problem

Reference Probability Measures

e To be a dense subset of [0,1] containing {0,1}
e Ay = (a');j>1 a sequence in A satisfying the concatenation
property :

a’.l[o,to) + ajl[toyl] €Ay forevery i,j>landtye Ty (7)

Then, we may define v;, i > 1, such that

9] [e's) 1
Zy,- =1 and Zl/,' EIPO/ apdt < oo (8)
i=1 i=1 0

For every such choice of Ty, Ag, define the reference probability
measure :

P = ]IADAO’TO = iu;IPi.
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an alternative Formulation
Relaxations
Second Order Target Problems and Duality Weak version of the Second Order Target Problem

More singular probability measures dominated by IP

o A : set of all processes a € A such that, for some
non-decreasing sequence (7,)s>1 C 71 with values in Tp, such that
inf{n: 7, =1} < 00, Pg—a.s.

a=a on [rp,7Tpt1] forsomei > 1, dt x Py —as.

Proposition For any a € Ag, IP? is absolutely continuous with
respect to IP.

e Note : P—a.s. iff P?—a.s. for all a € Aj.
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an alternative Formulation
Relaxations
Second Order Target Problems and Duality Weak version of the Second Order Target Problem

Patching processes under P

e Denote
Ao(i,T) = {a € Ay:a=2a" on [0,7]

for some 71 > 7 > 7 dt x dIPy — a.s.}.

Aggregation Let X' € HO(IP?) be a family of processes such
that

X=X/, on[0,7] dt x dP% —as. whenever & € Ay(i, )
Then there is a unique process X € HO(IP) such that

X=X dtxdP% —as.
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Second Order Target Problems and Duality Weak version of the Second Order Target Problem

A

Second Order Target Problem under IP

® Define H:g = ﬂiZI ]Lz(IPiafl)t 7:{(2J = ﬂiZI H2(H‘Di71F+)' and
My = sy SMA(P', )

e Define the target problem and its relaxations :

Vo(€) = inf {y: Yly’z > ¢, IP — as. for for someZES/J\\/lg}.
]70(5) = inf {y: Vly’Z’G > &, IP — a.s. for for some Z, G 67:[%}
Vo(€) = inf {y : \A/ly’z > ¢, P — a.s. for for some Z € 7%%}

We also define the corresponding dual problem

(&) = sup Y§
QGZO
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an alternative Formulation

Relaxations

Second Order Target Problems and Duality Weak version of the Second Order Target Problem

The target problem and its relaxations

Theorem Under technical conditions,
Vo(€) = Vo(€) = Vo(€) = w(§)

Moreover, existence holds for the relaxed problems Vo(€) and
Vo(€). To be specific, there exist process Y, Z, G and an increasing
cad-lag process K with Ko = 0 such that

ﬁth_Ht(\_/tvztvat)]dt_{—ztdBt_th’ IlAD—a.s.

e Important tool : nonlinear version of Bank-Baum result
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Second Order Target Problems and Duality Weak version of the Second Order Target Problem

The q.s. problem and the P-as. problem

Theorem Under the continuity conditions on £ and F, we have
vo(€) = v(€). In particular, Vo(€), Vo(€) and Vo(€) are independent
from the choice of the sets Ag and Ty.
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Relaxations
Second Order Target Problems and Duality Weak version of the Second Order Target Problem

Conclusion

e Second order stochastic target problems have a suitable
formulation by allowing for model uncertainty

e From the dual formulation, we have obtained existence for the
second relaxation of the target problem in the quasi-surely sense

e For the weak formulation under ]lAD we have obtained existence for
both the first and the second relaxation of the target problem

e Future work :

(i) existence for the first relaxation of the target problem in the
quasi-surely sense

(ii) existence result for second order BSDEs q.s. and/or IP-a.s.
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