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Abstract

We study the Gross-Neveu model in two dimensions first in continuum space-time and
then on a lattice with Wilson fermions. In the limit where the lattice spacing goes to zero
the same results are obtained for the lattice model as for the continuum model. However,
in the lattice model the bare mass has to be fine-tuned in order to restore the chiral
symmetry. We then introduce the three-dimensional Gross-Neveu model and show that
the two-dimensional model emerges from the three-dimensional model through dimensional
reduction either by imposing periodic or domain wall boundary conditions in the three
direction.
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Chapter 1

Introduction

Most of us have a good intuition for the phenomena of classical mechanics. We developed
them while looking at simple examples in our every day lives. It is, however, difficult to
obtain an intuition in quantum field theory as there are so few simple and exactly soluble
examples. Besides that, we should not expect the few toy models that exist to have any
direct implication to the real world. Still, it is important to study exactly soluble model
problems. They are sources of inspiration and provide an optimal playground for learning
more about the fascinating world of field theories. The techniques learned while working
on toy models may later be helpful for resolving the real hard problems which affect QCD.
In this work we concentrate on the Gross-Neveu model [1], a simple fermionic theory with
a scalar-scalar four-fermion interaction. The model was first studied by Gross and Neveu
in the large N limit, who found a dynamical mass generation breaking down the chiral
symmetry. The model is asymptotically free and thus resembles QCD in these two key
points. In the large N limit it is renormalizable both in two and in three dimensions. We
are particularly interested in the model from the point of view of dimensional reduction.
The two-dimensional model can be obtained through dimensional reduction of the three-
dimensional model either with periodical or with domain wall boundary conditions. The
motivation to do this is that the same should be possible for QCD. It should result from
dimensional reduction of a five-dimensional model with domain wall boundary conditions.
This is realized in the D-theory approach to field theory in which classical fields arise from
the dimensional reduction of discrete variables [2].

The structure of this work is as follows. In chapter 1, we analyze the Gross-Neveu model
in two dimensions. We show that the model has a chiral symmetry and how in the large N
limit this symmetry is spontaneously broken [3]. Chapter 2 discusses the two-dimensional
massive Gross-Neveu model on a space-time lattice with Wilson fermions [4], [5]. On the
lattice we have to fine-tune the bare mass in order to restore the chiral symmetry. This fine-
tuning is not a very natural process and besides that, if we were interested in simulations
at N < oo the fine-tuning would be a major problem. Therefore we are looking for another
way of constructing the two-dimensional model, namely by dimensional reduction. In
chapter 3 we study the three dimensional Gross-Neveu model [6]. We find a symmetry
that includes a change of the sign in the third direction. The three-dimensional model
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can either be in a broken or an unbroken phase, depending on the strength of the coupling
constant. Chapter 4 is devoted to the dimensional reduction of the three-dimensional to the
two-dimensional model. We start with the three-dimensional model in the unbroken phase
and introduce periodic boundary conditions in the third direction. When the extension of
the third direction becomes small in units of the correlation length the two-dimensional
model emerges from the three-dimensional one. In chapter 5 the massive Gross-Neveu
model in three dimensions and three-dimensional free fermions with domain wall boundary
conditions are analyzed. Chapter 6 combines the two approaches from Chapter 5 and deals
with the three-dimensional Gross-Neveu model with a dynamical domain wall [7], [8], [9].
The model is now in the broken phase. A potential with the shape of ether a kink or a
double kink is postulated and the self consistency of these potentials is shown. When the
extension of the third direction becomes small in units of the correlation length, again, the
two dimensional model emerges.



Chapter 2

The two-dimensional Gross-Neveu
model

The Gross-Neveu model [1] is a renormalizable, asymptotically free two-dimensional toy
model which displays chiral symmetry breaking and dynamical mass generation. In Eu-
clidean continuum space-time it is defined by the action

S[T, 0] = / i Zqﬂ(az)%aﬂi(m)—g (Zwi(@qﬂ@)) | (2.1)

where U and ¥ are independent N-component fermion fields (i = 1,..., N) and G denotes
the coupling constant. We will generally suppress the flavor indices 7 and use the notation
' (2.2)

Uy,0,V = Z Wiy,0, 0"

The two dimensional y-matrices are defined as v; = 01,7 = 09,73 = 03, where o; are the
Pauli matrices.

2.1 Chiral symmetry

First we investigate the symmetry of the two-dimensional Gross-Neveu model. To do so,
the spinors are decomposed into left- and right-handed components

Ve = v, (2.3)

i} 1
Tpp =10 q;%”. (2.4)
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Inserting the decomposed spinors into the action we obtain
_ , - _ a _ )

By investigating the terms

U 7,0, 1, = \Tf%(l = 73) 70 ;(1 —73)¥ = \T&(l —73)(1 4+ 73)7,0, ¥ = 0,
Wi = W51+ g (L4 39)8 = (14 7)1~ 25)3,0,0 =0, .
Wil = U (1~ )31+ 3)0 =0, |
B0, — @%(1 + 73);(1 ) =0,
we can write the action as
S[¥, ] = / d*x {\Ijmuau% +U77,0,9 — g(@R\PL)Q - %(\I/L\IJR)Z’ : (2.7)

Hence the action is invariant under separate transformations of the right- and left-handed
components of the fields.

\I/L—>8L\IJL, \IJL%SL\I’L and (2 8)
Vp — sp¥pg, ‘I’R - SR‘I’& '

with s, = £1, sgp = £1.

2.2 The large N limit

In order to perform explicit calculations we consider the N-component fermion fields in the
large N limit where g = GN is kept fixed and show that the symmetry is spontaneously
broken. Note that in the two-dimensional model the coupling constant is dimensionless.
It is convenient to linearize (2.1) and replace it by the action

S[W, U, d] = /de [\T/(ac)’yuﬁu\lf( )+ %@( )2+ U ()W (2)P(x) |, (2.9)
where B
O(z) = —GU(z)¥(x). (2.10)

The two actions are related to each other by

exp(—S[\I/,\If]):/ D exp(—S[V, ¥, P)). (2.11)



2.2 The large N limit

In the large N limit we may restrict ®(x) to its constant zero-mode ®y. Hence the inte-
gration over all ®(z) reduces to a simple integration over ®y (DP — ddj). We transform

the action into momentum space and obtain

S[U, U, by] = / &k / A U (K) (iryky + o)W (k) x
2

(27r)2/d2x exp(i(h +K))] + 2LG(I)8

— iz [ PR LER) b, + 20U +

L?
2G

2
@0,

where L? is the volume of space-time. The Fourier transformation is defined as

U(z) = (271T)2 /ko U(k) exp(ikx).

To solve the model we integrate out the fermion fields

/D\I/D\If exp(—S[¥, ¥, ®g]) = exp(—Ves;(Po)L?),

(2.12)

(2.13)

(2.14)

where V.;r(®g) is the effective potential. To do so we introduce periodic boundary con-
ditions in space-time, thus obtain a lattice in momentum space ( [k — (35)*3,) and
perform on each lattice point k the integral [ d¥;d¥ie~V*4¥s = Det(A). When we have
integrated out the fermion fields we let the lattice spacing go to zero and return to the

infinite volume. The integration of fermion fields is explicitly shown in appendix A.

/d% U (—k)(ivuk, + o)V (k) — %@2}

1
(27)?

- 1 . L2
a lg/d‘lf—kd‘l’kd% exp [—ﬁ Ek (V_k(ivuky + Po) V) — ﬁ(b?
2 2\N L 2
= H/d@o<k + 03)Y exp [——@ }
. 2G

] .
— /dcbo exp | Y In(k” + f) — —&;
k

= /D\IID\IJCZ(IDO exp {—

2G

(LY’ L2
~ /dCDO exp <2—) N/d% In(k* + ®5) — ﬁcpg
s

(2.15)
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We introduce a momentum cutoff A and thus the effective potential reads

[ 1 2 2 2 1 2
%ff(@o) :N -—W/d kln (k ‘f‘@o) +%CDO

o1 A 1
=N |-—— In (k% + ®2) + — 2 2.16
_ 27T/O dk kIn (K + 0)+2g 0} (2.16)
(@5 1

=N |2
|29 4m

((A? + @F) In(A? + @F) — OF In(PF) — AQ)} :

For large A and after adding the convenient constant ]\i—f(ln(AQ) —1), the potential reduces

to
2 1 [, [N+ B o, [N+ DF
‘/;ff((I)O) =N |:E — E <A In (T + (I)O In T

2.17
N o + o 1 o 4

= — 4+ —=|In{—5 ) - :

29 4w A?
Figure 2.1: Effective potential of the Gross-Neveu model.
Starting from (2.16), the minimum of the effective potential is given by
1 29 0N

Oy Vorp(Dg) = — d’k — =0, 2.18

and we obtain the so-called mass gap equation

1 2 1
A’k = . 2.1
(27)? / k24+®2 ¢ (2.19)

To evaluate the mass gap equation a momentum cutoff A is introduced and for A — oo
the potential &, amounts to

1
Dyp= A (2.20)
1/ €xp 27” -1
We assume that ¢ < 27 and then (2.20) reduces to
77
Oy = Aexp (——) . (2.21)
9

As the model displays dynamical mass generation (®y # 0), the symmetry is spontaneously
broken.



Chapter 3

Lattice Gross-Neveu model

In this chapter we give a brief introduction to lattice fermions [10], [11], [12] and then

investigate the Gross-Neveu model on a two dimensional lattice [4], [5].

3.1 Lattice fermions

In the preceding chapter we have studied the continuum action and the partition function
Z = [ DUDVexp(—S[¥,¥]). So far the path integrals have not been given a precise
mathematical meaning. We do this now by replacing the continuum fermion fields by
variables that live on the lattice points . The transition is performed by making the

following substitutions
U(z) — ¥,
U(z) — U,
1
3#‘1’(@ - a (Waip — ‘I’x—ﬂ) )

/d2x — a? Z,

where a is the lattice spacing.
The action of massive naive lattice fermions without an interaction term is

S0, W] = 53 (W Wy — Wi W p,) + Py Y WL,
Z, x
=a) UKV,
z,y

with X
K = Z 7#5(5x+ﬂa,y - 5xfﬂa,y) + amO(S:ﬁ,ya
m

(3.1)

(3.3)
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and || = 1. It is instructive to transform this expression to momentum space, because it
allows us to read off the lattice fermion propagator

™

<V, U, >=K! —/” d*k =i, yusin(kua) + ma
o -z (2m)2 Z#a—gsin(kua)2+m2

The energies of the lattice fermions show up as poles in the propagator (3.4). For small
m the denominator (3.4) goes to zero not only at k, = 0, but also at the corners of the
Brillouin zone, where k, = m/a. Therefore the spectrum has 3 (resp. 2% — 1 in a d
dimensional theory ) extra fermions that are absent in the continuum theory. These extra
states do not disappear in the continuum limit, thus the naive lattice fermion action (3.2)
does not lead to the correct continuum theory. This is the so-called fermion doubling
problem. It has been shown by Nielsen and Ninomiya [13] that one cannot solve this
problem without breaking the chiral symmetry in the limit m — 0.

One proposal how to deal with lattice fermions was originally made by Wilson [14]. The
action in (3.2) is modified in such a way that the zeros at the edges of the Brillouin zone
in the denominator of (3.4) are lifted by an amount proportional to the inverse lattice
spacing. The so-called Wilson term thus eliminates the doublers. The price one has to
pay to eliminate the doublers and hopefully to ensure the correct continuum limit is the
explicit breaking of the chiral symmetry.

exp(ik(z — y)). (3.4)

3.2 Gross-Neveu model on a two-dimensional lattice

We calculate the effective potential and the mass gap equation. It is shown that the effective
potential becomes chirally symmetric in the continuum limit if the coupling constant is
adjusted. On the lattice the action of the massive Gross-Neveu model with the Wilson
term looks as follows

T/ a 1 % I % 7 \TERVIE
S[, 0] = 52 (U ey — Uiy s ) +a’mg Y WL
0 T
(3.5)
a TR\ &Iyt & Tyt QG Toi i) 2

+r§; UiV —TLwi o — VT ) —a 5%: (i)

We linearize the action by defining o(z) = mo — GV, ¥,, and promptly restrict o(z) to its
zero-mode . Furthermore we set the Wilson parameter r» = 1.

S[\Tlv‘y7a] = %Z(\Iﬂf}/ﬂ@;+ua ‘Ijlfy,u r— ua +a UZ\PZ\PZ

@,
Lo w69
+§Z(2\1/$\11 L 1A SRR A A 55 (7 = mo)”
The partition function is given by
- /D\ffxD\I/yda exp <—a ;y: U, KV, +a ﬁ(a — m0)2> , (3.7)
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with

1

K = B Z [7ﬂ(5m+ﬂa,y - 5x—ﬂa,y) + 202,y — Outjiay — 5r—ﬂa,y] + 400y,
“w

2

0 [ [ s el — ) () — expl k)

+ / % exp(ik(x —y))(2 — (exp(ik,a) — exp(—ikya)) + ao)}

2k o
N a2/ 2y Pk =) [ZW sinkya + Y (1= coskya) + a0 | .
I

Here we introduced the notation ki = k,. Inserting (3.8) into (3.7), replacing the sums
over x and y by integrals and going to momentum space, we obtain

Z = H/d\l/ AW, do exp [——/CF /d2 / @k / K /gf) X

exp(iz(k’ + k)) exp(iy(K" — k)W (i”yﬂ sin k,a + Z(l — coskya) + aa) W

m
1
+%(O’ — m0)2
H/d\I/ dV,doe l/dzk\IJ 7y, sin k —i—Z(l cos k,a) + v
= _ oexp |—— k| iyusink,a — a) + ao
1
—l—%(a —mg)?|.
(3.9)
Then we integrate out the fermion fields and obtain
2 [T PR
Z=exp |NL B (27T)2Det n(ivy,sink,a + Z(l — coskya) + ao)
i g (3.10)
L? 9
+ ﬁ(@' — mo) ] .
Thus the effective potential is given by
Verr = N/ ln(Zsm kua+ ( aa+z (1 —cosk a)))
(3.11)

+ 2g(a—m0) :
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Varying the effective potential, we obtain the bare gap equation

Wy —N/Z 2k 2(0 +>_,(1 —cosky,))
oo _= (2m)2 37, sin k,a + (ao? + >, (1 —coskya))? (3.12)
Mo —me) =0 |
—(oc—myg) =0,
P 0
oc—my /Z A2k J—{—Z#(l—cosku) (3.13)
29 Jo= (2m)2 ) sin’ kya+ (a0? + 30, (1 — cos k,a))? '
In order to evaluate the effective potential we rewrite it as follows:
Vers
—==A-1 3.14
N ’ ( )
where
A= (o —mp)? (3.15)
= 2g g mo), .
o &k £
1= " 2 (ma+mi+ ), 3.16
| g (maem+ 5 (3.16)
A= Zsin2 k.o + (Z(l — cosk,a))® + o’a?, (3.17)
1 p
£ = 2a0 Z(l — coskya). (3.18)
o
We then expand the integrand into a power series of ¢
I=L+L+1I+---, (3.19)
where
o &k
Iy = ——InA
0 /_W (271')2 e
¢ (3.20)

(—=1)" /Z Pk &
I, =— — n=1,23,....
n ) Cnzan "

It can be shown that I; reduces to a linear term in ¢ and I, reduces to a quadratic term
in o, while I,,(n > 3) vanishes in the limit @ — 0. This is seen by rewriting (3.20), using a
rescaled variable p, = k,a.

I Gt d*p (22, (1 —cosp,))"
I, = - (20) /_Tr (27)2 (Zu Sin2 Dot (Zu(l — cosp,))? + a2o?)r (3.21)
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These integrals are well defined in the limit a — 0.
2
-[1 = _0-617
a
I, = —20%, (3.22)
I, = 5 (n > 3)7
with
¢ = /7r ot 2l Z cosp) = 0.3849
L @R s, + (D, (1 —cosp))?
B, 9 (3.23)
Y A L)
2 = : = 0. :
x (2m)2 (32, sin pu + (32, (1 — cospy))?)?
Next Iy can be written in the integral representation
L= [ doF(p)
0
n 3.24
- [ 2 : o
= = (2m)2 )0, sin® k,a + (22, (1 —coskya))? + pa?’
In the limit a — 0 we have
* d’k 1
Fio) = [ e (3.25)
oo (2220 K 4 p
with
T2 — sin 2 1 —cos 2
B R 8 ST R s
—r (2m)2 (32, sin® py + (32, (1 = cospu))?) (32, ph)
We can check (3.26) by calculating
-’k 1
lim | F(p) - / _
a—0 ( _e (2m)2 30 KL+ p (3.27)
lim T d?p (Zu(pu —sinp,))? — (Zu(l — cospy))? .
: =Cp
=0 J_ (2m)2 (32, sin® p, + (32, (1 = cospy,))? + pa®) (32, p2) + pa?
Then F(p) and Iy are computed
Flp) = (" s 1)+ L 1(ap) 4 ¢ (3.28)
= —In(— co ~ ——In(a ¢ :
Pr=tr azp 0 47 P 0
1 2 2
I = —7-0" 1n(“60 ) + é902. (3.29)
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Now we are ready to compute Vss in the limit @ — 0

‘/eff . 1 20 1 a20'2

N %(0—m0)2—701+20202+E021n .

— o, (3.30)

Since we are interested in a renormalized theory with chiral symmetry, we map the lattice
spacing to the continuum cutoff

1 . 1 1
2cy + in Ina® —é = yym In (—) , (3.31)

and have to fine-tune the bare mass

= ——. 3.32
Mo a (3.32)
Finally we get
Vveff 1 2 0'2 02
— = — —In(— —1). 3.33
N~ 27 Ty U (3:33)

This is exactly the formula we obtained in the continuum model.

In this analytic calculation in the large N limit the fine-tuning of my was not such a
big problem. However, it is not very natural that the chiral symmetry is only restored
after the fine-tuning of the mass my. Besides that, if one is interested in monte-carlo sim-
ulations at N < oo, fine-tuning is a mayor problem. Therefore we are interested in finding
another way of constructing the two-dimensional Gross-Neveu model.



Chapter 4

The three-dimensional Gross-Neveu
model

In this chapter we perform similar calculations as in the first one, although now in three
dimensions. One mayor difference between the two- and the three-dimensional model is
that the three-dimensional model can be in a broken or an unbroken phase, depending on
the strength of the coupling constant, whereas the two-dimensional model is always in the
broken phase. The action of the Gross-Neveu model in three dimensions is given by

_ _ 3 )
S[\I/,\If]:/d?’:c [\I/(I)%Laulll(x)—%(\I/(x)\I/(I)) : (4.1)

Note that G® has the dimension m~! whereas the two dimensional coupling constant G
was dimensionless.

4.1 Symmetry

To investigate the symmetry the spinors are, like in the two dimensional theory, decom-
posed into left- and right-handed components

1+
\IJR,L = 13 \IJ’
12]F (4.2)
Tpp =T 273.

Inserting the decomposed spinors into the action we obtain

_ _ _ G®e  _ _
S[¥, V] = /d3x(\IJR + V)70, (Vr+ V) — T((\IIR + U (Vg4 Up))2 (4.3)
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After investigating the following terms

Ty = U1 = 7,0 (1= 3)¥ = T2 (1~ 70T,
V17,0, ¥R = ‘I’%(l + 73)7u0u ;(1 +73)¥ = ‘I’%(l + 73)7305 ¥, 44
UpWp = ‘I’%(l - ’73);(1 +73)¥ =0, |
Vv, = ‘I’%ﬂ + 73)%(1 —73)¥ =0,
we can write the action as
_ _ _ GA _ G®A _
S[W, U] = /d3a: {\PR%@L\I’R + V17,0,V — T(‘I’R‘I’L)2 - T(‘I’L‘I’R)2 @3)

+ @37333‘1% + ‘I’L’Y:aa?)‘IfR] .

In contrast to the the two dimensional model we do not have a chiral symmetry but a
symmetry that includes a change of the sign in the third direction. The action is invariant
under the transformations

U (21, 29, 23) — sp VL (21, T9, —13), Wp(w1,29,73) — s,V (21,72, —23) and (4.6)
Ug(z1, 22, 23) — SpVR(21, 2, —23), Vg(x1, 22, 23) — spUg(x1, 22, —23), '

with SR — :|:1, S — +1.

4.2 The Large N Limit

In order to perform explicit calculations we consider the fields in the large N limit where
g® = GOIN is kept fixed. In an analogous manner as in the two dimensional model, we
replace (4.1) by the action

S[T, 0, @] /d3 [ ()70, 0 () + 2(;(3)@2(1«) @) U@)D)| (@)
where
d(z) = —GOU(2)V(z). (4.8)
The two actions are connected by

exp(—S[¥, ¥]) = /D@exp(—S[\I/,\IJ,CI)]). (4.9)
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In the large N limit we may restrict ®(x) to its zero-mode ®y. Doing so the action in
momentum space reads

S, ¥, &) = &Pk | PEYE) (ivk, + $o)W (k) x
d*zexp(i(k + K)x) + L7 — P2 (4.10)
(27r)3 P 2G® 0 '
_ 1 3 : ’ 2
~ 7 / PEO() b + Do) U(R) + 5o B

where L3 is the volume of space-time. To solve the model we again integrate out the
fermion fields

/D\IID\IJ exp(—S[¥, ¥, ®g]) = exp(—V.s;(Po)L?). (4.11)

As in the two-dimensional model we introduce periodic boundary conditions in coordinate
space-time, thus discretize the momentum space ([ d*k — (3£)*>",) and perform on each
lattice point k the integral [ dW,d¥;e~ " 4% = Det(A). When we have integrated out the
fermion fields we let the lattice spacing go to zero and return to the infinite volume.

- , L?

= /D@D‘Pd@o exp [—

L3
I I 2 2

1
(27r)3

_ L3
L3 (O (ks + Do) W) — _3)@3]

L3
_ 2 2 2
—/d@gexp Zlnk + @7) 2G(3)<I>
3 2 2 L,
We then introduce a momentum cutoff A and with ¢® = G®N the effective potential

reads

! 1
Verr(@o) = N -~y /d3k1n (k* + @) + W(D‘%}

— N -—4—W/Adk;k21n (k* + @2) +Lq>2}

L (2m)* Jo v 2g® 0
Ca2 1
12g®)  6r

— (A3 In(A* + ®7) — §A3 +2®2A — 20 arctan (%))] .
0
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For large A and with the convenient additive constant ]g ;\23 (In A% — %) the potential reduces
to
3 1 A + ®F
%ff(q)o) :N [?&—@ (ASIIl( A2 0> +2®3A+7T|q>0’3):|
By? 1 A (4.14)
=N |22 - 2| .
67 29®) 272 ) 0
Starting from (4.13), the minimum of the effective potential is given by
1 29, Dy
Do Vers(®g) = — &’k — =0 4.15
o Ver(%0) (2wﬁ(/ﬁ R (4.15)

and we obtain the mass gap equation

1 2 1
Bh— = —. 4.1
(%p/‘ 1o o (4.16)

To evaluate the mass gap equation a momentum cutoff A is introduced and with A — oo
we obtain

I / 3 2

g®  (2m)3 k2 + ®2
1 A 1

=— [ dkk®

2 J, k% + @2

1 A
:ﬁ (A — ® arctan (5))

1 T
~— (A — =|D]).
(- Zja))

(4.17)

We introduce the critical coupling constant ¢ = 72/A. If 1/¢® > 1/¢(¥ the minimum
of the potential is at ®; = 0, the model is in the unbroken phase. If 1/¢® < 1/¢(° the
minimum of the potential is at |®g| = 27 (1/9(0) — 1/9(3)), the model is in the broken
phase.

Figure 4.1: Effective potential of the 3D Gross-Neveu model in the unbroken phase.

Figure 4.2: Effective potential of the 3D Gross-Neveu model in the broken phase.



Chapter 5

Dimensional reduction

We start in the symmetric phase of the three-dimensional Gross-Neveu model and introduce
periodic boundary conditions in the third direction (z3 : 0...3). It is shown that in the
limit 3 — oo the two-dimensional model emerges from the three-dimensional one.

5.1 From the three- to the two-dimensional model

The three-dimensional mass gap equation with periodic boundary conditions in the third
direction becomes
1 1

= 5.1
— 3+ k3 + @2+ (27n/B)° g¥ &)

2y 27

To evaluate the sum, we use the Poisson Formula

o 1 o0 ‘

; 6(2mn) = — ; / dré(7) exp(—ivT), (5.2)
and we obtain

o0 1 1 .
Z / 5 exp(—ivT)
— 2 2 27rn 2 2 2 T
w0 k2 4 k2 + B2 +< Pl k; SR D2 4 (ﬂ) 53)

Ep
:_ oth [ —
()
where E? = k% + k3 + ®3.

The mass gap equation then reads

1 1o (EB 1
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We introduce a spherical cutoff A and perform the integral

A 2 2
R (_M ﬁ)

21 Jo Vk? + @2 2 (5.5)
1 : 1 1
=3 {ln(smh(gwf\2 + ®3)) — ln(smh(§|<l>o|ﬁ))} =S
For large A we obtain
1 1 1
In Slnh(§|q)0|ﬁ) = Wﬁ (F - ﬁ) y (56)
where ﬁ = %
Starting from the symmetric phase and taking the limit 5 — oo, leads to
1 Y R B
§|<I>o|5 =e <g<3> g<c>> g (5.7)

We relate the three- to the two-dimensional coupling constant 1/g = 8(1/g® — 1/g()).
Now we have a hierarchy of different scales with the correlation length £ = 1/®4 being
the longest, ( playing the role of the inverse two-dimensional cutoff in the middle, and the
three-dimensional cutoff A being the shortest. In units of the correlation length £ = 1/®,
the extent of the third dimension 3 becomes small and the two dimensional model emerges.

Figure 5.1: @O(Q%,,)) for different 3.



Chapter 6

Massive fermions

In this chapter we consider massive fermions. First we introduce the massive Gross-Neveu
model at infinite volume. Then we consider free, massive fermions with domain wall
boundary conditions in the third direction s.

6.1 The massive three-dimensional Gross-Neveu model

In the massive Gross-Neveu model an explicit mass term m is added in the action. The
linearized action then reads

S[T, W, @) = / B () (30, + m) V() B2 4+ U(2)U(x)Dy.  (6.1)

*26®

Just as in the massless model we go into momentum space, integrate out the fermion fields
and obtain the effective potential

_ 1 3 2 2 1 2
%ff(q)()) =N |:— (27‘(’)3 /d k1n (k' + <(I)0 +m> ) + w‘bo

N[22 L (s (aZ 4 (@ 4 m)?) — 243 (6.2)
29 62 0 3 '

A
20 3
+2(Pg + M)*A — 2(Py + m)° arctan (‘Po —i—m) )}

For large A and after adding the convenient integration constant ]gﬁ (In(A%) — 2), the
potential reduces to

by + ml? o2 A
N | [Botml % ——2(<I>0+m)2}. (6.3)

Verr = 67 2¢0G) 27
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Starting from (6.2), the mass gap equation reads
D _ 1 / dp— Aot M)
g®»  (2m)? k? + (@ +m)?

1M Py +m
= — dk k* 6.4
2 /0 k2 + (®g + m)? (6:4)

) A
— o;m (A—((I)0+m)arctan ((I)O—i—m))'

For large A we obtain

A A )
<I>0:—m—%+—i\/(——z) 4 20T (6.5)
g® T g g

6.2 Free massive fermions with domain wall boundary

conditions

We consider free, massive fermions and introduce domain wall boundary conditions in the
third direction s with a domain wall at s = 0 and an anti domain wall at s = 3. When
solving the Dirac equation the left-handed part of the zero mode shall live on the domain
wall and the right-handed part on the anti domain wall. The action is given by

B _
S = /dtdx/ ds [W (iv"0, +m) V], (6.6)
0
the corresponding Dirac equation is
(iv*0, +m) ¥ = 0. (6.7)

From here we work in Minkowski space and use the following representation of the gamma

matrices
0o _ 0 -1 1 0 1 9 1 0

( 0, — 0, —0,+m ) V=0 (6.9)

This leads to

Using the ansatz: U = ¢/FiHho)y, we get
“9tm E—k \ [ Ur\
(T o) () =e (610

The equations for Wi and ¥, thus are

OV =(m*+ki — E*)Ugy. (6.11)
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We impose domain wall boundary conditions

Ur(s=0)
V(s =p5)

where 3 is the distance between the two domain walls and make the following ansatz for
the wave functions ¢ g

Yp = Asinh (s\/mQ—l—k% — E2) , m?+ k> E?

0,
6.12
N (612)

(6.13)
wR:Bsin(S\/EQ—nﬂ—k%), m*+ ki < E%
For 17, we obtain
A /m2 4 |2 2 /m2 4 12 2
;/)L:E_kl —\/m2 + ki — E?cosh | s/m? + ki — F
+msinh(s\/m2+k%—E2>}, m? + ki > E?,
. (6.14)
wL:E—/ﬁ {—\/EQ—mQ—k%cos(s E2—m2—k%>
—i—msin(s\/E?—mz—k%)], m® + kI < E°.
With ¢r(s = ) = 0 we get
\/m2+k‘%—E2:mtanh(ﬁwmz—kk%—EQ),
m? +k? > E?,
! (6.15)
E2—m2—k%:mtan(ﬁ\/EQ—mQ—k%),
m? + ki < B2

In the case of m?+k? > E? and in the limit (3 — oo) we obtain tanh(8y/m?2 + k? — E2) =1
and thus E? = k.






Chapter 7

Gross-Neveu model with a dynamical
domain wall

In this chapter we study the Gross-Neveu model with a dynamical domain wall. First
we assume that this model can also be regarded as a free fermion model with a space-
dependent mass term. The mass term m(s) plays the role of ¥W¥ and shall be determined
in a self-consistent way. It has been shown by Dashen et al. [15] that such a mass term
can have the shape of a kink or a double kink. We will start with the results from their
work and verify the self-consistency of the solutions, namely show that when solving the
corresponding Dirac equation and summing over all occupied states one indeed gets back
the original term [7], [8], [9]. The mass term can also be interpreted as a space dependent
potential.

7.1 Gross-Neveu model with a kink

The action of the model is given by
S = /dtdxds [V (iv"0, — m(s)) ¥] . (7.1)

We want m(s) to have a domain wall shape and choose m(s) = mgtanh(mgs). Hence we
have to solve the following Dirac equation

(iv"0, —m(s)) ¥ = 0. (7.2)

Using the same representation of the v matrices as in section 6.2 leads to

—0s —m(s) —i0 + 10, B
( iy — D, +B, —m(s) ) V=0 (7.3)

With the ansatz: U = ¢/FiHho)y, we get

(B ) ()= i
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These two equations can be decoupled and converted into two second order differential
equations. The equations for g and ¢, are

(=02 F 0sm(s) +m(s)* — B> + ki) ¢r1 = 0. (7.5)

Inserting m(s) in equation (7.5) and with E? = k¥ + k2 + m2, we obtain the following
equations

(92 + 2mg(1 — tanh®(mygs)) + k3) ¥r = 0,
(02 + k3) wr, = 0.

The solutions of this equation are one discrete state
1
o = ( coshiros) ) 7 (7.7)

with the eigenvalues £ = +k; and the continuum states

Ui = ( e ) , (7.8)

(7.6)

with the eigenvalues E = +/k? + k3 + m3. These states form a complete set of states
though they are not yet orthonormal. We can take linear combinations and form a or-
thonormal basis for the theory which we find to be

1
T _ 1 1 2 [ ko cos(kes) — m(s) sin(kss) GilBt ki)
Rodd =\ 873 E(E — ky) (—E + ky) sin(kys) ’

nas 1 : —kasin(kes) — m(s) cos(kas) \ i(Et4hia) 7.9
Ui cven = (8#3 E(E — /ﬁ)) < (—E + ky) cos(kas) c ’ (79)

1
(1 mg\? [ sech(mys) i(Bt4kro)
Uio = (R?) ( 0 € :

The subscript k, a characterizes the different states. k refers to (F, k1, k2) and « refers to
odd, even or zero. The allowed range of £ is given by —oo < E, k; < +00 and 0 < ky < 0.
The asymmetry in the range for ko arises because we have made linear combinations of
+ko and —ks to form the odd and even states. The orthogonality can be tested by showing
f dsdx dt \If,t’a\lfk/’a/ = Oa.ar0?(k— k") when a and o are not zero. If both o and o/ are zero
the three dimensional delta function is replaced by a two dimensional delta function in £
and k;. In appendix B the integral is explicitly calculated for all possible combinations
of & and /. Having solved these equations, we want to verify the self-consistency of the
solutions and get

U oWho =0,
@hodd\IJk,odd = E (ko sin kos cos kos — sin? kys myg tanh mos), (7.10)
_ 1
U cven Vkcven = —=— (—ko sin kys cos kos — cos? kys mg tanh mys),

43 F
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and m
- - 0
; \Ilk,a\];[k,a = \I/k\I]k = _471'3—_EJ(]{7) tanh mops. (71].)
Summing over the filled Dirac sea, the self-consistency condition leads to
NG®m, Ak 1
T tanh mops /_A/2 WW = my tanh mos, (712)

where the factor NV comes from the fact that each negative state is filled with N fermions.
To get back the original potential we thus must require

NG® /MQ d2k 1

A J_ppe (2m)% /K2 4 m2 B

3 AN
NG k (7.13)

S db——r =
8t Jo Vk? +mi
NG®)
v ) =1

7.2 Gross-Neveu model with a double kink

Again we consider the action
S = /dtdxds [V (iv*0, — m(s)) V] . (7.14)

Now the mass term has the form m(s) = mg(1l + y(tanh(é_) — tanh(&y))), with y =
sin (%%) &4 = ymos £ ¢, 0 = %arctanh(y). N is the number of flavors and n is the
occupation number of the discrete positive state. To solve the Dirac equation

(iv*0, —m(s)) ¥ = 0, (7.15)

we start in the same way as in the preceding section and obtain

—0s —m(s) —i0y + 10, B
( 1o i) >x11_o. (7.16)

With the ansatz: U = ¢/FiHho)y, we get
—0s—m(s) E—Fk Up )
( E+ Kk s — m(s) v, ) 0. (7.17)

The equations for Wi and ¥, thus are

(=02 F 0sm(s) + m(s)> — E> + k}) U = 0. (7.18)
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We subtract on both sides of (7.18) the term m2¥, to make the potential in this Schrodinger
like equation vanish asymptotically and use E? = mZ + k% + k2. This leads to

(92 £0sm(s) —m(s)> +mj) U = —k3 Vg . (7.19)

Now we insert the explicit form of m(s) into (7.19) and evaluate the expression term by
term
om(s)
Os

— miy? (tanh(¢,) — tanh*(¢_))

= oy’ (coshi(m B coshi@)) -

and

m(s)” = md = (m(s) — mo)(m(s) + mo)
— m3y(tanh(€_) — tanh(£,))(2 + y(tanh(€_) — tanh(&.))
— m2y2(tanh®(E_) + tanh(€,))
+ 2m2y(tanh(¢_) — tanh(¢) — ytanh(¢_) tanh (¢, )).

(7.21)

Using (B.8) one finds

m(s)® — my = mgy* (tanh(¢_)* + tanh(&,)* — 2)

., 1 1 (7.22)
- (cosh2<f> i 008h2(£+)> |

Combining (7.20) and (7.22) we get

dm(s) 2 2 2,2 1
+ — =2 —_—. 7.23
Inserting (7.23) into (7.19) we finally obtain
0? 21°m?
——t+—5—— | Vpp=—kVg . 7.24
(852 cosh2(§¢)) Lk 2L (7:24)

The solutions of (7.24) are two discrete states 15 and two continua of states 1;". The wave
functions of the discrete states are given by

1

ymo COS. _

vE = : ( h<§>> (7.25)
Feoshie

with the eigenvalues

Ep = £y/mi(1 —y?) + K2 (7.26)
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The continuum states are

- 1 ( (iks — mo) (iky — ymo tanh(€_)) ) gikas (7.27)

b Bk +ymo) \ £E(R)(iky — ymo tanh(€,))

with the eigenvalues E? = k? + k2 + m2.

Now we verify the self-consistency of the solutions. Summing W over all occupied states
we want to get m(s) back. The negative states are fully occupied whereas the discrete
positive state has n fermions and the continuous positive state is empty. Hence the following
condition has to be fulfilled

) . on -

S(s) = —GON (Z U o+ NQ’{\PJ) =m(s). (7.28)
For the discrete states we obtain

_ 2

R S

00 4 cosh(&y) cosh(&) (7.20)
1 —vy2m .
— Y7 (tanh(¢,) — tanh(&).

The negative energy state ¥y is fully occupied, whereas the positive state U§ contains n
fermions.

S()aiserete = GI(N = n) /T = y? L (tamh(&,) — tanh(-)) (7.30)
The continuum states are
- 1 , . .
UEUsE = [E(k)(—iky — ymg tanh(&,))(ike — mg)(tks — ymg tanh(£_))

= SEMR0Z + )

+ (—tky — mg)(—iks — ymo tanh(&_)) E(k)(iks — ymg tanh(&4))]

~ 2B(k) (R + y?m])

x [—2k3y(tanh(¢_) — tanh(&y)) — 2k5 — 2y”mg(tanh(E_) — tanh(&,))] .

(7.31)
Using (B.8) this reduces to
E(]{)(]{?j_ ygm%) [_<k§ + meg) - (kgy + m(Q)y) (tanh<€*) - tanh(£+))}
K2 (7.32)
- _EWZZ) [1 + yk(g +Z$g) (tanh(£_) — tanh(§+))] .

Performing the integral over all negative continuum states we obtain

A2 ko 1 m2_m2y2
con =N ®) / — |1 1 -9 07 h(é-) — h .
S(8)cont G"mg e @2 E(R) +Tyl(l+ 12 1 gPm? (tanh(¢_) — tanh(&,))
(7.33)
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Now S(s) is split into two parts S(s)eont = S(s)wm + 05(8)cont- Where

~ AJ2 2
S(8)cont = NG®mg [1 4 y(tanh(£_) — tanh(&,))] /—A/2 (;Z:):Q ﬁ (7.34)
and
A2 2
0S(S)cont = NG(B)mg(l — y?)(tanh(¢£_) — tanh(£,)) /_A/2 (;ZW]; E(k)(kgi_ A (7.35)

3S5(8)cont can be evaluated in the limit (A — oo). With (B.12) we get

55(5)oms = G0 T () — tanh(e,) / ey — !

T moy m3(1 — y?) + k?

(7.36)
X | m — 2arcsin MY .
VEE+md

We now fill all discrete negative states. These have energy Ey = —\/ m3(1 —y?) + k% and
exactly cancel the contribution 7 in (7.36). In order to cancel the arcsm—term in (7.36)
well, we need to fill some positive energy states. In order to stabilize the configuration, we
occupy all positive states localized on the wall (with energy Ey = v/m2(1 — y2) + k%) up
to some Fermi momentum kr. The cancellation condition which determines the value of
kr takes the form

/kF / 2arcsin(ﬂ) = log 1ty
kF\/kQ—i—mOl— \/mol— + k2T k3 +md -y
(7.37)
and hence,
The energy of the particles on the Fermi-surface
\/k2 +mg(l — \/y m3 + (1 — y?)mg = myq (7.39)

is therefore equal to the lowest energy mg of the states propagating in the (2+1)-d bulk of
the extra dimension. Any fermion that is added on the wall has enough energy to escape
into the extra dimension.
Finally we want to dimensionally reduce this model to the two-dimensional one and thus
further analyze the zero mode. We define the distance between the two kinks as § =
arctanhy/ymg. For large 3 we get y ~ 1 and thus y = tanh fmg ~ 1 — 2e~2%™0_ Inserting
this in (7.26) we obtain

E? = 4mle™2Pmo 4 k2, (7.40)

p=1/E? —k? = 2mge™ "™, (7.41)

In units of the correlation length £ = 1/p the third dimension becomes small and the
two-dimensional model emerges.

and finally



Conclusion and outlook

This chapter summarizes the main results and gives an outlook for possible further studies.
It has been shown that the two-dimensional continuum Gross-Neveu model has a chiral
symmetry that is spontaneously broken. When the model is considered on a lattice the bare
mass has to be fine-tuned in order to preserve the chiral symmetry. The three-dimensional
model can be in a broken or an unbroken phase. We showed two ways of reducing the
three-dimensional to the two dimensional model. One can ether start in the unbroken
phase of the three-dimensional model and impose periodic boundary conditions or start in
the broken phase and impose domain wall boundary conditions.

The following studies are suggested to be worked out in further studies: It would be
interesting to study the dimensional reduction in the Gross-Neveu model at finite N and
check whether the right dynamics are generated. This could be done through numerical
calculations such as Monte Carlo simulations.

Dimensional reduction is a generic phenomenon that occurs in a variety of models. Similar
calculations as the ones done here in the Gross-Neveu model should be possible eg. in the
O(3) model. The final goal would be to apply the techniques learned while working on toy
models to QCD. It should be possible obtain QCD through dimensional reduction of a five-
dimensional model. Such a to dimensional reduction approach to QCD is realized in the
D-theory where classical fields arise from the dimensional reduction of discrete variables.
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Appendix A

Grassmann algebras

Fermion fields are described by anticommuting (Grassmann) variables. Hence, let us have
a look at the so-called Grassmann algebra.
The generators of a n-dimensional Grassmann algebra are anticommuting classical variables
n; with (i =1...n),

{ni,mi} = 0. (A.1)

A general element of a Grassmann algebra is defined as a power series of the generators.
Since n? = 0, the power series has only a finite number of elements.

FO) = fo+ D> fmi+ Y fummi + > figenimgme + -+ + fro nmma - (A.2)
7 2,7

1:7j7k

The f;;.; are ordinary complex numbers, which are antisymmetric in ¢, j,...,l. The inte-
gration rules for Grassmann variables are

/dm =0, /dmm =1, /dmdﬁjﬁmj = -1, (A.3)

and the differentiation is defined by

0 0 0 0

1=0, —n =1, ——=—nn; = —1. (A.4)
on; on; on; 8773' ’

Notice that, because of the peculiar definition of Grassmann variables the integration over
7; is equivalent to partial differentiation with respect to this variable. The Grassmann
algebra we use to define fermion fields is generated by the Grassmann numbers

\111
2 _ o -
U= : , U= (UL UL oY), (A.5)

\IJ.N
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which are completely independent. We show that

N
/ DID exp(~FAT) = 3 / AT 4 exp(— T ATY) = Det(A),
=1

(A.6)

where A is a Hermitian N x N matrix. Using the power series expansion of the exponential

function and the properties of the Grassmann numbers we get

/D\IJD\I/eXp(—\IJ\IJ) :/mm%(—\ww

(2N(22N—1))

:/mf xp(_N#?NN! (whot. e
= ()"

=1.

(=1)
Then the variables are transformed as
U = Bd, U = &C,

where B and C' are the transformation matrices. Thus we get

[] ¥ =Det(B)[] @',
[] ¥ =Det(c)[] 2"
To preserve the integration rules [ DYDY UV = [ DOPDP P we require

T 1 7
Hd\l’ ~ Det(B) Hd@ ’

i .

T 1 i
quf - Wl:[a@.

7

Substituting (A.8) and (A.10) into (A.7) leads to

1
Det(B)Det

@) / DIDP exp(—PCBP) = 1.

With A = C'B and after renaming the variables we finally get (A.6).

(A7)

(A.9)

(A.10)

(A.11)
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Useful formulae

B.1 Orthonormalization

Here we explicitly show that the functions introdiced in Section 6.1 are orthonormal.

/dtdl‘ds\:[]‘};’odd\:[lk/,even - 07

/ dtdrdsU!

k,even

\Ilk/70 == O, (Bl)

/ dtdrds¥}, Vi =0,

1 ; ; / /
/dtdxds\IfL’O\I/k/70 = ;n_o doe dt ds——— o~ {(Btthkz) fi( Btk 2)

72 cosh?(mygs)
= Y[ e dtei BBt itk ) (B2)
472

— §(E - E)5(ky — k),
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‘/ﬁmﬂﬂimﬂmmpzégEikl

X (K cos ks — mg tanh mgs sin k) s)

+ (—E 4 ky)(—FE' 4 k}) sin kys sin klys]e " (E-Etemilli—k)y
472 1 , , ,

_ gﬁzszﬂ{w@kﬂ5%2—kﬁ—%&k2+k9

+ (= + k1)*(5(ka — ky) — 0(ks + k3))

+ /ds[ — my tanhmosdi(sin kos sin kys)
s

/ dx dt ds {[(k2 cos kas — mg tanh mgs sin kas)

+ mZ tanh® mgs sin kys sin kés] }5(E — E")o(ky — KY)
1 1
— 2mg tanh mgs sin kos sin kys|C 0 (E — E') (k1 — k)

= 8(E — E")o(k1 — k)6 (ks — K3),

1
T —

/dtdmdsq/kmenlllk/’evm = %E — kjl
(ki sin kys + mg tanh mgs cos kbs)

(—E + k1) (—E + k1) cos kys cos kjs|e Bt gmilhi=k)y
A4 1
ST T LRk 0k — ) + (ks £ KL))
(=B + k1)?(8(ky — kb)) — 8(ky + kb))

+
d /
+ [ ds [ — myg tanh mos (cos ks cos kys)

+ mZ tanh® mgs cos kys cos kés] }5(E — E"o(ky — k)
11 ,

=TT {27(E? — Ek1)(6(ky — kb)) — 0(ky + K5))

— 2mg tanh mos cos kqs cos kys|C YO (E — E")d (k1 — k)

= 0(E — E")o(ky — K)o (ko — K3).

/ dx dt ds{|[ (ks sin ko + mg tanh mgs cos ky$)

+ X

(B.4)
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To evaluate the preceding integrals we have replaced when required the trigonometric

functions by equivalent functions that are well defined at infinity

iks —iks
cos(ks) — cos.(ks) = lim ie*|s|%,
e—0 2
iks __ efiks .
sin(ks) — sing(ks) = lim ——————e I35,
e—0 2

B.2 Identities

We collect some useful formulas which are needed in order to derive the results of section

6.2.

1
Er =ymax £ §arctanh(y),
&4 — & = arctanh(y).

The addition theorem for tanh reads

_ tanh(&,) — tanh(&-)
tanh(§+ - 5—) T tanh(€+) tanh(f—)'

(B.6) and (B.7) yield the formula

y(1 — tanh(&,; ) tanh(€_)) = tanh(&y) — tanh(&-).

Furthermore, the relation

sinh(§, — &

tanh(§;) — tanh(§_) = cosh(&,) cosh(&)

together with

sinh(arctanh(y)) = ——=
l—y
yields

tanh(¢,) — tanh(£_) = ——2 !

Finally we evaluate the integral

>0 1
I = / di: E(k) = vVm? + k2.

E(k)(k? 4+ y*m?)’

o0

/1 — y?cosh(&y) cosh(&-)

(B.6)

(B.9)

(B.10)

(B.11)

(B.12)
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To do so we substitute k = msinh(z/2) and get
o 1
I, = d
' /_oo Z2m2(sinh2(§) +y?)

1 /Ood 1
= z
m? J_ o 2y? — 1+ cosh(z)
B.1
p ( 1—y2> (B.13)
= ———arctan | ¥——

m2y+/1 — y? Y

2
= m(ﬂ'/z — arcsin(y)).
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