Incomplete Stochastic Equilibria with
Exponential Utilities Close to Pareto Optimality

Constantinos Kardaras, Hao Xing, and Gordan Zitkovié

Abstract We study existence and uniqueness of continuous-time stochastic Radner
equilibria in an incomplete markets model. An assumption of “smallness” type—
imposed through the new notion of “closeness to Pareto optimality”—is shown to
be sufficient for existence and uniqueness. Central role in our analysis is played by a
fully-coupled nonlinear system of quadratic BSDEs.

Introduction
The equilibrium problem

The focus of the present paper is the problem of existence and uniqueness of a
competitive (Radner) equilibrium in an incomplete continuous-time stochastic model
of a financial market. A discrete version of our model was introduced by Radner
in [26] as an extension of the classical Arrow-Debreu framework, with the goal
of understanding how asset prices in financial (or any other) markets are formed,
under minimal assumption on the ingredients or the underlying market structure.
One of those assumptions is often market completeness; more precisely, it is usually
postulated that the range of various types of transactions the markets allow is such
that the wealth distribution among agents, after all the trading is done, is Pareto
optimal, i.e., that no further redistribution of wealth can make one agent better off
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without hurting somebody else. Real markets are not complete; in fact, as it turns out,
the precise way in which completeness fails matters greatly for the output and should
be understood as an a-priori constraint. Indeed, it is instructive to ask the following
questions: Why are markets incomplete in the first place? Would rational economic
agents not continue introducing new assets into the market, as long as it is still
useful? The answer is that they, indeed, would, were it not for exogenously-imposed
constraints out there, no markets exist for most contingencies; those markets that do
exist are heavily regulated, transactions costs are imposed, short selling is sometimes
prohibited, liquidity effects render replication impossible, etc. Instead of delving into
the modeling issues regarding various types of completeness constraints, we point
the reader to [31] where a longer discussion of such issues can be found.

The “fast-and-slow’’ model

The particular setting we subscribe to here is one of the simplest from the financial
point of view. It, nevertheless, exhibits many of the interesting features found in
more general incomplete structures and admits a straightforward continuous-time
formulation. It corresponds essentially to the so-called “fast-and-slow” completeness
constraint, introduced in [31].

One of the ways in which the “fast-and-slow” completeness constraint can be
envisioned is by allowing for different speeds at which information of two different
kinds is incorporated and processed. The discrete-time version of the model is
described in detail in [25, p. 213], where it goes under the heading of “short-lived”
asset models. Therein, at each node in the event tree, the agents have access to a
number of short-lived assets, i.e., assets whose life-span ends in one unit of time, at
which time all the dividends are distributed. The prices of such assets are determined
in the equilibrium, but their number is typically not sufficient to guarantee local (and
therefore global) completeness of the market. In our, continuous time model, the
underlying filtration is generated by two independent Brownian motions (B and W).
Positioned the “node” (w,t), we think of dB; and dW; as two independent symmetric
random variables, realized at time ¢ + dt, with values +Vdr. Allowing the agents to
insure each other only with respect to the risks contained in dB, we denote the
(equilibrium) price of such an "asset" by —A,dt. As already hinted to above, one
possible economic rationale behind this type of constraint is obtained by thinking of
dB as the readily-available (fast) information, while dW models slower information
which will be incorporated into the process A, indirectly, and only at later dates. For
simplicity, we also fix the spot interest rate to 0, allowing agents to transfer wealth
from ¢ to 7 + dt costlessly and profitlessly. While, strictly speaking, this feature puts
us in the partial-equilibrium framework, this fact will not play a role in our analysis,
chiefly because our agents draw their utility only from the terminal wealth (which is
converted to the consumption good at that point).

For mathematical convenience, and to be able to access the available continuous-
time results, we concatenate all short-lived assets with payoffs dB; and prices —A; dt



Incomplete Stochastic Equilibria 269

into a single asset Bt’l = B; + fot Ay, du. Tt should not be thought of as an asset that
carries a dividend at time 7', but only as a single-object representation of the family
of all infinitesimal, short-lived assets.

As a context for the ”fast-and-slow” constraint, we consider a finite number [ of
agents; we assume that all of their utility functions are of exponential type, but allow
for idiosyncratic risk-aversion parameters and non-traded random endowments. The
exponential nature of the agents’ utilities is absolutely crucial for all of our results
as it induces a “backward” structure to our problem, which, while still very difficult
to analyze, allows us to make a significant step forward.

The representative-agent approach, and its failure in incomplete
markets

The classical and nearly ubiquitous approach to existence of equilibria in complete
markets is using the so-called representative-agent approach. Here, the agents’ en-
dowments are first aggregated and then split in a Pareto-optimal way. Along the
way, a pricing measure is produced, and then, a-posteriori, a market is constructed
whose unique martingale measure is precisely that particular pricing measure. As
long as no completeness constraints are imposed, this approach works extremely
well, pretty much independently of the shape of the agents’ utility functions (see,
e.g., [14, 13,18, 19, 20, 9, 1, 30] for a sample of continuous-time literature). A con-
venient exposition of some of these and many other results, together with a thorough
classical literature overview can be found in the Notes section of Chapter 4. of [21]).

The incomplete case requires a completely different approach and what were
once minute details, now become salient features. The failure of representative-
agent methods under incompleteness are directly related to the inability of the
market to achieve Pareto optimality by wealth redistribution. Indeed, when not every
transaction can be implemented through the market, one cannot reduce the search
for the equilibrium to a finite-dimensional “manifold” of Pareto-optimal allocations.
Even more dramatically, the whole nature of what is considered a solution to the
equilibrium problem changes. In the complete case, one simply needs to identify a
market-clearing valuation measure. In the present “fast-and-slow” formulation, the
very family of all replicable claims (in addition to the valuation measure) has to be
determined. This significantly impacts the “dimensionality” of the problem and calls
for a different toolbox.

Our probabilistic-analytic approach

The direction of the present paper is partially similar to that of [31], where a much
simpler model of the “fast-and-slow” type is introduced and considered. Here, how-
ever, the setting is different and somewhat closer to [29] and [8]. The fast component
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is modeled by an independent Brownian motion, instead of the one-jump process.
Also, unlike in any of the above papers, pure PDE techniques are largely replaced or
supplemented by probabilistic ones, and much stronger results are obtained.

Doing away with the Markovian assumption, we allow for a collection of un-
bounded random variables, satisfying suitable integrability assumptions, to act as
random endowments and characterize the equilibrium as a (functional of a) solu-
tion to a nonlinear system of quadratic Backward Stochastic Differential Equations
(BSDE). Unlike single quadratic BSDE, whose theory is by now quite complete (see
e.g., [23, 5, 6, 12, 15, 3] for a sample), the systems of quadratic BSDEs are much
less understood. The main difficulty is that the comparison theorem may fail to hold
for BSDE systems (see [17]). Moreover, Frei and dos Reis (see [16]) constructed a
quadratic BSDE system which has bounded terminal condition but admits no so-
lution. The strongest general-purpose result seems to be the one of Tevzadze (see
[28]), which guarantees existence under an “L*-smallness” condition placed on the
terminal conditions.

Like in [28], but unlike in [31] or [8], our general result imposes no regularity
conditions on the agents’ random endowments. Unlike [28], however, our smallness
conditions come in several different forms. First, we show existence and uniqueness
when the random-endowment allocation among agents is close to a Pareto optimal
one. In contrast to [28], we allow here for unbounded terminal conditions (random
endowments), and measure their size using an “entropic” BMO-type norm strictly
weaker than the L*-norm. In addition, the equilibrium established is unique in a
global sense (as in [24], where a different quadratic BSDE system is studied).

Another interesting feature of our general result is that it is largely independent of
the number of agents. This leads to the following observation: the equilibrium exists
as soon as “sufficiently many sufficiently homogeneous” (under an appropriate notion
of homogeneity) agents share a given total endowment, which is not assumed to be
small. This is precisely the natural context of a number of competitive equilibrium
models with a large number of small agents, none of whom has a dominating sway
over the price.

Another parameter our general result is independent of is the time horizon 7.
Indirectly, this leads to our second existence and uniqueness result which holds
when the time horizon is sufficiently small, but the random endowments are not
limited in size. Under the additional assumption of Malliavin differentiabilty, a lower
bound on how small the horizon has to be to guarantee existence and uniqueness
turns out to be inversely proportional to the size of the (Malliavin) derivatives
of random endowments. This extends [8, Theorem 3.1] to a non-Markovian setting.
Interestingly, both the L*°-smallness of the random endowments and the smallness of
the time-horizon are implied by the small-entropic-BMO-norm condition mentioned
above, and the existence theorems under these conditions can be seen as special cases
of our general result.
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Some notational conventions

As we will be dealing with various classes of vector-valued random variables and
stochastic processes, we try to introduce sufficiently compact notation to make
reading more palatable.

A time horizon T > 0 is fixed throughout. An equality sign between random
variables signals almost-sure equality, while one between two processes signifies
Lebesgue-almost everywhere, almost sure equality; any two processes that are equal
in this sense will be identified; this, in particular, applied to indistinguishable cadlag
processes. Given a filtered probability space (€, 7r,F = {F;}ie(0,7],P) satisfying
the usual conditions, 7 denotes the set of all [0,7]-valued F-stopping times, and

#2 denotes the set of all predictable processes { Mt )rero,r such that fOT ytz dt < oo,

a.s. The integral fo. W, dB, of u € P? with respect to an F-Brownian motion B
is alternatively denoted by u - B, while the stochastic (Doléans-Dade) exponential
retains the standard notation &(-). The L”-spaces, p € [1,c0] are all defined with
respect to (€, F7,P) and IO denotes the set of (P-equivalence classes) of finite-
valued random variables on this space. For a continuous adapted process {Y; };¢[0,77,
we set

Y {ls= = llsup;cpory ¥l Ml s
and denote the space of all such Y with ||Y|| g« < 0o by S*. For p > 1, the space of
all ue P2 with ||,u||’;]p = ]E[ OT | o |P du] < oo is denoted by HP”, an alias for the

Lebesgue space L” on the product [0,7] X Q.
Given a probability measure P and a P-martingale M, we define its BMO-norm
by

o) E, [(M)r —(M)-1]|. ..

1Mo, = sup |

TeT

where EE [-] denotes the conditional expectation E@[-ITT] with respect to 7, com-

puted under P. The set of all @-martingales M with finite ||M IIBMO(]@) is denoted

by BMO(]@), or, simply, BMO, when P =P. When applied to random variables,

X € BMO(J@) means that X = My, for some M € BMO(@). In the same vein, we
define (for some, and then any, (P, F)-Brownian motion B)

bmo(P) = {u e P? : u- B e BMO(P)},

with the norm ||/J||bm0(@) = ||:U'B||BM0(1©>)~ The same convention as above is used:
the dependence on P is suppressed when P = P.

Many of our objects will take values in R/, for some fixed I € N. Those are
typically denoted by bold letters such as E, G, u,v, @, etc. If specific components are
needed, they will be given a superscript - e.g., G = (G");. Unquantified variables
i, j always range over {1,2,...,1}. The topology of R is induced by the Euclidean

norm |- |, defined by |x|, = 3k |xk|2 for x € R¥. All standard operations and
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relations (including the absolute value |-| and order <) between R¥-valued variables
are considered componentwise.

1 The Equilibrium Problem and its BSDE Reformulation

We work on a filtered probability space (€, Fr,F = {F;}i¢0,77,P), where F is the
standard augmentation of the filtration generated by a two-dimensional standard
Brownian motion {(B:, W) };c[0,7]- The augmented natural filtrations FB and FY of
the two Brownian motions B and W will also be considered below.

1.1 The financial market, its agents, and equilibria

Our model of a financial market features one liquidly traded risky asset, whose
value, denoted in terms of a prespecified numéraire which we normalize to 1, is
given by

dB}=A;dt+dB;,, te[0,T], (1)

for some A € P2. Given that it will play a role of a “free parameter” in our analysis,
the volatility in (1) is normalized to 1; this way, A can simultaneously be interpreted
as the market price of risk. The reader should consult the section ‘The “fast-and-
slow” model’ in the introduction for the proper economic interpretation of this asset
as a concatenation of a continuum of infinitesimally-short-lived securities.

We assume there is a finite number / € N of economic agents, all of whom trade
the risky asset as well as the aforementioned riskless, numéraire, asset of constant
value 1. The preference structure of each agent is modeled in the von Neumann-
Morgenstern framework via the following two elements:

i) an exponential utility function with risk tolerance coefficient 6° > 0:
Ui(x) = —exp(—x/&i), x € R, and

ii) a random endowment E’ € LO(%7).

The pair (E,8), where E = (E');, 6 = (6');, of endowments and risk-tolerance co-
efficients fully characterizes the behavior of the agents in the model; we call it the
population characteristics—E is the initial allocation and 6 the risk profile. In
general, any R-valued random vector will be refereed to as an allocation.

Each agent maximizes the expected utility of trading and random endowment:

E|U'(r- B} +E")] — max. 2)

Here {n;};[0,7] is a one-dimensional process which represents the number of shares
of the asset kept by the agent at time 7. As usual, this strategy is financed by investing
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in or borrowing from the interestless numéraire asset, as needed. To describe the
admissible strategies of the agent, we follow the convention in [11]:

For A € P2, we denote by M the set of absolutely continuous local martingale
measures for B, i.e., all probability measures Q < P such that EQ[h(Bf - B{i)] =0
for all pairs of stopping times o < 7 < T and for all bounded ¥, -measurable random
variables h. For a probability measure Q < P, let H(Q|P) be the relative entropy of
Q with respect to P, i.e., H(Q|P) = E [% log %] > 0. For A € P? such that M* # 0,
where

Mt ={Qe ML H@QIP) < 0},

a strategy 7 is said to be A-admissible if 7 € A*, where
At = {n € P?|x- B is a Q-martingale for all Q € Mﬂ} .

We note that the set A+ corresponds - up to finiteness of the utility - exactly to the set
®; in [11]. This admissible class contains, in particular, all 7 € P2 such that 7 - B*
is bounded (uniformly in ¢ and w).

Definition 1 (Equilibrium)

Given a population with characteristics (E, &), a process A € P2 with M* # 0 is
called an equilibrium (market price of risk) if there exists an I-tuple (7'); such
that

i) each 7’ is an optimal strategy for the agent i under A, i.e.
n' € argmax,, . 4 B [U'(n- B} + E')],

ii) the market clears, i.e., Y,; n* = 0.

The set of all equilibria is denoted by As(E,P), or simply, As(E), when the the
probability P is clear from the context.

Remark 1 The assumptions on the agents’ random endowments that we introduce
below and the proof techniques we employ make it clear that bmo is a natural space
to search for equilibria in. There is, however, no compelling economic argument
to include bmo into the definition of an equilibrium, so we do not. It turns out,
nevertheless, that whenever an equilibrium A is mentioned in the rest of the paper it
will be in the bmo context, and we will assume automatically that any equilibrium
market price of risk belongs to bmo. In particular, all uniqueness statements we make
will be with respect to bmo as the ambient space.

1.2 A simple risk-aware reparametrization

It turns out that a simple reparametrization in our “ingredient space” leads to sub-
stantial notational simplification. It also sheds some light on the economic meaning
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of various objects. The main idea is to think of the risk- tolerance coefficients
as numéraires, as they naturally carry the same currency units as wealth. When
expressed in risk-tolerance units, the random endowments and strategies become
unitless and we introduce the following notation

G-= %E, ie., G = %Ei, and p= %n’, i.e., pi = #ﬂ'i. 3)

Since A% is invariant under this reparametrization, the equilibrium conditions be-
come

ol e Argmax, ¢ g1 E [U(p-B% +Gi)] and  Y;aip' =0, @

where U(x) = —exp(—x), and o' = 6'/(3;6/) € (0,1) - with ;o' =1 - are the
(relative) weights of the agents. The set of all equilibria with risk-denominated
random endowments G = (G'); and relative weights @ = (a'); is denoted by A (G, P)
(this notation overload should not cause any confusion in the sequel).
Since the market-clearing condition in (4) now involves the relative weights o’
as “conversion rates”, it is useful to introduce the aggregation operator A : R — R
by
Alx]=Y;a'x!, forxeR/, 3)

so that the market-clearing condition now simply reads A[p] = 0, pointwise.

1.3 A solution of the single-agent utility-maximization problem

Before we focus on the questions of existence and uniqueness of an equilibrium, we
start with the single agent’s optimization problem. Here we suppress the index i and
first introduce an assumptions on the risk-denominated random endowment:

G is bounded from above and G € EBMO, (6)

where EBMO denotes the set of all G € L for which there exists (necessarily unique)
processes m% and n in bmo, as well a constant Xé} , such that G = XTG , Where

t t t
X,G:xg+f mfd3u+f nEqu—i-%f (M +(nd))du.  (7)
0 0 0

The supermartingale X admits the following representation
XE = —logE,[exp(~G)], so that U(XP) = E,[U(G)] fort €[0,T],  (8)

and can be interpreted as the certainty-equivalent process (without access to the
market) of G, expressed in the units of risk tolerance.

Remark 2
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1. When G is bounded from above, as we require it to be in (6), a sufficient condition
for G € EBMO is e~¢ € BMO. This follows directly from the boundedness of
the (exponential) martingale e X7 away from zero.

2. The condition (6) amounts to the membership M € BMO, where MY = m© -
B+n% -W. Then —-M% € BMO and, by Theorem 3.1, p. 54 in [22], E(-MY)
satisfies the reverse Holder inequality (R,) with some p > 1. Therefore, for
e < p—1, we have

E[e-(1+8)G] = B[~ (+o) X +Mﬁ+%<MG)T)]
= e (1+9X] g [(8(—MG)T)HE] < co.
On the other hand, by (1) above, we clearly have L> € EBMO, so
G €L™ = G € EBMO = E[e*®)Y] < oo for some & > 0.

In particular our condition (6), while implied by the boundedness of G, itself
implies the conditions G* = max{G,0} € L*, eCe Ups>1LP, imposed in [11].

We recall in Proposition 1 some results about the nature of the optimal solution to the
utility-maximization problem (2) from [11]; the proof if given in Section 3 below.

Proposition 1 (Single agent’s optimization problem: existence and duality)

Suppose that A € bmo and that G satisfies (6). Then both primal and dual problems
have finite values and the following statements hold:

1. There exists a unique p*© € A such that

p*C € argmaxE [U(p . B# + G)] .
peAl

2. There exists a unique Q*% € M* such that

Q'Y € argmin(H (Q|P) + EY[G)).
QeM?

3. There exists a constant ¢*C such that

O+ ptC B+ G = —IOg(Z;“G), where Zﬁ’G = d%;c ) ©)

The process p*C and the probability measure Q* are called the primal and

the dual optimizers, respectively. While they were first obtained by convex-duality

methods, they also admit a BSDE representation (see, e.g., [27]), where a major role

is played by (the risk-denominated version) of the so-called certainty-equivalent
process:

YO =UT (B (UGt B - p*C Bl +G)]), tel0.TI. (10)
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The optimality of p* implies that

U(Y*C) = esssupE, [U(p- B} - p- B} +G)|, 1 €[0.T]. an
peAl

Hence Y,’I’G can be interpreted as the risk-denominated certainty equivalent of the
agent i, when he/she trades optimally from ¢ onwards, starting from no wealth.
Finally, with

76 =g, [d%c ] =8&(=1-B-v*C.-W),, t €[0,T] for some v*° € P2, (12)
we have the following BSDE characterization for single agent’s optimization prob-
lem.

Lemma 1 (Single agent’s optimization problem: a BSDE characterization)

For A € bmo and G satisfying (6), let Y*C be as in (10), let u*° = 1 — p*C and
let v*C be defined by (12). Then the triplet (Y*C, utC v4C) is the unique solution
to the BSDE

dY; = p,dB, + v dW, + (37 = 327 + ) dt, ¥r =G, (13)

in the class where (1, v) € bmo. Such a unique solution also satisfies Y*6 - X© € 8*.
yAG_ AG 4G
VZ2Y

Given the results of Propositions 1 and 1 above, we fix the notation u
Q’LG, 746 and p’LG for A and G. We also introduce the vectorized versions
utC ytG QAC and Z4C, 5o that, e.g., uC = (u*¢"); and G = (GY),.

1.4 A BSDE characterization of equilibria

The BSDE-based description in Lemma 1 of the solution of a single agent’s optimiza-
tion problem is the main ingredient in the following characterization, whose proof
is given in Subsection 3.3 below. We use the risk-aware parametrization introduced
in Subsection 1.2, and remind the reader that A, (G) denotes the set of all equilibria
in bmo when G = (G?); are the agents’ risk-denominated random endowments and
a = (a'); are the relative weights.

Theorem 1 (BSDE characterization of equilibria)
For a process A € bmo, and an allocation G which satisfies (6) componentwise,
the following are equivalent:

1. 1 € Ay (G), i.e., A is an equilibrium for the population (G, @).
2. A = A[u] for some solution (Y, u,v) of the BSDE system:

dY, = p; dBy +v, dW, + (3v; = S Al P+ Al ) dt, Yr =G, (14)

with (u,v) € bmo'.
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Remark 3

1. Spelled out “in coordinates”, the system (14) becomes

{dY," = py dB, + v} dW, + (3 () = 3(3; 0/ i) + (2 0 pr) el di,
Yi=G,iel{l,2... I}
(14)
and the market-clearing condition A = A[p;] reads 1 =Y ; o/ pi/.

2. While quite meaningless from the competitive point of view, in the case / = 1 of
the above characterization still admits a meaningful interpretation. The notion
of an equilibrium here corresponds to the choice of A under which an agent, with
risk-denominated random endowment G € EBMO would choose not to invest in
the market at all. The system (14) reduces to a single equation

dY, = pe dBy + v, dW, + (312 + Wv}y dt, ¥ = G,

which admits a unique solution, namely ¥ = X, so that 1 = m© is the unique
equilibrium. This case also singles out the space EBMO as the natural environ-
ment for the random endowments G' in this context.

2 Main Results

We first present our main result, then discuss its implications on models with short
time horizons or a large population of agents. All proofs are postponed until Section
3.

2.1 Equilibria close to Pareto optimality

Whenever equilibrium is discussed, Pareto optimality is a key concept. Passing to the
more-convenient risk-aware notation, we remind the reader the following definition,
where, as usual, A[x] = }; a'x":

Definition 2 For ¢ € L°(%7), an allocation ¢ is called £-feasible if A[£] < &. An
allocation £ is said to be Pareto optimal if there is no A[£]-feasible allocation &,
such that E[U(£")] > E[U(¢%)] for all i, and E[U (£")] > E[U(¢')] for some i.

In our setting, Pareto optimal allocations admit a very simple characterization; this
is a direct consequence of the classical result [4] of Borch so we omit the proof.

Lemma 2 A (sufficiently integrable) allocation & is Pareto optimal if and only if its
components agree up to a constant, i.e., if there exist &€ € LO(Fr) and constants
(c"); such that & = &€ + ¢ for all i.
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Next, we introduce a concept which plays a central role in our main result. Given
a population with the (risk-denominated) initial allocation G whose components
satisfy (6), let (m',n') € bmo be an alias for the pair (m%',nC") defined in (7). We
define distance to Pareto optimality H(G) of G by

H(G) = inf max| |(m' = m€,n" =) lomo(pe
£° i

where the infimum is taken over the set of £¢ € EBMO, with (m€,n¢) = (mé°,n¢")
as in (7), and the probability measure P€ is given by

dP¢/dP = &E(-m* - B—n-W)r = exp(=£°) /Elexp(=£)]. 5)

Remark 4

1. Suppose that H(G) = 0 and that the infimum is attained. Then (2}, n') = (m€,nc),
for all i, implying that all components of G coincide with £€ up to some additive
constants, making G Pareto optimal. On the other hand, since each agent has
exponential utility, shifting all components of G by the same amount £€ is
equivalent to a measure change from P to P¢. Therefore, A € Ay (G,P) if and
only if 1 —m¢ € Ay (G —E£€,P°), i.e., translation in endowments does not affect
the wellposedness of the equilibrium. As a consequence, to show A (G, P) # 0,
it suffices to prove Aq (G —£€,P¢) # 0 for some £¢, which is the strategy we
follow below.

2. Our “distance to Pareto optimality” is conceptually similar to the “coefficient
of resource utilization” of Debreu (see [10]), well known in economics. There,
however, seems to be no simple and direct mathematical connection between
the two.

In our first main result below, we assume that G is sufficiently close to some
Pareto optimal allocation, i.e., that H(G) < €*, for some sufficiently small €*:

Theorem 2 (Existence and uniqueness close to Pareto optimality)

Let (6) hold for all components in G. There exists a sufficiently small constant €*,
independent of the number of agents I, such that if

H(G) <€, (16)

Then there exists a unique equilibrium A € bmo. Moreover, the triplet (Y’LG, y’l’G,

ytG) defined in Lemma 1, is the unique solution to (14) with (,u/LG,v’LG) € bmo'.

Remark 5 A similar global uniqueness has been obtained in [24, Theorem 4.1] for
a different quadratic BSDE system arising from a price impact model.

The proof of Theorem 2 will be presented in Section 2.1. For the time being, let
us discuss two important cases in which (16) holds:

- First, given £ e EBMO and 1 <i < I, let X¢" and X¢“ be defined by (7) with
terminal conditions G’ and &€, respectively. A simple calculation shows that
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d(XP = X{) = (m) —mf) dBS + (nf —nf) dWS + % ((m) = m)? + (n) - n$)?) dt,

with the terminal condition G* — &¢, for a two-dimensional P¢-Brownian motion
(B€,W¢€), where P€ is given by (15). If, furthermore, Gi- &€ e L™, it follows that

- - 2 c i i
[[(m" = m®,n" = n)lpmocee) = 25Up|EE [XF —&1=(XE =D
T
< 4G — £l
Therefore, assumption (16) holds, if

#\2
infmax G - €711 < <5 (a7)

- The second case in which (16) can be verified is in the case of a "large" number of
agents. Indeed, an interesting feature of (17) is its lack of dependence on /, leading to
the existence of equilibria in an economically meaningful asymptotic regime. Given
a total endowment Ey € L™ to be shared among I agents, i.e., 3; E' = Es, one can
ask the following question: how many and what kind of agents need to share this total
endowment so that they can form a financial market in which an equilibrium exists?
The answer turns out to be “sufficiently many sufficiently homogeneous agents”. In
order show that, we first make precise what we mean by sufficiently homogeneous.
For the population characteristics E = (E'); and 8 = (6');, with E € (L°)!, we define
the endowment heterogeneity index y© (E) € [0,1] by

E'—FE/||p
xE(E) = max I i~
ij ||E L + [ E7 ||

We think of a population of agents as “sufficiently homogeneous” if y* (E) < )(OE for

some, given, critical index /\(OE . With this in mind, we have the following corollary
of Theorem 2:

Corollary 1 (Existence of equilibria for sufficiently many sufficiently homoge-
neous agents)

Given a critical endowment homogeneity index )((’)5 € [0,%), a critical risk
tolerance 8y > 0, as well as the total endowment Es € L™, there exists Iy =
10(||Ez||Lw,)(65,(50) €N, so that any population (E,6) = (E',8"); satisfying

121y, Y,E'=Es, x®(E)<xf, and min;6' 26,
admits an equilibrium.

Condition (17) can be thought of as a smallness-in-size assumption placed on the
random endowments, possibly after translation. It turns out that it can be “traded” for
a smallness-in-time condition which we now describe. We start by briefly recalling
the notion of Malliavin differentiation on the Wiener space. Let @ be the set of random
variables £ of the form ¢ = (I (h"),...,T(h*)), where ¢ € C;*(RK,R) (smooth
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functions with bounded derivatives of all orders) for some k, »/ = (W/-?, W/-")
L2([0,T1;R?) and 7 (/) = h/*? - By + /" - Wr, for each j = 1,...,k. If { € D, we
define its Malliavin derivative as the 2-dimensional process

k
Dol = Z a—‘p(I(hl),...,I(h"))hj, 0€[0,T].
= ij

We denote by DZ ¢ and Dy’ { the two components of Dy{ and for £ € @, p > 1, define

the norm
T p/211l/pP
|§|"+(f |Da§|2d9) ” .
0

For p € [1,0), the Banach space D7 is the closure of ® under || - [l1,p- For p = oo,
we define D as the set of all those G € D! with D?G, D" G € 8.

11, = |E

Corollary 2 (Existence of equilibria on sufficiently small time horizons)

Suppose that (6) holds for all components of G and that there exists €€ € EBMO
such that G' — €€ € DY for all i. Then a unique equilibrium exists as soon as

(€)?

T<T"= . > . -
max; (11D (Gi = £)[[ 5w + 11D (GT = £9)|[5)

(18)

Remark 6 In a Markovian setting where G = g(Br, Wr), for some functions g = (g');,
we only need to assume there exists some g€ € L™ such that 9, (g' —g¢), 8, (g —g°) €
LL*, for any i, where 0, (g' — g¢) and 8,, (g" — g¢) are weak derivatives of g —g€. A
similar “smallness in time" result has been proven in [8, Theorem 3.1] (and in [30]
in a simpler model) in a Markovian setting. Corollary 2 extends the result of [8] to a
non-Markovian setting.

3 Proofs

3.1 Proof of Proposition 1

For A € bmo, we record that M* # 0. Indeed, thanks to the bmo property of A, the
process Z% = &(—A - B) is a martingale and satisfies the reverse Holder inequality
R), for some p > 1 (see [22, Theorem 3.1]). That, in turn, implies the reverse Holder
inequality RlogR, and, so, the probability Q' defined via dQ"'/dP = Z;l satisfies
H(QYP) < co, and, consequently Qle M.

The statements of Proposition 1 will follow from [11, Theorem 2.2], once we
verify that Z* satisfies the reverse Holder inequality Rlog R under P as well, where
dP/dP = =% JE[e~C]. For that, we note that =% /E[e~C] = E&(-mC - B—nC - W)y,
where (m©,n%) is as in (7). Given A € bmo, the bmo property of (m%,n%) and [22,
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Theorem 3.6] imply that 1 —m% € bmo(P), and, so, Z* = E(—(1—m) - B)r, where
B = fo my,du+ B is a P-martingale. It remains to use the same argument as in the

previous paragraph to show that 7" indeed satisfies the reverse Holder inequality
Rlog R under P.

3.2 Proof of Lemma 1

Let (m,n) = (m%,n%) from (7); more generally, we suppress the superscripts A and
G throughout to increase legibility. A combination of (9) and (10) yields that

Y=—-c—p-B'-logZ,

and a simple calculation confirms that (Y, y, v) satisfies (13). Next, we show Y — X €
S*. We start by defining the probability measure P via dP/dP = E(-m-B—n- W)y
so that under P, D = Y — X is the certainty-equivalent process corresponding to the
zero endowment. By (11), we have D > 0 as well as

dD; = (p; =m) dB+ (v, —ng) dW
+ (300 =n)? = (A =m)? + (A =my) (e = my) ) dt, with D =0, (19)

where B = B + fo‘ mydu and W = W + fo. nydu are P-Brownian motions. Using the
notation Q*, as well as the argument of Proof of Proposition 1 above, we can deduce
that Q' € M (where P in the definition of M1 is replaced by P). We claim
that

D; < H,(QYP), foranyte 7. (20)

Proposition 1, applied under P and with zero random endowment produces the dual
optimizer Q*¢, with P-density Z*"C_ If we project both sides of the equality
9 4+ ptC . Bl = —log(me’G) under Q€ onto %, we obtain

D, = H,(Q*C|P).

No integrability issues arise here since H(Q%*C|P) < co and p*% - B is a Q+C-
martingale (by part (iii) of Proposition 1). The required inequality (20) follows from
the optimality of Q%% in part (ii) of Proposition 1.

The right-hand side of (20) can be written as

_ N T T
H.(Q'|P) =E? [% f (A —my)dt - f u,—m»dBf] < 3HA=mll oo
T T

Given that both A and m belong to bmo we have A —m € bmo(Q*) by [22, Theorem
3.6]. Therefore, we can combine (20) and the fact that D > 0 to conclude that D € S*°.
Consequently, it suffices to apply the standard bmo-estimate for quadratic BSDEs
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(see Lemma 9) to (19), to obtain (u—m,v—n) € bmo(@). Since (m, n) € bmo, another
application of [22, Theorem 3.6] confirms that (y, v) € bmo.

Lastly, we show that there can be at most one solution to (13) with (w, v) € bmo.
Let (Y, 4, v) and (¥, fi, 7) be two solutions with (x4, v), (&, 7) € bmo. For 6Y =Y - Y,
we have B

d(6Y); = Su;dB + 6v, dW), &Y =0.

Here Su=jf—p,ov=v-v,v= %(v+ 7),and WY =W + fol v,dt is a Q*¥-Brownian
motion, where Q*” is defined via dQ*”/dP = E(-A- B—V-W)r. By [22, Theorem
3.6], both - B and v - W” are BMO(Q*)-martingales. Hence 6¥ = 0 implies
that 6Y = 0 and, consequently, 6 = 6v =0.

3.3 Proof of Theorem 1

(1) = (2). Given an equilibrium 1 € Ao (G) and i € {1,2,...,1}, let p*©" be the
primal optimizer of agent i, and let (Y?, ', v') be defined as in Lemma 1 where (13)
has the terminal condition ¥} = G'. Since A is an equilibrium, }; &/ p*©" =0, and so
A=1=-Y;a'p*C" =3, o', for i = 1— p*C' implying that (Y, g, v) = (Y7, i, v);
solves the system (14). The property (u,v) € bmo! follows from Lemma 1.

(2) = (1). Given a solution (Y, u,v) of (14), we set 1 = 3 a’ui. This way,
individual equations in (14) turn into BSDEs of the form (13). If we set p’” =
A — ' the market clearing condition Y; @; p** = 0 holds. Since (u/,v') € bmo the
uniqueness part of Lemma 1 implies that A, o’ maximizes single-agents’ utilities.

3.4 Proof of Theorem 2

In order to prove Theorem 2, we start with a refinement of the classical result on
uniform equivalence of bmo spaces (see Theorem 3.6, p. 62 in [22]), based on a
result of Chinkvinidze and Mania (see [7]).

Lemma 3 Let o € bmo be such that ||0||pyno =: \/inor some R < 1. If P ~P is such
that dP = E(o - I;’)T dP, for some F-Brownian motion B, then, for all { € bmo, we
have

L+ R) M1 oo < 1l lpmoy < A=R) ™1 o Q1)
Proof Since M = o - B is a BMO-martingale, Theorem 3.6. in [22] states that the
spaces bmo and bmo(]lS’) coincide and that the norms || ||pm, and || - ||bm0(@) are

uniformly equivalent. This norm equivalence is refined in [7]; Theorem 2 there
implies that

(14 R 1 lomo < 111lpmoce) < (1+ R llpmes where R= (31l . (22)
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Clearly, only the second inequality in (21) needs to be discussed; it is obtained by
substituting { = o into the second inequality in (22):

V2R = |0 lymoge) = (1 + R |lomo < V2(1+ R)R, so that (1+R) < (1-R)™".

Coming back to Theorem 2, suppose that (16) is satisfied. Then there exists
£¢ € EBMO such that

m?IXH(mi—mc,ni—ﬂc)”bmoo@c‘) <€ (23)
1

To simplify notation, we introduce m = (m'); and n = (n');. A calculation shows
that (component-by-component)

d(¥; _fzc) =(p; _mf)dBf + (v _”zc)szC
+ (5= = 3 (A =m§)? + (A = m) (g = mf)) d,
YT _é«’; ZG—fc,

where A = A[u], & = —log(E,[exp(=£€)]), and B¢, W€ are P°-Brownian motions.
This is exactly the type of system covered in (14). Therefore, to ease notation, we
treat, throughout this section, P as P¢, B as B¢, W as W€, and G, 4, u,v as their
shifted versions, i.e., eg. G as G — &€, A as 4 —m°€, etc. As aresult, (23) translates to

mlfchII(mi,ni)llbmo <€ (24)

We proceed by setting up a framework for the Banach fixed-point theorem. First
observe that since (m',n’) € bmo for all i, then bmo is a natural space in which
the fixed-point theorem can be applied. Given A € bmo and G = (GY);, let YA =
(¥Y*G"); and X = (X");, denote the agents’ certainty-equivalent processes with and
without assess the market, respectively; we also set (G, vt0) = (utG' ytGhy,,
where (u+G',y4G"), is defined in Lemma 1. This allows us to define (a simple
transformation of) the excess-demand map

F: A Alu*©),

where the aggregation operator A[-] is defined in (5). The significance of this map
lies in the simple fact that A is an equilibrium if and only if F(1) = 4, i.e,if 1isa
fixed point of F.

Before proceeding to studying properties of F, we first record the following
a-priori estimate on A in equilibrium.

Lemma 4 If 1 € bmo is an equilibrium, then

Al pmo < ml?lx||(mlsnl)||bma'

Proof Aggregating all single equations in (14) and (7), we obtain
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dA[Y] - X, 1=(, — A[m,))dB,+Alv;}! = n,1dW, + L (A7 + Aliv)*Ddt—% Alm] +n}ldr.

Let (0,,), be a reducing sequence for local martingale part above. For any 7 € 7,
integrating the previous dynamics from 7 A o, to o, and projecting onto 7 yields

Er [AIY], - X0, 1] - ALY, = Xenon, 1 =

- 1g, UU (,1$+A[(Vf)2])d¢] 1R, U” A[m,2+n$]dz]. (25)

Ao ANopn

Sending n — oo, since Y — X > 0 (component-by-component) and is also bounded
(see Lemma 1) and A[X7] = A[G] = A[Y;‘], we obtain

AU o < 1A%+ AL lbmo < 11AIM? + 11l pmo

bmo =

< Alll(m, )] < max [1(m",n")lpmo-
For the third inequality, note that E | | g Alm? +n21dt] < Alll(m,n)||% 1 holds for
all stopping times 7. O

For arbitrary A € bmo, the following estimate gives an explicit upper bound on
the (nonnegative) difference D% = Y4/ — X/,

Lemma 5 Suppose that || A||pme < V2. Then,

| |A| |hm() + ||(ml9nl)||bmt)

V2= 11 lpmo

0< VDA<

, foralli.

Proof Let Q' be the probability such that dQ* = Z;ldP, where Z* = §(-1- B).
Since Q' € M*, then the argument that leads to (20) also implies that

A i Qi
Y <H(Q'P)+E; [G'], foranyTeT . (26)

On the right-hand side of (26),
2 Q1 e ! 2 1 2
H.(QY|P) = E; [Ef /ludu—f /ludBu] < §||/1||me(@,1).

Since || lpmo(g) < ‘/§||/1||bmo/ (\/5— ||/l||bm0), as follows from Lemma 3, we ob-
tain 5
N o

(V2= 111lmo)

Furthermore, recalling that X} =G’ and de = midBt + n;'dW, + %((m;')2 + (n;')z)dt,
we note that

H-(QYP) <

EY'(G'] = B.[(Z}/Z)G'] = B, [(Z}/ ZH XL,
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Given that Z* is a BMO-martingale and ||(m!,n")||pmo < o0 , the integration-by-parts
formula implies that

E.[(Z}/ZHXi] =

T
+ 5Er [f (Za12) (m)? + (ni>2)"”]

T
| (o2 <n£,>2)du] .

T
=X B, [f (ZYZH A m! du
T

et [ [T ' 170"
=X -E; [f ﬂum;du] +3E7
T

A use of Holder’s inequality then gives

a . . )
E9 [G']-X; < ||/l||bmo(Q/l)||ml||bmo(Q/1)+%”(ml’nl)”bmo((@/i)
< 2l AUlomol1Gm", ) lomo + 117", 1) | lbmo

(\/E_“/l“brno)2

where, again, the last inequality follows from Lemma 3. A Combination of the above
estimates shows that

s

. . 2
||A||bmo+||<m',nl>||bmo)
\/i_”/l”bmo

which completes the proof. O

Lemma 6 Suppose that A € bmo satisfies

V2= 11(m, 2 | oo

A <
|| ||bm0 2

Then, it holds that

v ) Lo <
< (\/§+ ||(mi’ni)| |bmo)||(mi’ni)| |bmo + ”/l”bmo(”/l”bmo + ||(mi’ni)| |bmo)
V2 =201 Ul = 1M, ) [ o

In particular, the previous is also a bound for both II//I"'IIme and IIV’l’iIIbmo.

Proof SetY =Y*, yu=p?* and v = v* to increase legibility, and define

i _ HAllbmo +11Gm*, )| lbmo

\/E_H/lubmo

and D =Y — X. Note that D;'w =0and 0 < D' < (f%)? from Lemma 5. Since

dD; = (4} —m})dB; + (v = n})dWy + 5 ((v))? = A7 + 20, A, = (m})* = (n})?) dt,
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an application of Itd’s lemma gives
d(D})?* =2Dj(uy —m;)dB; +2Dj(v; —n})dW;
+ D (V)2 = 47 +24 4 = () = (n})°) i
+((uf = m)? + (vi = n)?) dr.
Next, we take a reducing sequence (o,), for the local martingales on the right-hand
side above, as well as and an arbitrary 7 € 7. If we integrate the above dynamics

between o, A T and o, and use the facts that (v)> >0, 12 -2u' 1 < (¢ — 1)2, and
D' > 0, we obtain

On On

Df(ﬂg—m;')dBtuf Di(vi —n})dW,

TAO

(DI, 2 > (D}, )= (D )? 2 f

AT,

_f "D (= A0+ (m)? + (n])?) dt

AT

e (=m0 -,

AT

Given that D' < (f%)?, a projection of both sides above on 7 yields
(rn . . . .
E, [ f ((uf —m))? + (vi = n)?) dt]
T

AOp
fﬁn (= 02+ (i) + (n)?) dt] .

e

<E D} 1+ (f)E,

Sending n — oo first on the right-hand side then the left, helped by the facts that D’
is bounded and D = 0, implies that

(v = () e < ()2 (W Al + ||<ml,n’>||bmo).

Taking square roots on both sides, and using the elementary inequality /x2 + y2 <
|x| + |y| for any x,y, and the fact that ||’ — Alpme < S V) lpmo + 1A lpmo» We
obtain

(' vy = 0mF,m) o < FF (1A bmo + 11C2 V) ormo + 11,0 ) -
Finally, since ||(4', ) llpmo < (1, v") = (', n) lymo + (7', 1) lpmo it follows that
(A= NV omo < 11012 lomo + £ (1141 lbmo + 11Gm7, 2 lomo )

from which the result follows after simple algebra. O

Define B(r) = {1 € bmo : ||A||pmo < r}. The following result shows that the
excess-demand map F maps B(r) into itself for an appropriate choice of 7.
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Lemma 7 There exists a sufficiently small €* independent of the number of the agents
I, such that whenever max; ||(m', n")||pmo < V2€ for € < €*, F maps B(2¢) into itself.

Proof Suppose that max; [|(m, rz")||bmo < V2e for some € € (0,1) determined later.
Let us consider 1 € B (\/zea), where a € [1,1/€) will also be determined later.
Our goal is to choose a sufficiently small € such that A[u?] € B(V2ea)for some
a € [1,1/€), whenever A is chosen from the same ball. If this task is successful,
given a > 1, Lemma 4 implies that all possible equilibria are already in the same
ball. Hence the local uniqueness immediately implies global uniqueness in bmo.
For 1 € B(V2ea), Lemma 5 gives
0< VD4 < ed+a) =: ¢(€,a).
1 -ae

Note that ¢ is an increasing function of both arguments. For Lemma 6 we need
¢ < 1. Therefore, only € € (0, 1) such that ¢(¢,1) < 1 can be used, i.e., € € (0,1/3).
Taking € € (0,1/3) and a € [1,1/¢€), in order to have ¢(e,a) < 1, it is necessary and
sufficient that

a< 2;: =:a(e).
Note that a is decreasing in € with a(0+) = oo and @(1/3) = 1, and that a(e) < 1/e
holds for all € € (0,1/3).
Now, in order to have || ,u’” llpmo < V2€a, by Lemma 6 we need to ensure that

271 2ae*(1
(1+e)e+2ae“(1+a) ga\/ze,
V2(1-2ae—¢)

or, equivalently, that
g(a,€) :=3ea’—(1-2€)a+(1+¢€) <0.

Fix a > 1, say a = V2, there exists a sufficiently small €* such that g(V2,€) < 0 for
any € < €*. Note that the choice of €* is independent of the number of the agent /. For
such choice of €, we have ||| lbmo < 2€ for all i. As a weighted sum of individual
component, ||F[A]lpmo < ALllf*lpmo]. hence F[1] € B(2¢) as well. o

Finally we check that F is a contraction on B(2¢) for sufficiently small e.

Lemma 8 There exists a sufficiently small €* independent of the number of the agents
1, such that whenever max; ||(m',n")||pmo < V2€ for € < €, F is a contraction on
B(2e).

Proof We drop the superscript i to increase legibility. Set §Y = Y — Y4, and note that
|16Y || s < co from Lemma 5 and 6% = 0. Set (1, v) = (v and (1, 7) = (ut,v?h).
Denote A = (A+A4)/2, fi=(u+i{)/2,and v = (v +¥)/2. Calculation using (13) gives

doY, = (- fir)dB; + (v =) AW, + } (v} =77 + A7 = A7 +2p, 4, - 2f3, ;) it
= (ke — fi)dB + (v = 7)dW] = (A = 1) (A, — )dr,
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where B! = B + fo‘ Adt, W =W + fo' #,dt are Brownian motions under Q*”, and
Q*” is defined via dQ*” /dP = E(—A- B—v-W)r. For an arbitrary 7 € 7, integrating

the previous dynamics on [, 7], taking conditional expectation E;Q” on both sides,
(both local martingales are BMO(Q’L")—martingales, due to u, i, v,v € bmo from
Lemma 6 and [22, Theorem 3.6]), and finally using 0¥ = 0, we obtain

S T
v ~ = _ - ~
6%, | < B2 U e = ellAs = feldt | < 113~ Allymogie 14 = Ulymogain-

T

This implies that
16Y lls= < 112 = Allpmoris 14 = Alpmoigis)- @7
To establish the Lipschitz continuity of F, we use Itd’s formula to get
d(6Y;)? =26Y, (u; — ﬁ,)dB,’i +268Y, (v, = v)dW) =268Y, (A, — A,) (A, — fi, )dt
+ (e = i) + (v = 91)?) dit.

For an arbitrary 7 € 77, an integration of the above dynamics between 7 and 7', and
using (27) and 6Yr = 0, yields that

Egh [fT ((,Ut_,at)2+(Vt_17t)2) dt

T

<

- T
v ~ = _
< 2||6Y|| =B U (A=A (A, — fiy)dt
T
= —12 ~ 2
< 2|2 - gl |bmo(Qj~"’) [|4- /l“bmo(Q;W)’
which, in turn, implies that

() = () lymogiory < V2IIA = llymeigin 12 = Alomoggis -

Note that Lemma 6 and the estimates in Lemma 7 also imply that ||7||yme < 2€, Where
2€ is taken from Lemma 7. Therefore, ||(A, #)|[pmo < 4€ and, similarly, || — [y <
4e. Therefore, it follows from Lemma 3 that

- 1+2V2e - -
1G9 = (1) llomo < V2 = llmol 14~ Al
1+2V2e <
< ———=— 8¢l = Alpmo-
(1-2V2¢)?
Choosing sufficiently small € so that (11:'22\/‘?52 8€ < 1, the proof is complete after

aggregating all components. O
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Proof (of Theorem 2) We have shown in the sequence of lemmas above that, when
(24) holds, the excess-demand map F is a contraction on B(2¢) and that (y’l, v e
bmo’. The Banach fixed point theorem implies that F has a unique fixed point A
with ||A||pmo < 2€. Therefore the system (14) admits a solution (Y, u,v) with (u,v) €
bmo’ . Hence A is an equilibrium by Theorem 1. For the uniqueness of equilibrium,
Lemma 4 implies that any equilibrium A satisfies ||2||pmo < max; ||(#%, 1) |lpmo <
V2e. However, we have already shown that there can be only one equilibrium A in
B(2€). Therefore we immediately have global uniqueness of equilibrium. Given the
unique A, by Lemma 1, (Y, i, v) is the unique solution to (14) with (i, v) € bmo’ .00

3.5 Proof of Corollary 1
Summing both sides of ||E? — E/ ||~ < X{f(HEiIILw +||E7||.~) over j, we obtain

NE e ~1Exllie < HE' = 3, EV e < 37 11EF— V||
< XGNE I + x§ X 11E ||,

which implies
(1= XONE Lo < 11Esllim + xg 7 35 11E|ls.
Summing both sides of the previous inequality over i yields
' 1
ZillE' e < i Il Exl-
The previous two inequalities combined then imply

i 11 ;
||E || < l_2)(ET||EZ||LDC, for all ;.
0

Therefore

E'||~
 NE s

I
ax = < 15 T IExlle

1-2x,

where the right-hand side is strictly less than (e*)?/4 for sufficiently large /. Hence
(17) is satisfied when I > Iy, for some Iy, and the existence of equilibrium follows
from Theorem 2.

3.6 Proof of Corollary 2

Throughout the proof, we treat G as G — &€ and suppress the superscript i when we
work with each component.
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Recalling (6) and Remark 2, we have E[G?] < oo, which combined with the
assumption DG, D¥G e 8% implies G € DY2. Let G = E[G] + My, where My = -
Br +n- Wy for some (m, n). Clark-Ocone formula implies that B[ Dy G] = (g, ng),
for any 6 < T, hence (m,n) € S as well. As a result, there exists a constant C
such that (M)r < CT, implying that G has at most Gaussian tail by Bernstein
inequality (see Equation (4.i) in [2]), hence E[exp(—2G)] < co. Now combining the
previous inequality with D?G, D" G € 8%, we obtain exp(~G) € D2, consequently,
V; = E;[exp(-G)] € D"? and

D’(th = —]E,[e‘GD’gG] forall@ <t <Tand k = b or w.

Applying Clark-Ocone formula to V; yields
t t
V, =E[V,]+ f Eq[DgVi1dBo + f Eo[ Dy Vi1dW.
0 0

On the other hand, dVy = —VymgdBg — VgngdWg. Therefore Eg[DZ Vi] = —Vemg and
Eo[Dy'V;] = —Vgmy, for 6 < 1. Hence,

_Eo[DgVil _ Egle”®DyG]

<|ID*G|| g,
7 5oy <ID"Glls

meg =

which implies ||m|| s~ < ||D" G||s~, and similarly, ||n|| g < ||[D" G| g
The statement now follows from Theorem 2 since, for T < T*, where T™ is given
in Corollary 2, we have

mlfclxII(ml,nl)IIbm0 <T" Ilflgix(llmlllsch +In'[lg)

) .
<T' max(ID"G'l[ 5o + 1D G5 < (€M)

3.7 An a-priori bmo-estimate

Lemma 9 (An a-priori bmo-estimate for a single BSDE)
Given A € P2, let (Y, u,v) be a solution of the BSDE

dY, = pedBy + v, dW, + (3vi =347 + e d) dt, Yr = €.
IfY € 8%, then (u,v) € bmo.

Proof For 8> 1 and two stopping times 7 < o € 7, It6’s formula yields
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(e
ePlr 2o Ple PV = _p f PV (B, + v dWo)

.
o o
—ﬁf e‘ﬂy“(%vﬁ—%/li+/1u,uu)du+%,82f e PYu (12 +v2)du
TO' ‘ o
2-p f PN (pudBy + v dWo) + 5B~ ) f PN (i + v du
T T

where we used the elementary fact that a> — b* + 2bc < a® + ¢2, for all a, b, c. We pick

a reducing sequence {0, },en for the stochastic integral above, project onto ¥, and
then let n — oo to get

eBHY”Sm > %(ﬁZ_B)ET[LT BYu (,U%z +V5)du]

T
> %(ﬁ"’—ﬁ)e-ﬁ"Y"swET[f (ki + Vi) d].

This implies
[ . 2 sl
E f (pu+vu)du] < ——e¢ S
’ T ﬁ 2 ﬂ
Since the above inequality holds for arbitrary 7 € 7, the statement follows. O
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