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Abstract

The paper proposes a unifying statistical framework for dynamic latent variable models
based on a general dynamic structural equation model (DSEM). The DSEM model is spec-
ified to encompass virtually all dynamic linear models (with or without latent variables)
as special cases. A statistical framework for the analysis of the DSEM model is suggested
by making distributional assumptions about its exogenous components and measurement
errors. It is shown how the general model can be formulated following different tradi-
tions in the literature. The resulting forms of the general model are compared and it is
suggested that some forms are more suitable for particular applications and estimation
methods.
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1 Introduction

The literature on dynamic latent variable models can be broadly classified into three tra-
ditions. The first tradition emerged from econometrics literature on the errors-in-variable
models and regression with measurement error (Cheng and Van Ness 1999, Wansbeek and
Meijer 2000). The second one is closely linked to covariance structure methods and gen-
eralised method of moments, streaming from the psychometrics and multivariate statistics
(Joreskog 1981, Bartholomew and Knott 1999, Skrondal and Rabe-Hesketh 2004). Finally, the
third tradition based on estimation of the models written in “state-space form” emerged from
control engineering and was adopted in econometrics owing to the suitability of the Kalman
filter algorithm for estimation of various econometric models written in the “state space form”
(Harvey 1989, Durbin and Koopman 2001).

This threefold and apparently diverging developments did not facilitate advance of dynamic
latent variable models matching the expanding literature on static latent variable models (see
e.g. Skrondal and Rabe-Hesketh (2004) for a comprehensive review). Consequently, specific
empirical applications became linked with particular estimation methods and a lack of a more
general framework hindered estimation of more elaborate empirical models. For example, the
DYMIMIC model of Engle et al. (1985) permits dynamics in the endogenous latent variables but
does not allow exogenous latent variables, which facilitated a number of empirical applications
in which substantive problems had to be limited to static, perfectly observable exogenous
variables.

Aside of seemingly diverging and specific directions in the development of particular esti-
mation methods, a notable lack of cross-referencing among the three main traditions can be
observed in different streams of literature. In summary, an encompassing statistical framework
that unifies different traditions in development of estimation methods would facilitate both
developments of estimation methods and implementation of more general empirical models.

In this paper a unifying statistical framework for dynamic latent variable models is pro-
posed. A general dynamic structural or simultaneous equation model (DSEM) is suggested as
an encompassing model including virtually all dynamic linear models (with or without latent
variables) as special cases. We develop a statistical framework by making distributional as-
sumptions about the exogenous components and the measurement errors in the general DSEM
model. We then show how the general model can be formulated following the three main tradi-
tions and compare the models resulting from such formulations by referring to their stochastic
properties. In particular, we show that different approaches do not necessarily result in identical
reparametrisation of the general model, rather some additional or different statistical assump-
tions need to be made to make different models equivalent. Finally, we suggest that some
forms are suitable for particular estimation methods and briefly discuss the implications for the

development of such methods.



The paper is organised as follows. In section §2 a general DSEM model is specified for
a particular time ¢ and the corresponding expression is derived for a time series process
t = 1,2,...,T, addressing problem of reducing the model with general dynamics. Section
§3 develops a statistical framework for the analysis of DSEM models based on distribution
theory of normal linear forms. Special forms of the general model corresponding to different
traditions in the literature are analysed in sections §3.1-section §3.5, and the validity of different
specifications and choice of possible estimators is discussed. Finally, section §4 compares the
three main forms of the model and discusses their specifics in relation to the choice of possible

estimation methods.

2 General dynamic structural equation model (DSEM)

In this section we consider a dynamic simultaneous equation model with latent variables
(DSEM). A DSEM(p, q) model at any time period t using the “t-notation” as

P q
m = Z Bn,_; + Z ijt—j + ¢ (1)
j=0 j=0
¥y = Ay te (2)
Ty = Amft + 5t (3)

!/ /
where 1, = (nt(l),nt(Q), e ,nt(m)) and &, = (515(1),5152), e ,{“t(g)) are vectors of possibly unob-

/ /
served (latent) variables, y, = <(yt(1), yt(z), . ,yt(")> and x, = (:vgl),xf), . ,x%k) are vectors

of observable variables, and B; (mxm), I'; (m x g), A, (kx g), and A, (n x m) are coefficient
matrices. The contemporaneous and simultaneous coefficients are in By, and I'y, while By,
By, ..., B, , and I'\, I'y, ..., I', contain coefficients of the lagged variables.

The DSEM model (1)-(3) can be viewed either as a dynamic generalisation of the static
structural equation model with latent variables (SEM) or a generalised dynamic simultaneous
equation model with unobservable variables. The static SEM (LISREL) model (Jéreskog 1970,
Joreskog 1981) is thus a special case of (1)-(3) with B; = I'; = 0, for j > 0. Moreover,
the general DSEM encompasses virtually all static or dynamic linear models, which can be
specified by imposing zero restrictions on its parameter matrices. Table 1 lists the most common
multivariate models and shows how they can be specified as special (restricted) cases of the
general DSEM model (1)-(3).

The idea behind the SEM model was to combine multiple-indicator factor-analytic mea-
surement model for the latent variables with a structural equation model thus allowing for
the measurement error in all variables in the structural model (Joreskog 1970, Joreskog 1981,
Bartholomew and Knott 1999, Skrondal and Rabe-Hesketh 2004). The static SEM model can

be written as a special case of (1)—(3), i.e.,



Table 1: Special

cases of the DSEM model

Model Restrictions

Multivariate regression® B;=0 (), I';=0(j>0),A4,=A4,=1,
O.=60;=0

VAR(I))Q Ay:IaAac:Fj:@E:@cS:O(vj)

VMA(q)® B;=0Vj, A, =1, A, =¥ =060.=060;=0

VARMA (p, ¢)° To=A,=I By=A,=0.=0;=%=0

Factor analysis® B;=0 (Vj), I';=0 (Vj), A, =05 =¥ =0

Dynamic factor analysis® =0 (), A,=60;=0

SEM (LISREL)* B;=0(j>0),I;,=0(j>0)

DYMIMIC? A, =1, 60;=0

Dynamic shock-error model® | B; = 3;, I'j =;, Ay =1, A, =1, ¥ =1,
O.=0,0;=9

@ Hamilton (1994), Giannini (1992).

b Bartholomew and Knott (1999), Skrondal and Rabe-Hesketh (2004).

¢ Geweke (1977), Geweke and Singleton

(1981), Engle and Watson (1981).

4 Engle et al. (1985), Watson and Engle (1983).

¢ Ghosh (1989), Tercerio Lomba (1990).

n, =
Y =

ry =

Byn, + I'§; + ¢,
Aynt + &
Amgt + 5t.

Since both 1, and &, are unobservable some reduction or elimination of the unobservables would

be necessary. An econometric interpretation would consider (4) a simultaneous equation model

in the structural form (see e.g. Judge et

al. (1988)).

Here, by “structural” we refer to the

model with endogenous variables on both sides of the equation as opposite to the “reduced”

model, which has endogenous variables only on the left-hand side. We can easily obtain the
reduced form of (4) as' 1, = (I — By)~"' (I'o&, + ¢,), which can be further substituted into (5)

to obtain the “reduced ” form of the model

Y =

ry =

Ay (I - BO)_l (FOEt + Ct) + &
Axst + 6t7

(7)
(8)

with has only observable variables on the left-hand side. This enables derivation of the closed-

. . ! . . .
form covariance matrix of w; = (y} : ;)" in terms of the model parameters. For instance, if

1'We assume that I — By is of full rank, hence

(I — Bo)~! exists.



w; ~ N (u, X), it follows that (7' — 1)§ ~ W(T — 1, %), where § = =1 3" w,w) is the
empirical covariance matrix, and W denotes the Wishart distribution.?

However, the same approach cannot be straightforwardly applied to the DSEM model (1)
(3), which contains lagged latent variables. Namely, the reduction from (4)—(6) to (7)—(8) would
not eliminate the lagged values of n,.

The likelihood function for a sample of T observations generated by a dynamic model
specified for a typical time point ¢ (i.e. in “/-notation), such as (1)-(3), can be obtained
recursively by sequential conditioning (Hamilton 1994, p. 118). In this approach we would
write down the probability density function of the first sample observation (¢ = 1) conditional
on the initial 7 = max(p, q) observations and then obtain the density for the second sample
observation (¢ = 2), conditional on the the first, etc. until the last observation (¢ = 7). The
likelihood function would then be obtained as a product of the T sequentially derived conditional
densities, assuming conditional independence of the successive observations. However, this
approach is not feasible for complex multivariate dynamic models with latent variables as
sequential conditioning soon becomes intractable.

An alternative approach leading to an equivalent expression for the likelihood function would
be to assume that the observed sample came from a T-variate (e.g. Gaussian) distribution,
having multivariate density function, from which the sample likelihood immediately follows
(Hamilton 1994, p. 119). This approach might not be easily applicable to dynamic latent
variable models for which we generally wish to obtain the likelihood in separated form, i.e.,
with all unknown parameters placed in the covariance matrix, separated from the observed
data vectors. Without such separation we would be left with 7" “missing” observations on the
latent vectors m, and &, instead of only their unknown second moment matrices.

We can solve this problem by specifying a DSEM model (1)—(3) for the time series process
that started at time ¢ = 1 and was observed till time ¢ = T using a “T-notation” defined in
Table 2. The vector {*}] can then be taken as a single realization from a T-variate distribution.

Working with the model in T-notation will enable us to “reduce” the model (1)—(3) and
obtain a closed form covariance structure and hence a closed form likelihood of the general
DSEM model.

We make the following simplifying assumption about the pre-sample (initial) observations.

2The Wishart distribution has the likelihood function of the form

82T oxp [~ Lt (2719)]
AT =D (T () | 5|3 H0) ﬁlr (T+21—j)
J:

fw (S) =

where T is the sample size; see e.g. Anderson (1984). When a closed form of the model-implied covariance
matrix Y is available, assuming the model is identified or overidentified and the data is multinormal, it is
straightforward to obtain the maximum likelihood estimates of the parameters by maximising the logarithm of
the Wishart likelihood. In the later case, a measure of the overall fit can be obtained as —2 times the Wishart
log likelihood, which is asymptotically x? distributed; see e.g. Amemiya and Anderson (1990).



Table 2: T-notation

Symbol Definition Dimension
Hy |vec{n}l =@, ....n%) | mTx1
Zr | vec{¢ ) = (¢, ¢k | mT x 1
Er | vec{&)}] = (&, .-, 'T), gT x 1
Yr | vee{y}, = (i,....uh) | nTx1

(

(e, ..., &) | nTx1
Xr | vec{z}] = (z),...,xh) | kT x1
Ap | vec {8} =(8,...,8%) | KT x1

Assumption 2.0.1 (Initial observations) We assume that r = max(p, q) pre-sample obser-
vations are equal to their expectation, i.e., My_, =M, 1 =--=Mg=0 and §,_, =&,_,..| =
=€, =0.

Anderson (1971) suggested that such treatment of the pre-sample (initial) values allows consid-
erable simplification of the covariance structure and gradients of the Gaussian log-likelihood.
More recently, Turkington (2002) showed that making such assumption allows more tractable
mathematical treatment of complex multivariate models by using the shifting and zero-one

matrices. In addition, we require covariance stationarity as follows.

Assumption 2.0.2 (Covariance stationarity) The observable and latent variables are mean
(or trend) stationary and covariance stationary. Letting s = ..., —1,0,1,..., we require the

following
1. Eln]=E§]=0=E[y]=FEz]=07°
2. The structural equation (1) is stable, and the roots of the equations
I —AB; —MNBy—---—XNB,|=0and |I = \I'y = N*Ty—--- = \T,|=0
are greater then one in absolute value.

3. E &£, ] = B, so that D_, = &',

By Assumption 2.0.2 it follows that the observable variables generated by the latent variables are
also covariance stationary, i.e., Vs, k € Z, E [y,y,_,] = F [y,y,_,], E [@z}_,] = E [zx]_,],
and F [y,z,_,] = E [y,x,_,]. Next, by Assumption 2.0.1 the pre-sample (initial) observations

are zero thus we can ignore them and write the DSEM model (1)—(3) for the time series

3The cases with deterministic trend can be incorporated in the present framework by considering detrended
variables, e.g. if z; contains deterministic trend, we can define Z; = z; — ¢, which is trend-stationary.



process that started at time ¢ = 1 and was observed until ¢ = T in the “IT-notation” as

T __
{nt}l = ("71,---777T)a or

nyy=1| + o |, (9)

and similarly, {€,}7 = (&,,...,&7) and {¢,}] = (¢}, ..., ¢y). The structural equation (1) can

thus be written for the time series process as

p q
{nt}lT = ZBj {nt}lT S/%““'er {St}? Sl‘gf‘l'{CthTa (10)
j=0 §=0

where we made use of a T" x T shifting matrix St given by

0 0 0

1 0 0
Sr=|0 1 0 0 (11)

o -~ 0 1 0

By definition, we take 8% = Ip. The structural equation (10) can be vectorised using the vec
operator that stacks the e x f matrix @ into an ef x 1 vector vecQ, i.e., vecQ = (qol, ey qof),
where Q = (ql, .o q f). Therefore, from (10) we can obtain the structural equation in the

reduced form as

P q
Sh® Bj) vec {nt}? + (Z S5k ® Fj) vec {€t}1T + vec {CthT
§=0 §=0

vee{n,}] = ( .
-1 qf
- (ImT - Z §h® Bj) ( (Z §h® rj) vec {€}T + vec {¢,}T ) , (12)

p
J=0 J=0

where



Z S%@B]‘

J=0

and hence

(87 ® Bo) + (S7® By) +...+ (Sh. @ By)

By
B,

0
By

p
(S s1em,) et
§=0

Similarly, note that

q
(Z S%@I})
j=0

which implies that

o o0 o0 --- 0
0
0o 0 0
B, B, 0 0
B, B, 0
0 B, B, B,
Byn;,

1
Zj:O Bj"7(2—j)

— P

= §=0 Bj"7(p+1—j)

§=0 B

Z?:o Bnj

(14)

(S7 @I+ (S;@I)+...+(Ste T,

I
I,

0
r

o o0 0 --- 0
0

0 0 0
ry r, o

ry r,
0 T, r, I,




¢,
1
Z]’:o Fjé(ij)

. :
(Z SJT®F]‘> vec {fthT = ?:0 i€y |- (16)
=0

?=0 Fjg(qﬂfj)

> i Ti€r—)
Now let ¢, be an r x 1 vector of ones, i.e., ¢, = (1,1,...,1), so that we can write the mT x m
block-vector of identity matrices of order m as (I, I,...,I,,) = (br ® I,,). Note that
(er @ I,) (br @ Iy) = 7 (et @ Iy,) and (b7 @ Iy) (b7 @ Iy,) = T,

Writing the measurement equations (2) and (3) for the process vectors {y,}+ and {z,}). we
have the equations {y,} = A, {n,}1 + {e;}1 and similarly {z,},. = A, {&,}] + {d,}], which
after applying the vec operator become

vee {y, 1 = (Ir © A,) vee () + vee {e} a7)
vec {@, )y = (I7 @ Ay)vec {€,}1 + vec{d;}] . (18)

Finally, using the notation from Table 2, the DSEM model (1)-(3) can now be written as

p -1 q
Hy = (ImT - Z SJT®BJ.> (Z SJT@)Pj) Er+ Zr (19)
mTx1 N J=0 N J=0 gT'x1 mTx1
mT?mT gT‘><rgT

Y = (Ir®A,) Hr + Er (20)
~~ —— N N

nTx1 nTxmT mITx1 nTx1

Xr = (Ir®A,) Er+ Ar. (21)
~~~ —_—— N =

kTx1 kT xgT gT'x1 kTx1

It follows that (19) can be substituted into (20) to obtain a system of equations with

observable variables on the left-hand side

+Er  (22)

p -1 q
Yr = (Ir®A,) <1mT -y sg®B]~> [(Z SJT®1“]-> Er+ Zy
=0 =0

Xr = Ir®A,)Er+ Ar. (23)

We will refer to (22) and (23) as the reduced form specification.

9



3 Statistical framework

The DSEM model (1)—(3) specifies a dynamic relationship among latent and observable vari-
ables. Furthermore, we can view the reduced form model (22)-(23) as a mechanism that
generated the observed data V. = (Y. : X/)', whose distribution will be our main focus.

Derivation of the density function of V1 can be approached in several ways. Bartholomew
and Knott (1999) describe a general theoretical framework for describing the density of the
observables given latent variables. Skrondal and Rabe-Hesketh (2004) term this conditional
distribution reduced form distribution and point out to two general ways of deriving it. In
the first approach, the observable variables are assumed to be conditionally independent given
latent variables. The second approach specifies multivariate joint density for the observables
given latent variables (Skrondal and Rabe-Hesketh 2004, 127).

We take an approach to formal derivation of the joint density of the observable variables
using the results from the multinormal theory on distribution of linear forms (Mardia et al.
1979). By considering (22)—(23) as the mechanism that generates the observable data, we will
be able to fully characterize the distribution of V1 by making distributional assumptions only

about the unobservable components in (22)—(23). We firstly make the following assumption.

Assumption 3.0.1 (Errors) The vectors of measurement errors €, and &, are homoscedas-

tic Gaussian white noise stochastic processes, uncorrelated with §, (errors in the structural

equation). Forl=...,—1,0,1,... and s =...,—1,0,1,... we require that
v [=s O, [=s
E[¢C] = , Elagl] = :
0, l+#s 0, [|+#s
) =
E68) =4 O T
0, I[#s

where W (mxm), @, (nxn), and Os (kxk) are symmetric positive definite matrices. We also
require that E [Ctég_s} =F [etéi_s] =F [5755::—3] =F [Cteé—s} =F [Ct‘sé—s} =F |:(St€1,5—8:| =0,
Vs.

The joint distribution of the observable vector V1 (reduced form distribution) can be easily
obtained if the observable variables are expressed as a linear function of the Gaussian unobserv-
able random vectors Er, Ar, E1r and Zr. By Assumption 3.0.1 these vectors are mutually
independent, hence we will refer to them as to independent latent components. The first two la-
tent components of Ly = (Ep : Al : ). Z1) ie., Ep and Ar, are the measurement errors,
while Z7 contains independent or exogenous and conditioning variables. The status of Z,
the error vector in the structural equation, is less clear-cut. It is not uncommon to specify the
structural equation without the error term specially if all variables in the equation are latent.

Namely, if the structural equation is a theoretical relationship among unobservable variables,

10



hence something that is assumed to be true in population but is not directly observable, then
it might be dubious what is the source of such error. A reasonable explanation would be that
Z 1 contains all other un-modelled variables, hence it is itself a latent variable. Clearly, to
justify the omission of such other variables we need to make very strict assumptions about Zr
requiring it to be a homoscedastic white noise process uncorrelated with independent variables
and measurement errors. Thus, statistical properties of Z; should be the same as those of a
classical stochastic error term, though Z; might be interpreted as a composite of “irrelevant”
latent variables.

To fully characterize the distribution of the observable variables we only need to make
additional assumptions about the marginal multinormal densities for the independent latent

components.

Assumption 3.0.2 (Distribution) Let E7 ~ Nyr (0,Xz), Zr ~ Npr (0,17 @ &), Ep ~
Nor (0,Ir® O.), and Ay ~ Nyr (0,11 ® Oy). Since Ep, Arp, Er, and Zr are mutually
independent, E|ErZ}|, E|ErE}], E|ZrEY|, E[ErAYL], and E|[Z1 AL are all zero with
joint density

AT 0 IT® @5 0 0
_ ~ Nitkrgrmr | 0, (24)
Er (nttbgrtm) 0 0 3= 0
Zr 0 0 0 Ir9
——— ~- -
L X X i

Given Assumptions 3.0.1 and 3.0.2 we can infer the distribution of any linear form in L

using the following result from the multinormal theory.

Proposition 3.0.3 Ifx ~ N, (pn, Y) and if y = Ax + ¢, where A is any q X p matriz and ¢
is any q-vector, then y ~ N, (Ap+ ¢, AXA').

Proof See Theorem 3.1.1. and Theorem 3.2.1 of Mardia et al. (1979, pg. 61-62).

Q.E.D.

Using the above result, and defining the following notation makes possible to obtain different

versions of the general DSEM model as simple linear forms in L.

Definition 3.0.4 (Parameters) Using the simplifying notation

11



~~~ ; S——
nTxmT (nTxmT) P mT xgT A , nTxgT
Vv
mT xmT mTxgT

p -1 q
AY =I;®A,) (ImT -3 SJf@Bj) and AL =>"sier; = ADAY)
S——— =0 o =0

we define the following matrices of parameters

_ [ APAD AY _( Twwr P _
Ir®A, 0 0 Igimyr

Denote a linear form by F,FF* ) and consider the following two forms

FY = KgL; (25)
F" = KipL;. (26)

It is easy to see that (26) corresponds to the reduced model (22)—(23) hence F gFR) = Vr
can be interpreted as the observable data generated by the linear form K zLy. On the other
hand, F(TS) includes the latent variables =1 and Z as endogenous or dependent. Models with
both observable and latent variables treated as endogenous are commonly termed “structural”
(Ainger et al. 1984, Cheng and Van Ness 1999, Wansbeek and Meijer 2000), though this can
be easily confused with the structural form of the simultaneous equation system we referred to
previously. To avoid confusion with terminology, we will refer to (26) as the reduced structural
latent form (RSLF) model while we will term (25) structural latent form (SLF) model. The
emphases on both models being “latent” will distinguish these forms from the errors-in-variables
models that we will analyse in section §3.4.

We treat all variables except Z; as random, while we will consider both cases with random
and fixed =;. The later case requires special consideration as it is obviously not encompassed
by the Assumptions 3.0.1 and 3.0.2, which assume random Z;. The model with fixed Z; is
generally known as the functional model (Wansbeek and Meijer 2000, p. 11) in which no explicit
assumptions regarding the distribution of Z¢ are made and its elements are considered to be
unknown fixed parameters or “incidental parameters” (Cheng and Van Ness 1999, p. 3).

Since we can assume that the observable data V' were generated by linear forms (25)
and (26), or equivalently by the reduced-form equations (22) and (23), we can let F%S) =
(Y,:XL:EL: Z}) and FgFR) = (Y7 : X7). Hence the distribution of the observable vari-
ables will be the same as the distribution of the linear form form F(TR). Now, by Proposition
(3.0.3) it follows that

12



F(TS) ~ Nutrigrmr (0, Ks X1 K's) (27)
FYY ~ Nyowr (0, K2 K'p) (28)

The difference between the structural (25) and the reduced (26) form is important insofar
(26) does not model latent variables, i.e., it takes all latent components as independent or
exogenous. It might be appealing to think of the reduced model (26) as conditional (on latent
variables), however, this turns out to be a marginal model with 27 and Z; marginalized or
integrated out of the likelihood, as we will show in section §3.1.

A common argument in the literature (Aigner et al. 1984, Wansbeek and Meijer 2000) used
to justify this marginalization is unobservability of the latent variables that necessitates their
removal from the model and focusing on (26) rather then on (25). This justification is apparently
motivated by the choice of the estimation methods (e.g. Wishart maximum likelihood), which
can handle only the reduced form model (26). However, recursive estimation methods using the
Kalman filter (Kalman 1960) and the expectation maximisation (EM) algorithm (Dampster et
al. 1977) are potentially capable of handling models such as (25) and estimating the values of
the unobservable variables (Harvey 1989, Durbin and Koopman 2001).

Therefore, marginalization of this kind might not be justified in general, and this matter
requires a more formal approach. To tackle this issue, we firstly define the notion of weak

exogeneity on the lines of Engle et al. (1983) as follows.

Definition 3.0.5 (Weak exogeneity) Let & and z be random vectors with joint density
function f., (x, z;w), which can be factorised as the product of the conditional density function

of  given z and the marginal density function of z,

for (®,2;0) = fo). (2]2;01) [2 (2;02), (29)

where w = (W) : wh)" is the parameter vector and 2, and 25 are parameter spaces of wi and
wa, respectively, with product parameter space £21 X 25 = {(w1,ws) : w1 € 21, wy € 25} such
that wy and wy have no elements in common, i.e., wy Nwo = ¢. Then, z is weakly erogenous

for wq.

The practical implication of Definition 3.0.5 is that if z is weakly exogenous for w;, the
joint density f,. (x|2;w:) contains all information about w; and thus the marginal density of
z f,(z;wy) is uninformative about w;. The following definition partitions the parameters of

the DSEM model (1)—(3) into non-overlapping sub-vectors.

Definition 3.0.6 Parameters Let the vector 0 include all unknown parameters of the DSEM
model (1)-(3). We define the following partition

13



0= (6" ' T . g(hy) . g/(ha) . g/(2)) . g/(¥) . g/(O:) . 9’(95))" (30)

where 059 = vec B;, 879 = vec r;, 01 = vec A, 0% = vecA,, %) = vech b,
0 = vech @, 0©) = vech 0., and 0©9) = vech05;i=0,...,p, j=0,...q.

3.1 Structural latent form (SLF)

Given the linear form (25) or the SLF model, we are now interested whether the conditional
model for the observable variables (V1) given the latent variables contains sufficient informa-
tion to identify and estimate the model parameters.

By Assumption 3.0.2 and Proposition 3.0.3 the log-likelihood function of the SLF model is

of the form

| 1 .
b (F:0) = a— S| Ks B K| - S Y (KDL KY) T FY, (31)

where & = —(n + k + g + m)Z In(27). The following proposition shows that the log-likelihood
(31) can be decomposed into conditional and marginal log-likelihoods hence the likelihood can

be expressed as the product of the form given in Definition 3.0.5.

Proposition 3.1.1 (Likelihood decomposition) Let (31) be the log-likelihood of the struc-
tural model (25), i.e., the joint log-likelihood of the random wvector F(TS). Denote the condi-
tional log-likelihood of Vr given Ev and Zp by lyizz (Vr|E7, Z1;0,1), and the marginal
log-likelihoods of E1 and Zr by l=(E1;605) and Ly (Zr1;03), respectively. Then (31) can be

factorised as

ls (F(TS); 9> =lyizz (Vo|Er, Z1;01) + = (E7;02) + 17 (Z71;03) , (32)

where 601 = (0'(31') ') . 9/ (My) . g'(Aa) . '(O:) . 0'(65))I, 0, = 0(4)3'), and 05 = 0. There-

fore, E1 and Z1 are weakly exogenous for 6.
Proof See Appendix A.

Proposition 3.1.1 has some interesting implications. Firstly, if all variables were observable, a
conditional model with the log-likelihood ¢y =z z (Vr|E 7, Z1;01) would provide all information
about the the parameters of interest. As remarked above, some recursive algorithms might
handle certain special cases with =7 and Z; unobservable, hence by Proposition 32 methods
based on the conditional likelihood might be justified.

4We make use of the vech operator for the symmetric matrices, which stacks the columns on and below the
diagonal.
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However, larger models might contain too many unknowns which renders the conditional
model unfeasible. The commonly used covariance structure and GMM estimators (Hall 2005)
require a likelihood in the separated form since these methods aim at minimising the distance
between the theoretical and empirical moments. Naturally, to make GMM-type of methods
feasible, full separation of the latent and observable variables is necessary. This means the
“modelled” variables must be observable and expressible as functions of unobservable variables

and unknown parameters.

3.2 Reduced structural latent form (RSLF)

The log-likelihood of the RSLF model (26) is (n + k)T-dimensional Gaussian, thus of the same
form as (31), though of a lower dimension. The other difference is that F(TR), unlike F(TS) in
(31) does not contain any unobservables. Since FEFR) = V, the log-likelihood of the RSLF
model is the log-likelihood of the observable data. It is given by

lr (F(TR); 0) - —M In(27) — %m KX K 5| — %tr F(KpZ, K'p) " FIP . (33)
It follows that (33) will be a closed-form log-likelihood of the RSLF model if a closed-form
expression for KXK'y can be obtained. This would make the RSLF model suitable for
GMM-type of estimation.

The following proposition gives a closed form KX K'g, which in turn makes (33) a
closed-form log-likelihood.

Proposition 3.2.1 Let the covariance structure implied by the DSEM model (19)-(20) be par-

titioned as

Sn X
Kp¥. K'n=X(0) = R (34)
Xy X

where X1y = E|Yr Y], Y15 = E[Yr X, and ¥y = E[X1X7], which is a function
of the parameter vector 8 = (Ol(B'i) 20T @M g (M) (%) . g/ (Y) . 9'(O:) 0'(95))/, where
05 = vec B;, 019 = vec r;, 0 = vec A, 0 = vec A, 0% = vech b, 0" = vech @,
0©:) = vech 8., and 8'®) = vech®;; i = 0,... .0, 7 =0,...9.° Then the closed form of the

block elements X' (0), expressed in terms of the model parameters is given by

5We make use of the vech operator for the symmetric matrices, which stacks the columns on and below the
diagonal.
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-1
p
T = (Ir®A4,) (ImT =) sie Bj>
j=0

q q
[(ZS%@FJ-) <1T® b+ (570 P+ 8@ 45;))
=0

X
j=1
q . P . -
X (ZS”T@F;>+IT®!II <ImT—ZS’JT®B;>
j=0 Jj=0
x (Ir®A)+Ir® 6., (35)

p 1/ q
Yo = (Ir®4,) (ImT_ZS%“(@Bj) (ZSJT(X)I'J')
=0 =0

q
X <1T®¢O+Z(s;®dsj+5%® 45;)) (Ir®A), (36)

Jj=1

and

q
Yo = Ir®A,) (IT® @0+Z(Sgp®@j+5'§® 45;))
=1

X (Itr®AL)+(Ir® 6y), (37)

q . .
where I ® Po+ 3 (ST @ &+ 8 ® &) =FE[E,E}| = X=.

7j=1

Proof See Appendix B.

By Proposition 32 we have seen that the likelihood of the SLF model (25) can be factorised
into conditional and marginal likelihoods rendering the latent components =1 and Z weakly
exogenous for the parameter sub-vector 6,. Hence, if E7 and Z were observable we would be
able to ignore their marginal distributions without losing any information about 8;. However,
if ¢ and Z are not observed, the conditional log-likelihood ¢y = 7 (V1| E 1, Z7; 6:1) would not
be feasible.

We have obtained the feasible likelihood by using the linear form (26) leading to the RSLF
model with the log-likelihood (33), however, it is easy to see that this comes down to replacing
the missing values of Z7 and Z with their second moment matrices, which involve the param-
eter sub-vectors @, and @3. Thus, obviously the likelihood of the RSLF model will depend on

these two parameter sub-vectors. We can still invoke Proposition 32 noting that RSLF model
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(26) is a simple reducing linear transformation of the SLF model (25) to justify estimation of
0, using the RSLF likelihood. However, in this case we will also need to estimate 85 and 03.
In conclusion, while weak exogeneity in the sense of Definition 3.0.5 holds, we still need to
estimate @, and O3 along 0, which will require additional knowledge about @ in the form of
parametric restrictions, which cannot be inferred from data alone.

We can easily show that the likelihood of the RSLF model can be obtained by marginalizing
the likelihood of the SLF model in respect to the unobservable variables. This can be seen by
looking at the relationship between the covariance structures implied by these two models, which

is sufficient for the purpose given the shape of their likelihoods is the the same (Gaussian). Thus

we have
Ioiwyr O (8) (R)
FY = F
< 0 0 T T

and

oM hois AVAP . AVI 0w

29 2 (Ir® A,) XY= 0

KsX, K's = ,
SELT S 2 AP40 3o (Iro4A,) > 0
(I @) A'Y 0 0 I @ W

thus it follows that

Kp¥,K'p = < Ttz g >KSZLK/S< toror 9 >

~

0 0o 0
> S AV APy AV 0w
B Iiwyr 0 Yo Y99 IT® Ay) X= 0
- 0 0 > b)) A’(EQ)A’(_D Y=(Ir® A',) Y= 0
(Ir @ w)A'Y) 0 0 Ir®w
(

(
()
(

X 212)
Yo XYoo )

The advantage of having the RSLF model with a closed-form covariance structure is in
the potential to estimate its parameters by minimising some distance between the theoretical
and empirical covariance matrices. On the other hand, the treatment of latent variables as
exogenous and observable variables as multinormal, which justified this model in the first place,
creates conceptual difficulties in special cases with perfectly observable variables or fixed §&,.

Then, the endogenous observable variables become identical to the exogenous latent variables,
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which contradicts the statistical assumptions behind the RSLF model. It is thus appealing to
entertain the idea behind the errors-in-variables or measurement-errors models (Cheng and Van
Ness 1999) where different approach is taken. We will consider this approach in the following

section by firstly placing it in the same framework with the models discussed so far.

3.3 A restricted RSLF

The approach taken in the errors-in-variables literature is to estimate the structural model (1)
by replacing each latent variable by a single noisy indicator or a “proxy” variable. Usually,
some form of instrumental variables (e.g. other noisy indicators of the latent variables) are
used in estimation with the aim of correcting the resulting errors-in-variables bias, and the
focus is on evaluating and correcting the bias induced by the measurement error (Cheng and
Van Ness 1999).

We will refer to the transformed model in which latent variables are replaced by observable
but noisy indicators as the observed form (OF) model. To study the OF model we will firstly
place it into the general DSEM framework, where each latent variable is measured by multiple
indicators. Choosing one indicator per latent variable and normalizing its coefficient (loading)
to unity leads to a restricted covariance structure and is thus a special case of the (unrestricted)
DSEM covariance structure (34) considered above. Clearly, the unit-loading constrains can be
used to fix the metric of the latent variable, which has only a re-scaling effect, without affecting
the value of the likelihood function.

Imposing unit-loading (UL) restrictions thus leads to a UL-restricted covariance structure.
The UL-restrictions are hence parametric restrictions that result in a special case of the general
DSEM and so do not invoke a different model or assumptions. The UL-restriction rescales the

measurement model for the exogenous latent variables whose indicators can be partitioned as

Xr=(x'W™ . xWy 38
T ( T T ) ( )
kT x1 (k—g)Tx1 gT'x1

while the parametric restrictions are imposed as

Ir® A,
IT®AJ:E< T® )a

I,r

thus resulting in the UL-restricted measurement model

X Irod: ) gy Ay (40)
= =T .
x I Ay

Therefore, the UL-restricted DSEM model can be written in the reduced form as
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p -1 q
Yr = (Ir®A,) (ImT -y S]T®Bj> [(Z SZ[@FJ-) Er+Zr| +Er  (41)
§=0 =0
Xy = (IreA,)Er+ AP (42)
xU = 2,449, (43)

where we partitioned X p into a g7'x 1 vector X (TU) and a (k— g)T x 1 vector X Correspond—

ingly, we have partitioned Az into sub-vectors AgFU) and AT . We partition the measurement

error covariance matrix I+ ® @4 as

PP Ir 204" Ir0 el (44)
190 = Leel™ o6l
so Xy is partitioned as
Ir® 6, 0 0 0 0
0 I;oe0%Y 1,008" o 0
¥, = 0 I ® 0! UA) I 0" o 0 (45)
0 0 0 Y= 0
0 0 0 0 IrVw
Now, if we define
AL AL Al
I_{R—(I(n—l—k) P)a PE IT®1_11 0 ) (46)
I,r 0
it follows that
F\ = RyLy, (47)

thus the density of the restricted RSLF model is the same as of the unrestricted model but

with different parametrisation, i.e.,

P&~ Nk (0, KRELK/R> ; (48)

hence we have the log-likelihood of the form

1 -

P (KRZLKR> P

T 1 le
ln (F R). 9) = —(n+ k) In(27) - éln’KRZ'LK’R

(49)

Next, we partition the covariance matrix (34) corresponding to the partition of the data
vector (YT : XEFA) : X%U)) as
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< o (A) =(U)
55 Yyy Yyyx Yyx
_ 11 12 _ Z_’(A) Z_'(A’A) Z_'(AU)
B 2/12 DR —gf})/ —{U)&) < ()gf)é)
Yy Yxx Yixx

The block-elements in (50) are as follows,

AP (AP 540+ Iro ) AV 4 1w 6.
DAL 5 (170 1)

AP A 3

(Ir®4,) = (IT ® ]1'9;> +Ir® 0

(AU)
86

(AA)
86

(Ir®@A;) X=+Ir® O
Y-+ Ir0 0N

Note that the upper left block element remains the same, i.e.,

Sy = 51 = A (A(;)ZEA’(;) + I ® qf) AV 4 I 6.,

while the (1,2) block is

o= (50 2%)

AV AD 3. (IT oA, IgT)
<A(21)A§22)25 [IT ® /‘1’4 : AS)AS)ZJE) .

(50)

(57)

(58)

(59)

To derive the (2,2) block partition the covariance matrix of the measurement errors as

(1) Ar()

E[AT T

(

| BlaY A
EAY A BlAY A

so we have:
= (AN)  &(AU)
o = Sih s
= = (UA) &(UU
Yxx Yxx

(Ire 4,) Z= (Ir2 4,) (Ire

Ir® 05" Ire 6"

Ir 2 0GY Ire 6"

)orvoons
)

Ir®A,
I,r

=2/

(IT®ACC:IQT

a

X

{1

) + (Ir ® Oy)

)

A,) ¥z Ir 0% Ir96

- = (IT®]1'1,> Y= Ir® 05" Ir® 6
(Ir @ A,) T= (Ir o 4,) + Ir @ 03V (Ir® 4,) Tz + Ir 0 6"
B 2= <IT® /i,x> +1Ir® (")((;gA) Y=+ 1Ir® @((;[(;]U)

)

(AU)
86
Uv)
86

)



Finally, note that the marginal covariance structure of Y and X EFA), ie.,

is given by

AY (AP 24P + 10 @) A + Ir e 6. AP AP 5= (100 4',)
(Ir® 4,) 224’24 (fr e 4,) B= (Ir 0 4.) + Ir @ O
(60)

3.4 Observed form (OF)

Suppose we wish to estimate the DSEM model with the unobservable =1 but instead specify
the model by replacing &1 with its noisy indicators X (TU). This would lead to the model with
errors in the variables (EIV). Such model can be interpreted in two ways. Firstly, we can arrive
at such model if instead of the true Z; we mistakenly include in the model its noisy indicators,

thus introducing the additional error due to mis-measurement (noise), which gives

Yo = Al [a? (X - Al)+ 2]+ By (61)
Er

x® = (Iy 0 A4,) (ng - A;U)) +AW (62)
Er

x¥ = x (63)

Alternatively, we can specify the model in its latent form, and use a trivial identity and re-write

it as an EIV model, i.e.,

Yr = ADAP (874 A0 - AD) +40 21 + By (64)
X0 am
X = (Ire4,) (50 + A - Af") +aP (65)
T x0ar
XV = <5T + A A(TU)> +AY, (66)
T xplay
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In either case, we obtain a DSEM model in the observed form (OF), which can be seen as a

linear transform

Er
I, 0 0 ADAD AV AW Yr
KpLr=| 0 T4, 0 I;®A, 0 AV 1= x| (67
o o0 Iy Isr 0 5, x©
Zr

We will inspect the OF model (67) by comparing its likelihood function to that of the UL-
restricted latent form model considered in previous section. In order to do so we will need a

simple result on the variance decomposition summarised in the following lemma.

Lemma 3.4.1 (Variance decomposition) Let X(TU) be a g X 1 vector containing observable
indicators of a g x 1 vector of latent variables E 1, such that each indicator relates to a single

latent variable. We consider the measurement model

xV=g;+4aY, (68)

where E¢ can be either random or fized, while X(TU) and A(TU) are both random having some
probability distributions X ~ (0, 2&?}?) and A(TU) ~ <O,IT ® @fg“), respectively. We

make two different sets of assumptions depending on whether E 1 is random or fixed as follows.

Random E; Suppose Er has a multivariate probability distribution with zero mean and

covariance matrix X=, i.e., Er ~ (0, X=). We assume that

E [E’TA“TU)} ~0, (69)
E [X%”A’(TU)} £0. (70)

Note that Assumption (70) implies a classical rather than Berkson measurement model (Berkson

1950).

Fixed Er For non-random E1 we state the Assumption (69) in terms of probability limits
by treating E1 as a vector of fized but unobservable constants (incidental parameters). Thus

we require that

1

plim—==,4'Y) = 0, (71)
T—o00 T
5In some cases an additional Assumption that E [A(TA)A’(TU)} = 0 can be made, which imposes weaker

conditions on the measurement error covariance matrix than classical factor analysis by requiring block-diagonal
rather then diagonal @j.
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In addition, we assume that plim 25,5, = Y=, hence in the fized case we consider the
) T T )
T—o0

unobservable sum of squares EpE’., which is required to converge z'n pmbabz’lz'ty to some pos-
itive definite matriz X=." For the random variables X and A ) it trivially follows that
plim %X(TU)X’EFU) = Z'S(U)((]) and plim % A(TU A’TU) =Ir® @55 , respectively. Also note that

T—o00 T—oo

assumptions (69) and (70) imply that plim %A%A)A’,EFU) = 0 and plim %X%U)A'%U) #0.
T—o0 T—o0
Then the covariance matriz X= (when Er is random), or equivalently, the probability limit

of the sum of squares E7E%. (when E1 is fived) can be expressed as

Tz =2 - Iro 0" (72)

Proof From (68), using assumptions (69) and (70), we have

/!
ElxPx{] = E [(ET +AY) (5r+ A 1

= E[8r87]+E Al a]

and for the fixed case, using Assumption (71), equivalently

1 1 !
plim 2 XX = plim (87 +4D) (5r+ af)
N S N SN WV
T plimp S e plin g AT AT
= Yo+ Iy 0\ (74)
hence Xz = ZE(U)((]) —Ir® @ggU), as required.
Q.E.D.
A simple corollary of Lemma (3.4.1), i.e., Assumption (70), is that
Elx{af| = p|(5r+af")ay]
= El5ra| + B laf A
= Ir2 04" (75)

"Clearly, the probability limit becomes the simple limit for non-random Z, thus by using the probability
limit we cover both cases.
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and similarly that £ [X %U)A’(TA)] =Ir® @ggA), which would not be the case if (68) was a
Berkson measurement model. In a Berkson model we would have E [X (TU)A’(TU)] =0.

We have seen that by Proposition 3.1.1 Z1 can be treated as weakly exogenous, but we
also needed to integrate it out of the likelihood because we could not observe it. On the other
hand the OF model, by decomposing = into an observable part and the measurement error,
potentially makes the conditional model feasible, hence it would be of particular interest to
investigate under which conditions is such conditioning valid.

To this end, we firstly define an OF counterpart to the structural form model considered pre-

viously. The relationship between the SLF model and a structural observed form (SOF) model

can be seen as a linear transform of the form L(TOF) = Dor Ly for some zero-one transformation
matrix Dop. It can be verified that
Er I 0 0 0 O Er
AN 0 I 000 AN
AV =10 01 0 0 AlY (76)
xV 0 01 10 Er
Zr 0 0 0 01 Zr
L?F Dor L
We can now write the OF-transformed DSEM model as a linear form in LEFOF) as
Yr I 0 —ADAY ADAD AL Er
xW 0 I -I;®A, Ir®4, 0 AN
AV =0 o I 0 0 AY | (77)
xV 0 0 0 I 0 x¥
Zr 0 0 0 0 I Zr
FEP Kor LoF)

Thus we have defined the OF vector as a transformation of the independent latent compo-

nents vector. Also we defined the transformation that gives the OF-transformed DSEM model.
(OF) (OF)

Now note that since F ;"' = KorpLy ’ we have
I 00 ADAD AY Er
0 I 0 I;r®A4, 0 AN
FO" — KopDopLr=| 0 0 T 0 0 AP |, (78)
0 0 I I 0 Er
0 0 0 0 I Zr
KorDor Ly

which has the effect of trivially decomposing =1 into the observable and unobservable part.
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We can obtain the covariance matrix of the OF model as follows. Firstly observe we can

re-arrange L by using a zero-one shifting matrix

I 0 0 0 0O
oI 0 0 0
Ds=|1 00 01 0 |, (79)
0 0 I 0 0
0 0 0 0 I
and hence obtain
1 0 APAY o AW Er AQ ALz 4 4D 2r 4+ By e
0 I Ir®A, 0 0 A(T) IT®Ax5T+Agp) X
0 0 I I 0 Er = ET—I-A%U) — X%U)
0 0 0 I o0 A%U) A(TU) A(TU)
o0 o0 o0 I Zr 7 7
M DsLy MD;L, D FPD
(80)

Before proceeding further we will need to make an additional assumption about the mea-

surement errors.

Assumption 3.4.2 (Block-diagonal @;) The measurement errors in XFEFU) are uncorrelated

with the measurement errors in X(TA), hence @j is block-diagonal with ©%" = 0.

Now, by making use of the shifting matrix (79) and invoking the Assumption 3.4.2, we

obtain a re-arranged density of Lr,

Er Ir® 0O, 0 0 0 0

AN 0o IreelY o 0 0

Er | ~ Nukrgrmr |0, 0 0 s 0 0 (81)
AY 0 0 0o 1,20 o

VA 0 0 0 0 It W
DsLT L DSELDiS‘ .

Therefore, it follows that
(OF) I Ag!
DsF " ~ Nkt grm)r (0,MDsX¥ DsM’). (82)

Note that without the Assumption 3.4.2 we wold have
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Ir® 6., 0 0 0

0
0 I;eeM o0 000" o

Dy¥, D) = 0 0 ¥ 0 0 (83)
0 ;20" o0 I1,920U" o0
0 0 0 0 I;® 0

We will see that the block-diagonality Assumption 3.4.2 has no effect on the marginal
covariance structure (reduced OF model) of Y1, X (TA), and X (TU), but it does have an effect on
the conditional distribution of Y7 and X %A) given X EFU) . Moreover, the following proposition

establishes the validity of the conditional OF model given Assumption 3.4.2 holds.

Proposition 3.4.3 (OF likelihood decomposition) Suppose the Assumption 3.4.2 holds.
Let DSFEFOF) = F7., hence from (82) it follows that the log-likelihood of F7. is

1 1 .
() (F3:0) = a — 5 | MEL M| — St Fip (M2 M) "F (84)

where X7 = DgXDy. Let Uy xa|1xU AV 7 (YT,X(TA)|X(TU),A§FU),ZT;HT> denote the condi-
tional log-likelihood of Y r and XgFA) given X(TU), A(TU), and Z . Similarly, let {xv_av (X(TU) — AEFU); 9;)

denote the marginal log-likelihood of X(TU) — A(TU) and denote the marginal log-likelihood of Z 1
by lav (A(TU);GS) + Uy (Z7;0}). Then the OF log-likelihood (84) can be factorised as

Gr(FPD:0) =ty av s (Yo, XX, 4D, 27:67)
by ao (X0 = A 03) + Lav (AF:65) + 07 (27:63), (35)
where 0% = (9’(30 L @'T)  g'hy) ; glhe)  g/(O:) 9'<@f£m>>/, 0; = 6%, 05 = 0/
0, = 0. Thus, X(TU), AEFU), and Z 1 are weakly exogenous for 7.

), and

Proof See Appendix C.

A potentially useful implication of Proposition 3.4.3 is the validity of the conditional model
for Y and X (TAA) given X gﬂU), A(TU), and Z7. Unlike the conditional model in latent form
considered in Proposition 3.1.1, the conditional OF model is feasible since it was formulated by
decomposing =7 into an observable and unobservable part. The observable part, X (TU) can be
taken as given, while the unobservable part, A7 needs to be summarised in terms of its second
moment matrix.

However, while the likelihood decomposition stated in Proposition 3.4.3 enables separation

of the conditional model, it does not include a separate expression for the marginal likelihood
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of Xr. Instead, (85) includes marginal likelihood of the decomposed Zr into the observable
and unobservable parts, i.e., the marginal likelihood of X (TU) — A(TU). It thus follows that
conditioning on X7 in the OF model would be valid in the sense of Definition 3.0.5 if the
Assumption 3.4.2 holds, and if A%U) is known or observable (the same goes for Z, which is
always unobservable but can be taken as zero). Not knowing A(TU) necessitates estimation of
its covariance matrix as an additional matrix of parameters 0((5[5][]). For random X (TU) this leads
us back to the reduced-type of a model and we next show the OF model in the reduced form

has the same likelihood (in expectation or in probability limit) as the RSLF model.

3.4.1 Reduced observed form (ROF)

Consider the OF model (61)—(63). If all variables in the OF model are random with zero mean,
it follows that

B(Yr = ADAY (B|x{"| - B |AP])+ AVE(Z:] + E[Er] =0 (36)
xP] = el (B[xY] -e[al))+E[aP] =0 (87)
x{] = o (88)
Being a linear combination of normally distributed quantities, IE’E,,R) = <Y’T X ’(TA) . ¢ (TU)>,

will have (n + k)T-variate multinormal distribution

~(R ~
F;") ~ N(n+k)T (07 2) ) (89)

where 3 is defined as

= ~ (A) =~ (U)
Yyy Yyx Yyx
= (A) ~(AN) & (AU)

Y= Yy Yxx Yyx |- (90)
() E(UA) & (UU)
Xy 2Xxx XX

Therefore, the likelihood of the OF model (61)—(63) and the likelihood of the UL-restricted
RSLF model will differ only in their covariance matrices Y and ¥. The following proposition
establishes the equivalence of these two matrices either in expectation or in probability limit

for the random and fixed cases, respectively.

Proposition 3.4.4 (OF equivalence) Let X(TU) =Er+ A(TU), where E1 can be either ran-

dom or fized. Let £ and X be defined by (90) and (50), respectively. For random Eq suppose
Er has a multivariate probability distribution E¢ ~ (0, Xz). Then E[X] = E[X]. In the
case when E7 is fired (non-random) we treat it as a vector of fized but possibly unobservable
constants (incidental parameters), in which case plim %i‘ = plim %f}.

T—o0 T—o0
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Proof See Appendix D.

Note that that Proposition 3.4.4 did not require the Assumption 3.4.2. Therefore, the OF
transform of the model with all variables random does not offer any obvious advantage over
the RSLF model. The advantage of the OF formulation becomes apparent in the fixed case.
Before moving to such model, we briefly make few additional remarks about the random OF
model.

The marginal distribution of (Y’T .4 (TA))/ is T'(n + k — g)-dimensional Gaussian

A ~ INT(ntk—g ) A AA
x{P s

with X EFU) integrated out. The conditional expectation is

Y U x\) vy ! (U
E (A) x| = AOD) (2&)()) xy (91)
Xr Xy
_1
) ( 52(U0)
AU v\ ~ ’
00 (500)
and the conditional variance is
Yr | o Tvy IV b W\ " 52(0) . 52 (UA)
Var X)) _ _ (2 ) (2 > >
(X(TA’ ! =0 B bl o oo
U v " (U A U v\ ! @A
[ BB () B BN - (20)) Y )
- A AU v\ Tt wU AA AU UU
20 -2 (2W) 20 s -2 (2

-1
UA
)" mey
Thus it is obvious that conditioning on X ng) will be the same as conditioning on Zr in the
special case with no measurement error (A(TU) =0).
We now turn to the model with fixed = 7. Firstly, consider the standard “functional” model
(Wansbeek and Meijer 2000, Cheng and Van Ness 1999), given by

Yr = ADAY =5, +AYZ, 4+ E; (94)
S~~~ —————
fixed part residual
Xr = (IT®/_11) Er 4+ Ap (95)
= =~

fixed part  residual

which has residual covariance matrix
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0. _ AV (I, 0 9)AY 11,00, 0 (96)
" 0 I;®0; )
and hence the density function
Yo AV AP =, AY (170 w)AY 1 10 6. 0
~ N(n—l—k—g)T T\ = > = = .
X7 (IT®A:1:)-=T 0 Ir® O
(97)

Note that the log-likelihood (98) includes Z'r, which is unobservable.

Next, consider the OF-transformed model

Yy = ADA® (X(TU) - A<TU>> +AYZ, 1 Er

= ALDAOXY 1 (407, - AD AP AY + By) (99)

\ -

XM = (Ire4,) (X7 - af) + AP
= (Iro 4,) X+ (AP - (Ir© 4,) A") (100)

UL

= xy, (101)

and denote the covariance matrix of the residuals U(TY) and U (TX) in (99) and (100) by

A
< Dy ) (102)

A AA
2% oy

Therefore, the distribution of the OF functional model is given by

1 2 U A
Y1 ) N | AEASX ) (2 O (103
xW (Ir® 4,) XV 2l 20y
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and the log-likelihood

by, xa xv (YT,X;A)|X%U);9> = —%111(2#) — Ll

1) 4(2) (U ! A -1 1) 4 (2) w (U
_%tr< YT—A(:)A(E_)X(T))> (nyy n@}) ( vy - A0 AL x )
X A

A B A AA
W= (Ire 4,) X 28 oty

The structure of (102) for the special case with Ir ® QE;?U) = 0 (i.e. under Assumption 3.4.2)

is given by the following proposition.

Proposition 3.4.5 Assume I ® (_)((;gU) = 0. Then the block-elements of (102) are given by

2yy = AY (AQ (IT 2 0 U>) AP L e w) A9 I 0 6. (105)
2y = ADAY (Ire 6") (Ire 4.,) (106)
2 = (Ired) (Ire 05" (Iro 4,) + Iro 3", (107)

and .Qg?}), = .Q’gf))( Furthermore, it follows that

vy 02N _ _
( AN ):KRDSZLDgK'R, (108)

where

w]
n
Il

(109)

S S O M~
S O ~ O
S ~ © O
S S © O
N © © O

Proof See Appendix E.
Using the above result, we can thus simplify the log-likelihood of the functional OF model as

— (YT, X(TA)\X(TU);0> = o) 97y — Ly ’KRDSZ‘L[)’SKQR‘

() 4@ ) o B A 4@ O
%tr 5\? AE AE_ XT ) (KRDSZLDQK;{> %j\? A: A:'_ XT )
X _(IT®Ax)XT X _(IT®AI)XT
(110)

Therefore, the log-likelihood (110) of the functional OF model has g7" unknowns less then
the log-likelihood of the functional model in latent form as a consequence of not having to

estimate = .
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3.5 State-space form (SSF)

Various special cases of the general DSEM model have been analysed in the “state-space” form
including dynamic factor model and DYMIMIC model (Engle and Watson 1981, Watson and
Engle 1983) and the shock-error model (Aigner et al. 1984, Ghosh 1989, Terceiro Lomba 1990).
The motivation behind casting particular dynamic models in state-space form is primarily in the
possibility of using the Kalman filter algorithm (Kalman 1960) for estimation of the unknown
parameters.®

The state-space model can be specified in its basic form as

ﬂt = H'l9t,1 + Wy, (111)
Wt :Fﬂt—l-ut, (112)

where (111) is the state equation, (112) is the measurement equation, 19, is the possibly un-
observable state vector, and H is the transition matrix (Harvey 1989, Durbin and Koopman
2001).° The specification (111)—(112) is particularly appealing for dynamic models involving
unobservable variables since the state equation can contain dynamic unobservable variables
and the measurement equation can link them with the observable indicators. These attractive
properties of the Kalman filter resulted in numerous empirical papers in the applied statistics
and econometric literature. Harvey (1989, p. 100), for example, calls the state-space form “an
enormously powerful tool which opens the way to handling a wide range of time series models”.

To enable estimation of a statistical model by Kalman filter, it is necessary to formulate
it in the state-space. We will show that a state-space representation of the general DSEM
model (1)—(3) and hence of all its special cases listed in Table 1 exists. In addition, it can be
verified that for the transition matrix H to be non-singular we will need to make the following

assumption.'®

Assumption 3.5.1 Let &, follow a VAR(q) process with ¢ > 1

q
St = ZRjgt—] + Ut, (113)
j=1

8The Kalman filter was developed by Rudolph E. Kalman as a solution to discrete data linear filtering problem
in control engineering. The filter is based on a set of recursive equations, which allow efficient estimation of
the state of the process by minimising the mean of the squared error. The Kalman filter recursive algorithm
proved to be considerably simpler then the previously available (non-recursive) filters such as the Winer filter,
see Brown (1992) for a review.

9A simple generalisation of the measurement equation is to include a vector of observable regressors.

10Gince the state-space representation is achieved by dynamically linking the current state with the past-
period state via a first-order Markov process, the first equation (for time t) is the actual model, while the rest
of the stacked elements (for time ¢t — 1, —2,...,¢t — q) of ¥, are set trivially equal to themselves as they appear
in both 9¥; and ¥;_,. Hence, if any of the elements of 9¥; cannot be related to an element of ;1 (such as in
the case of white unobservable regressors) the transition matrix H will contain a row of zeros and thus it will
be singular.
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with the roots of [T — ARy — N>Ry — - -+ — MR,| =0 greater then one in absolute value and v,

is a Gaussian zero-mean homoscedastic white noise process with E[vv;] = X,.

Definition 3.5.2 Let Hj = (I — B())_lBj, Gj = (I—Bo)_1<Fj + I‘()Rj>, and Kt =
(I — Bo) (¢, + I'ovy), where B;, T';, and ¢, are defined as in (1)—~(3).

The following result establishes the existence of the state-space form of the general DSEM

model given Assumption 113.

Proposition 3.5.3 Let &, be generated by a VAR (q) process as in (113). Then the general
DSEM model (1)—(3) can be written in the state-space form (111)—(112) as

i I, G n., G, I, G, Ni—1 K,
& 0 R 0 R, 0 R, Ei1 Ut
n1 I o0 - 0 0o o0 o0 Moo 0
&1 | = 0 I 0 o 0 0 2 | +| 0 |, (114)
M_ri1 0 0 I 0 0 0 Ny_pr 0
Et—r+1 0 0 0 I 0 0 €t—r 0
and
mn
&
M1
A, 0 --- 0 €
Yo ) _ y &, |+ ¢ , (115)
LTt 0 Ax /] . 5t
T’t—r
ét—'r

where r = max(p, q), with notation defined in 3.5.2.
Proof See Appendix F.

While Proposition 3.5.3 gives the state-space form of the general DSEM model, it is not
immediately clear how the state-space form compares with the forms considered earlier. Namely,
the SSF model (114) is in a recursive form required for the Kalman filter, hence it is specified
in ¢-notation. On the other hand the T-notation (Table 2) we used to analyse the statistical
properties of other DSEM forms leads to a closed-form rather then a recursive form of the
model. Nevertheless, we can write the SSF model (114) for the process (t = 1,2...,7T) and
compare its likelihood with those of the other forms of the model. In the context of the RSLF

model, for example, this would call for additional modelling of the VAR(q) process for Zr,
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thereby increasing the dimensionality of the multivariate density function from (n + k)T to
(n+ k + g)T. However, we will show that such extended model can still be reduced to the

(n 4+ k)T-dimensional model.

Given the VAR(q) process for 7 (Assumption 113), the SLF model will have to include

an additional equation for Z ;. The structural equation remains as before and it can be reduce

as

P q
Hy = (Z S%®B3> H;+ (Z S%@I}) Er+Zr
j=0 Jj=0
P ‘ -1 q ‘
_ (ImT -y sg@Bj) [(z sgp®rj) E
=0 Jj=0

A T-notation equivalent of the VAR(g) model (113) can be written as

-1
q q
Er= <Z SJT®Rj) Er+ Tp= (IgT - SJT®Rj> Tr.
j=1 j=1

(. J

AY

Finally, the measurement equations as as before

YT = (IT®Ay)HT+ET
Xr = Ir®A,)Er+ Ar.

(116)

(117)

(118)
(119)

Substituting (116) and (117) in (118) and (119), respectively, we obtan the reduced SSF

model

Hr _ =0 =0 Hr Zr
= o a = + Yr
0 > SLOR;
j=1
P q -1
I,.,7— Z S%«@Bj — S‘%@I"]
_ 7=0 7=0 < ZT
= q . T
0 IgT — Zl S%@Rj T
‘]:

where the inverse of the matrix of parameters in (120) is given by!!

'We make use of the result

D11 D 71: Dy Dy Di2Dyy
0 Dy 0 Dy} '
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-1 —1 —1
p . P . q . q .
(ImT -y S]T®Bj> <ImT -3 SJT®BJ-> (Z SJT®I‘J-> (IgT -3 S%@RJ)
J=0 J=0 Jj=0 j=1 (121)
—1 )

0 (IgT S 59®Rj>

j=1

therefore the reduced SSF model becomes
1
Yr = (Ir®4,) (mT_ZS >
q ' q . -1
(Z SJT®1“J-> (IgT - Z SJT®R]»> Yr+Zr| + Er (122)
j=0 j=1

X

-1
Xr = (Ir®A,) <gT—Zs ) Yo+ Ar. (123)

Using the simplifying notation from Definition 3.0.4 we can write (122) and (123) as

Yr = AVAY AP v, +AVZ, + Ef (124)
——
:T
Xr = (Ir®A4,) AP T +Ar (125)
H,_/

—
=
=]

T

Next, we consider the covariance structure of &, which can be easily obtained from the

reduced form T-notation expression (117). The following lemma gives the required expression.

Lemma 3.5.4 Consider the VAR process (117). By Assumption 3.5.1, E[lvv)] = X, =
a

E[Y7Y' 7| =I;0X,. Then ¥== AP (I @ %,) A'Y, where AY = (I, - Y. S5.0R;)™
j=1

Proof Since =, = A )T, and E[Er E'T] = XY=, we have Y=z = AS)E[TTT’T] A'g’) =
) )

AVE (Y1) AP = A(E) (Ir® X , as required.

Q.E.D

To examine the likelihood of the SSF model firstly note that the reduced SSF model (120)
is (n + k)T-dimensional, thus the SSF likelihood will be (n + k)T-variate Gaussian, thus of the
same form and dimension as the likelihood of the RSLF model given by (33). Recall that by

Assumption (113) as shown in (117), the Z7 process can be expressed as a linear function of
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the residual vector Y. Defining L3°F = (E';: A'p: X'p: Z/'7)', assuming 17 is Gaussian

and independent of other latent components it follows that

ET IT ® @5 0 0 0
Ar 0 Ir® 6 0 0
~ N, my7 |0, 126
T, (thtgtm)T 0 0 I; 9%, 0 (126)
Zr 0 0 0 I W
N s NG ~~ J
L L Yssp .
Now, by letting
In 0 A(l)A(2)A(3) A(l)
Kgsr = 4 Bomam o T, (127)
0 I (In®A,) A 0

the reduced SSF model (122)-(123) can be written as a linear form in L3 i.e., as Kgsp L3577

Therefore, by Proposition 3.0.3 it follows that

L% ~ Npsrigamr (0, Zssr) = KsspLp™ ~ Noawyr (0, K ssp Xssr K ssr) -

Finally, since Z1 is a VAR(q) process by Assumption 3.5.1 whose covariance structure, by
Lemma 3.5.4, is Yz = Ag’) (Ir® X)) A’g’), we can parametrise X as

I;©0. 0 0 0
0 I;® 06 0 0

Y= 0 0  AYIrex,)AY 0 (128)
0 0 0 It QW

Therefore, modelling the Z process as a VAR(q) imposes the parametrisation Xz =
Ag’ ) (Ir®X,)A S Jon X 1. Hence with such structure imposed on X', it can be easily verified
that KgsrXssrK' ssr = KrX 1 K'g, thus the likelihood of the reduced SSF model (122)-
(123) is equal to the likelihood of the RSLF model (26) with the covariance matrix of Zp
parametrised as AY (I ® X,) A"Y.

4 Comparison of different forms

There are several possible criteria on which to compare different forms of the general DSEM

model. We have seen that different forms of the general model discussed in this paper are not
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identical re-arrangements of the same model in the statistical sense. Rather different assump-
tions about the modelled variables had to be made as well as some specific parametrisations
needed to be considered. In this respect, while substantively we are dealing with the same
model, its different forms might favour certain estimation methods and applications over the
others. In particular, we would be interested in the criteria such as 1) choice of estimation
method, 2) identification of the parameters, and 3) statistical assumptions about modelled
variables. We will look into some of these criteria, in turn, by focusing on particular forms of

the general model.

RSLF model. The RSLF model (section §3.2) has appealing implications when repeated
observations on the time series process Fl(-IT%) are available. Consider N independent realizations
of Fg?) are being observed. Then the log-likelihood (33) can be written for a single realization

as

k)T 1 | .
ln (Fggn 9) - —% In(2r) = SIn| K p B K el = Str P (KaBLK'n) " FLY), (129)

thus for N independent realizations, the log-likelihood becomes
) ~_(n+k)NT

N 1 .
tn (FY2:0 n(2r) — 5 In[Kn B0 K sl = 50 FV) (K n 0K r) " FL,

2
(130)
where FE\I,%T) = (F EI;), ceey FE\I;‘%) Now, ignoring the constant term and rearranging the matrices
under the trace, and multiplying by —2/N yields
1 1 1
In| K p 3L K'pl + Str (K1 K'n) ! NFgf%F’ng), (131)

which can be minimised to obtain the maximum likelihood estimates of the model parameters.
Inspecting (131), we can observe that that N~!'F g\l,%T)F ’5\},%% is the empirical covariance matrix of
the observable data, hence making (131) is a closed form likelihood. The log-likelihood (131) is
asymptotically equivalent to the Wishart log-likelihood of (N — 1)_1F§\I,%T)F’ %%T), the empirical
covariance matrix of the observable data.

Alternatively, an assumption that the observable variables are multivariate Gaussian along
with the independence of the N realizations (hence independence of the columns of Fng)F’EfT)
would imply a Wishart distribution of (N — 1)_1F§5”%F’ E\I,%T), hence a log-likelihood different from
(131) only in a scaling constant.

The availability of the closed-form covariance structure 3.2.1 implied by the RSLF model
also motivates generalised methods of moments or weighted least squares type of estimators.

Consider a quadratic form in a positive definite matrix W,
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1 1
(vech NF@F/E@ —vech K ¥ K' R> W (Vech NF%%%F’E\?T) —vech K ¥ K' R> . (132)

Clearly, (132) is a fairly general fitting function not depending on any distributional assump-
tions. Various different choices of W might be considered.

The RSLF model summarises the information about the latent variables in terms of their
population moments and hence does not require estimation of the unobservable vectors =7 and
H . Table 3 lists the matrices of parameters in the RSLF model.

Table 3: Matrices of parameters in different model forms

Vector /matrix Dimension Number of parameters | RSLF | OF | SSF
Hp m1 x 1 mT - - v
Er gl x 1 gT - - v
v m X m m(m+1)/2 v v | Vv
e. nxn n(n+1)/2 v v | v
O; kxk k(k+1)/2 v v |V
6," (k=g)x(k=g) | (k=gk-g+1)/2 | v |V |V
o5, gxg g(g—1)/2 A A
o5;" (k—g)xg g(k —g) A e
A(El) nT x nT m(n+pm —1) v v |V
A(EQ) mT x gT qmg v v v
AL gT x gT a9° - -]V
Y= gT x gT G (q+1/2+1/g) v - | -
23y gT x gT 9*(q+1/2+1/g) -V
X gxg %g(g +1) - — v
AP (Ir @ 2,) A'Y gT x gT g°g+1/2+1/g) S R B4

OF model. In section §3.4.1 the reduced structural OF model was shown to be equivalent
to the UL-restricted random-case RSLF model, obviously the number of parameters to be
estimated will be the same hence we do not need to consider the random-case OF model. It is
thus more interesting to compare the fixed OF model with the RSLF model. The OF model
has an immediate advantage of encompassing the cases with fixed observables or perfectly
observable indicators of fixed latent variables. The OF model can be estimated with maximum
likelihood, but it also facilitates instrumental variables estimators, hence the assumption of
multivariate normality can be relaxed easily in the context of the OF model.

Another interesting feature of the OF model is its suitability for estimation of DSEM models
with pure time series. We have pointed out to a straightforward estimation method for the

RSLF model when a cross-section time series data is available. While maximisation of (33)
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) might be considered, the OF model suggests a more feasible

for a single realization of FEIT%
approach. Namely, the log-likelihood (104) is of a standard multivariate Gaussian form but
with parametrised residual covariance matrix, hence it would be straightforward to maximise

it in respect to the model parameters.

SSF model. In section §3.5 we have shown that a state-space form of the general DSEM
model requires modelling =7 as a VAR(q) process. This imposes a parametric structure on
the covariance matrix of &1 given by Lemma 3.5.1. Specifically, estimating coefficients of a
VAR(q) process for Z1 has the effect of imposing parametric structure Ag’ ) (Ir®X,)A S’ )
on X=z. Without modelling the Z7 as a VAR(gq) we defined X'z unconstrained with bound-
Toeplitz structure owing to covariance stationarity of 27 (see Appendix B). By Proposition
321 we had ¥z = It ® @9+ >, (S @ &;+ 8% ® ®’), where @ is symmetric g X g
matrix with g(g + 1)/2 distinct elements. Similarly, for j = 1,2,...,¢, ®; is g x g with
g? distinct elements. Thus I+ ® &, + 23:1 (SZ_F ® P+ S’Q‘} ® 45;) has qg + g(g + 1)/2 =
g*(q + 1/2 + 1/g) distinct elements. On the other hand, imposing a VAR(q) structure on
Y= results in parametrisation of the covariance matrix of Z; given by AS )(I 7R ZU)A’g’ ),
where A(ZS) = (Iyr — ;1.:1 SjT®Rj)_1. Hence we have ¢ g X g matrices R;, each having ¢°
elements, and a symmetric g X g matrix X, with g(¢g + 1)/2 distinct elements. Thus, the
VAR(q) parametrisation of X'z results in the same number of distinct elements of X'z, namely
9°(¢+1/2+1/g).

However, when the aim of the SSF specification is the application of the Kalman filter, then
the model needs to be in its recursive form (i.e., t-notation) given by (114), therefore, the state
vector that includes =1 and H 7 will be treated as a vector of missing values, thus requiring
estimation of additional (n + k)T parameters. Recall this was not the case in the RSLF model
which used the summary information about these vectors in the form of their second moment

matrices.

Appendix A

Proof of Proposition 3.1.1 We will show that the log-likelihood (31) can be written as a
sum of the conditional log-likelihood of of V1 given =1 and the marginal log-likelihoods of =1
and Zp. By Definition 3.0.4 the matrix K g is upper triangular with identity matrices on the
diagonal and from (24) X is block diagonal. It follows that the determinant of the product
KX K is equal to the product of the determinants of the block-diagonal elements of X7,
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KX K| = |Kg||¥L| K|
= |I]|X]|T|
= I;® 0| |I;® 0| 2:||Ir® P, (133)

which further simplifies to 7% |©.]|@s| | ¥| | X'z|. Note that

-1
I 0 AYAD AW I 0 —AYAY —AD
0 1 I A, 0 o 1 -1 A, 0
K3 = e = e , (134)
0 0 1 0 0 0 I 0
0 0 0 1 0 0 0 I
and
Ir® 6, 0 0 0 - Ir® 67! 0 0 0
51 0 Ir®60; 0 0 _ 0 Ir®0;" 0 0
L 0 0 >= 0 - 0 0 >t 0
0 0 0 ItV 0 0 0 Irew!
Since (KsX K%)= K"Y "K' we can re-arrange the trace of the product
Yr
/ / = / 7\ —1 X
tr(YTZXT::T:ZT)(KSZLKS) =,
Zr
Yr
—t . [ 75 ! 17/ y—1g—1 XT
=tr (Ypr: X'p:Ep:Z'7)K"Z'KS | 20 |, (135)
Er
Zr
and multiply
Yr 1 0 —Aa04P Al Yo Yr—AD (4A%=; 4 ZT)
K- {T o1 -IreA4A, 0 Xr | _ Xr—Ir®A)Er
S| Er 0 0 I 0 Er Er
Zr 0 0 0 I Zr Zr



Therefore, the joint log-likelihood (31) can be written using (133) and (136 as

1 1 | |
ls <F(TS);0> = a-;|lr® 6.~ ;|Ir® O - SIn|Tz| - Sl |Ir ® P

1 gr\\ ( Ir® 0! 0 Er
B 2tr<VT_P<ZT )) ( 0 Ir® 05! Vr=P{ 4,
1 1
— 5’61" (ETE/TZ‘El) — 5’51“ (ZTZ/T (IT & !I’il)) . (137)

Note that the conditional log-likelihood of V1 given E¢ and Z 7 is

tyes (Vi Er, 27:60) = — T r® O )\

1
;. m@r) -5 ‘( 0 Ir®6;!
1 = ! I ® @5_1 0 T
—5t <VT—A< P )) ( ., oot ) (Vr-Aa( g ) 0

while the marginal log-likelihoods of E+ and Z 1 are

N [

gl 1 1

EE (E’T702) = —711'1(271') — 511’1 ’25| - 5131‘ (ETE/TZ 1) 5 (139)

[ |

and

T 1 1
EZ (ZT793) = —%11’1(271’) - §IH|IT 0% W| - §t1' (ZTZ/T (IT X W_1)> y (140)

respectively. It follows that /g (F(TS); 0) =lyizz (Vrl|Er, Z1;01) + U= (E1;02) + L5 (Z1;03),
as required.

Q.E.D.

Appendix B

Proof of Proposition 3.2.1 Firstly note that by Assumption 3.0.1 implies we have the fol-

lowing results for the time series processes {¢}1, {e};, and {8}],

! W, k:S ! 71\ / /
E[¢4Cios] = { 0. ks = E[(C,....¢) (L. )] =Ire @
/ 967 k:S / Y / /
E[et—ket—s} = { 0 k’7é8 :>E[(€17"'7€T) (ela"-7€T)] :IT®@5
Os, k= / AN /
E[ét—kég—s} = { 05 k;zéss :>E[(617"'76T) (617'--a6T):| =1Ir® 6,
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therefore, in T-notation (Table 2) we have

B12:2y] = B|(vece{¢}]) (vee{¢)])] = Ure #) (141)
E[E,E,] = E :(Vec {e)” ) <Vec {&:2}?)} — (Ir® 6.) (142)
E[AAY] = E :(vec{at}f) (vec{ag}fﬂ = (Ir® ;). (143)

By the reduced-form equations (22) and (23) for Y and X1 the block-elements of (34)

can be derived as

211 == E[YTY,T]

p -1 q
- E||Ur®A4) (ImT—ZSZ[@@Bj) <<ZSJT®Fj> ET+ZT>+ET
j=0 j=0
p ) -1 q ) '
x| (Ir®A,) <ImT—ZSJT®Bj> ((ZS%@I}) ET+ZT>+ET :
j=0 Jj=0

212 — E[YTX{T]

p -1 q
= F (IT®Ay)<ImT_ZS%W®B]> ((ZS%@I}) E'T+ZT>+ET
=0 =0

X ((IT X Aa:) ET —+ AT)/:| ,

and

Yoy = E[XTX/T]
= E[((Ir®A,) Er+ Ar) (Ir® A) Ex + Ar)],

which by using (141)—(143) evaluate to (35), (36), and (37), respectively. Note that by covari-
ance stationarity (Assumptions 3.0.1 and 2.0.2) X'z has block-Toeplitz structure
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$ & P - P,
I SRR
Y= = P, &, D
: &, b, &P
By, o By By By
T-1 T-1

- (S @)+ (S5 &)

j=0 j=1
T-1 ‘ .
= I;r®o P+ > (550 8+ 8% &), (144)
j=1

and also note that E [Z7Z}| = I7 @ ¥, E|E;E}]| = It ® O,, and E[ArAL] = I1 ® O,
Typically, most of the block-elements @, of the second-moment matrix F [Z7Z2°] will be zero,
depending on the length of the memory in the process generating &,, which for the reason of

simplicity we take to be gq. Thus, for j > ¢, @; = 0. It follows that (144) can be simplified to

- P, 0 - 0
e, .
0 4 . ,
I =She B+ (She &+ 8570, (145)
0 ¢; )
: . . b,
o - 0 &, - &

which consists of only ¢ + 1 symmetric matrices @y, ..., ®,. Finally, note that X7, = Xq;.

Q.E.D.

Appendix C

Proof of Proposition 3.4.2 The proof proceeds similarly to the proof of Proposition 3.1.1.
Firstly note that (84) can be written as
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1
S5y (P 0) = - (ntktgtmly on_ n MM

2
Yr
xWM
—%tr(Y’T;X/(T“;X’(TU):A@FU);Z’T) Mz v | x| (146)
A
Zr

which can be rearranged by following the same procedure we used to derive (137) as

IT® 6 0
_1 € — |1 @ —Iln|¥z|—ihn|I; @ @
N G I IR
() ! ()
Y g i((T” Ir® 6! 0 Yo\ _ 4 i((T”
2 x M T 0 IreeiM! x M T
Zr Zr
1 x5 (), A (I 1
Lty ((1:-T) Al (x: A < _I>25
~su (AP A (100 0") ) — St (202" (Ir @ ®7Y)),
(147)
where
- AV AL A0 AL Al
A = = E = = = ) (148)
Ip® A, 0 0
Note that A(l)A(E Er= A(EI)A(;)X%U) AS)AS)A%U). Finally, we can observe that
gY,XA|XU,AU,Z <YT,X£FA)’X§FU), AgﬂU)7 ZT70>{> = —Mln(2ﬂ-)
1y IT® 6, 0
(U) !
X
Yo » T
—%tr < X(A) ) — A A%U) (149)
T ZT
()
[ 1reer! 0 Yo\ o X
0 Ir® @(AA) 1 X(TA) A
Zr

is the conditional log-likelihood of Y7 and X EFA) given X (TU), AT , and Zp. The marginal
log-likelihoods of X (TU) — A(TU), v, and Z 7 are given by
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T 1
Onr (X(TU) - A(TU);e);) - —97111(270 — 5|2

T 1 1
Our (A(TU);0§> - —%ln(?w =1 )IT ® OV ‘—ﬁtr <A(TU)A’(TU) <IT ® @ggv>) ) . (151)

and

T 1
Ui (Z7;0%) = —m— In(27) — = ln Ir@ ¥|— 5t (Zr+Z'r (Ire ®7)), (152)

respectively. Hence (84) factorise into (85), as required.

Q.E.D.

Appendix D

Proof of Proposition 3.4.4 We will compare (90) and (50) by comparing their corresponding
block-elements in expectation and probability limit. Recall that by Lemma (3.4.1) we have

X== EE(U)L([ I ® @ggU). Therefore, we can evaluate the block elements of (90) as follows.
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Sy = B[(ADADXY - AL AP AY + 4Dz, + EBr)

« (XI%U)AI(Q)AI(D . A/%U)Al(;)Al(El) 4 Z/TA/(l) +EIT>]

= APAY E[xP x| a0 - AP AP | xP AP 4D aY

~—_—— N———
2 I:205"
———— N———
0 0
= AVAD B [AV X a4l 1 AL AP B (AP AP 4D Y
~—————— ~————
I @fslsw) I @ggw
~ AVAD B (A 7| a0 - AL AP B A E
————— ———
0 0
b AV B[z x| AP A0 AV B [2,a 0] AP A 4 AV B [202'7) 40
N— | —
0 0 I0W
+ A(El) E [ZTE/T] +E {ETX/gﬂU)} A/(E2)A/(El) - E [ETAlng)} A/(EQ)A/(EI)
; S— ——
0 0 0
+ E[ErZ'7) AL + E[ErE'r)
~———— ————
0 IT®QS
= AP (42 (20 - e el 4P e w)al 1o 6. (153)

By (73) for the random case or by (74) for the fixed case (153) becomes

AD <A(52) AP 4 I W) AY L 1,00, = By

~ (A
For 2; ))( we have
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N g (aADAP X[~ 4L 4D AT + AV Z1 + By )

=

T
= ADAY B[ xP x| (1re 4,) - AP AD B | xT A (1r e 4')

————— ——
»V0 I;505"
1 2 [+ (U A 1 2 U U i
+ ADAD p[xPaW] -4l AP B[P x V] (1r o 4.)
~—_—— N——
I:20" I:205"
+ AP AL E[AV AV (1re 4) - AP AD B AP A
—_—— —_——
IT®@(UU) IT®@(UA)
+ AV E|Z2: X" (Irw A,) — AL E | 2,47 (I 0 A,
= T = T
——— —— ——
0 0

N

0 0
— E [ETA W’} (IT 2 A ) +E {ETA’(TA)}
_ —_
= A48 (50 - 110 0" (170 4,) (154)

Similarly, (154) evaluates to A(El)A(EQ)ZE (IT ® /_1'x> = Z_'gf\))( Next, for ZN';U))( we have
S8 = B[(ADADXY) — AD AL A + 4D 77+ Br) X'
1

— ADAY B [xV )]~ A0 AP £ [a® x0]
—_— —_————

vuU
Zgg)[cj) IT®@¢(§6 )

+ AV B[z x' V] + B [Br x|

0 0
= 408 (2(0 - 110 0", (155)
which can be evaluated as A(EI)A(EQ) XY== E;U))(. For 22?)?) we have
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5% = EB[((red) X - (Ir e 4,) AP + AP)

x (X’(TU) (IT © A x) — A (IT ® [1’:6) + A’;A))}

= (Ire &) B[ XX (Ire 4,) - (Ire 4,) B[ x| (10 4',)
- -
2L 120"
+ (Ire &) B[ xP AP - (Ire 4,) E|[aAV X0 (1re 4',)
Treewn 1,004"
+ (Ir® 4,)E :A(TU)A’(TU)} (IT ® /i’m) ~ (Ir® 4,)E [A(TU)A“TA)}
NS - °
I,200Y 1,204
+ B AV V] (1re 4,) - B [aAV A (1r e 4,) + B[al) 4]
I,200" I:20" Ir205"
= (Ired,) (20 - e el (1r0 4) + 1re 64", (156)

which becomes (IT & /_1:,;) 2= (IT ® /_1/33) +Ir® @E;;A) = Z_‘E?X Similarly, for 2;5) it follows

that

50y = E|((Ire4,) X - (1r 2 4,) AY) + aP) x|

= (Ire &) B (XX~ (Ire 4,) E[aY x| + B[aP x|
-

A
2 I,200" I,008"

= (Ire k) (50 - 110 03") + 110 65, (157)

which evaluates to (IT X /LC) Ye+Ir® @f;QU) = Z‘ﬁ?)ﬂ”. Finally,

ZXX =k [X(UL)X grUL)} - Zgg)((])a (158)
thus trivially we have Z;X) = Z(UU) Therefore, E[X] = E[X] or plim1/T% = plim1/T X,
T—o00 T—o0
as required.
Q.ED.

Appendix E

Proof of Proposition 3.4.5 We firstly derive (105)—(107) from (99)—(101) using Assumption
3.0.1. For £2yy we have
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2yy = B|(AD2r- A0 AD AT 4 Br) (2740 - 44D A0 1 B

— A(El) E [ZTA/%U)} A/(EQ)AI(ED _|_ A(El) E [ZTZ,T} A,(El) + A(El) E [ZTE,T]

—_——— —_———
0 Ir0W 0
LB {ETA/(TU)} A/(E2)A/(E1) n A(El)A(;) E |:AC(Z“U)A/§£]):| A/(E2)A/(E1)
—_—— |
0 IT®@(UU)
— ADAP p [A(Tw Z’T] A AV AP E [A(TU )E’T} +E[ErZ'v) AY) + E[ErE'r)
~——— —_——
0 0 0 IT®@5
= AW (AQ (IT 2ol )) AP 11w sp) 29 4100 6., (159)

which gives (105). Next, for .Qg,X we have

2 - E[(AVz - ADAPAY « By) () - &Y (15 4))

T
AL E (2,40 AL E | 2; 4P| (100 4,) - 4D AP A A
-

0 0 TLoown
+ ADAY E (AT AV (Ir e 4.) + B [BraY| - B |Br A (Ir @ 4')
1,20 0 0
= DAY (1r20[") (110 4,) - AL 4D (1r 2 0fY) (160)

which, since It ® @éQU) = 0, yields (106). Finally, o) Q) can be evaluated as

2 = B|(aP - (Ire i) a)) (4 - 4P (110 4,))
= plaPay]-plaPal] (Ire 4.) - (Ir e 4,) B[ A7) AP
I,2O%" I,204Y I,20"Y
+ (Ired,) E|aY AW (Ir e 4',)
I,.20\Y
= 1o eV + (110 03" (1re 4,) - (Ire 4,) (Ir o 05")
+ (Ired) (fre 6" (1re 4%), (161)

yielding (107) again by noting that Iy ® @(AU) = 0. Secondly, we derive (108) as follows. By
Definition 3.0.4,
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I 0 ADAD A
Kp= =7= =) (162)
0 I I;®A, O
hence
Ir® 6, 0 0 0
_ _ 0 Ir@ @YY 0 0
Ds¥. D= o , 163
seLTs 0 0 ;o0 ¢ (163)
0 0 0 I;oW

where ¥ is defined as in (24). Finally, premultiplying and postmultiplying (163) by (162)
yields (108), as required.

Q.E.D.

Appendix F

Proof of Proposition 3.5.3 We will show that the general DSEM model (1)-(2) can be
written in the state-space form (111)—(112). Firstly, the structural part of the general DSEM
model (1) and the VAR(q) process for £, (113) can be written as a system

Ur _ BO FO 4
& 0o 0 &
(3 22 (3 2] ) o
0 R, i1 0 R, - Uy
or equivalently as

(I —Bo) —To n,\ _ ( B I M1
0 I &) 0o R )\¢,

B, I, .

+ o+ i + ) (165)
0 R, ét—r Uy

Therefore, the reduced form of (164) is

m\ (d-By I\ [( B Y[ n.,
&, B 0 I 0 R, &1
+ ...+(B7" FT)("”)+<Q>]. (166)
0 Rr £t77‘ Uy
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Note that

0 I 0 I
hence
(I-By)™" (I-By)'I, B, T,
0 I 0 R,
_( @ =Bo)'B; (I-Bu) I+ (=B IRy | e
0 R; ’
and

( (I - OBo)l (I - B;)l Ty ) ( ¢, ) _ ( (I =Bo)" ¢+ (I = By) " L'ovy ) . (168)

Therefore, using (167) and (168), the reduced form of the system (164) can be written as

(2)-(x £)(2) (5 D)(E)(2)
‘ft 0 R, 5t-1 0 R, St—r Uy

making use of the notation from Definition 3.5.2. Finally, we stack the current and lagged n,
and &, into a single column vector, collect all coefficient matrices in a single block matrix, and

stack the residuals into a single as

un I, Gl I, 4 Gr—l II, G'r K,
&, 0 R 0 R,y 0 R, vy
M1 I 0 0o o0 0 o0 0
9 = &1 JH = 0o 1 0 0 0o o0 , Wy = 0 ,  (170)
Merin 0o 0 - I 0 0 o0 0
€ o1 o 0o - 0o I 0 o0 0

and

A, 0 - 0
W, = Ye , F = Y , Uy = €t ,
Lt 0 Am cee 0 (515
therefore, (169) can be written in the state space form (111)-(112), as required.

Q.E.D.
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