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ON THE STOCHASTIC BEHAVIOUR OF OPTIONAL PROCESSES
UP TO RANDOM TIMES

BY CONSTANTINOS KARDARAS!
London School of Economics and Political Science

In this paper, a study of random times on filtered probability spaces is
undertaken. The main message is that, as long as distributional properties
of optional processes up to the random time are involved, there is no loss of
generality in assuming that the random time is actually a randomised stopping
time. This perspective has advantages in both the theoretical and practical
study of optional processes up to random times. Applications are given to
financial mathematics, as well as to the study of the stochastic behaviour of
Brownian motion with drift up to its time of overall maximum as well as up
to last-passage times over finite intervals. Furthermore, a novel proof of the
Jeulin—Yor decomposition formula via Girsanov’s theorem is provided.

Introduction. Consider a filtered measurable space (€2,F), where F =
(Ft)ter, 1s a right-continuous filtration, as well as an underlying sigma-algebra
F over 2 such that F 2 Fo := Vg, Fi, Where the last set-inclusion may be
strict. A random time is a [0, oo]-valued, F-measurable random variable. The in-
terplay between random times and the filtration F goes a long way back, with
the pioneering work of [1, 3, 37]; see also the volume [16]. Interest in random
times has been significant, especially in connection with applications in financial
mathematics, such as reduced-form credit risk modelling; see, for example, [7, 27]
and [15].

A common approach to constructing random times is via the use of randomised
stopping times (also called Cox’s method; see [28]). Let Q be a probability on
(2, F), and suppose that there exists an JF-measurable random variable U that
is stochastically independent of F, and has the standard uniform law under Q.
For a given F-adapted, right-continuous and nondecreasing process K = (K;);cr.,
such that 0 < K < 1, define the random time v := inf{t € R} |K; > U}, where by
convention we set ¥ = oo if the last set is empty. For such a duple (¢, Q), we say
that  is a randomised stopping time on (2, F, F, Q). Randomised stopping times
have several noteworthy properties:

e The independence of U and F, under QQ implies that Q[¢r > ¢|F;] =1 — K;,
forall + € Ry. Therefore, 1 — K represents the conditional survival process asso-
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ciated to ¥ under any probability Q which makes U and F, independent. The
latter fact is useful in modelling, for example, since Q[ < t] = Eg[K/] holds
for t € R4, Q can be chosen in order to control the unconditional distribution
of v, while keeping the conditional survival probabilities fixed.

e Although v is not a stopping time on (2, F), it is in some sense very close
to being one. Indeed, v is a stopping time of an initially enlarged filtration,
defined as the right-continuous augmentation of (F; V o (U));cRr, . Importantly,
due to the independence of U and F, under Q, each martingale on (€2, F, Q)
is also a martingale on the space with the enlarged filtration—in other words,
the immersion property ([36], also called hypothesis () in [3]) holds. This
opens the door to major theoretical analysis of such random times using tools of
martingale theory.

e From a more practical viewpoint, it is straightforward to simulate processes up
to time v under Q. One first simulates a uniform random variable U; then, in
an independent fashion, one continues with simulating the process K until the
point in time that it exceeds U, along with other processes of interest.

In view of the usefulness of randomised stopping times, it is natural to ex-
plore their generality. Of course, it is not possible that an arbitrary random time
is a randomised stopping time, since for the latter there is a need for the extra
“randomisation” coming from the uniform random variable. There is a further,
more fundamental reason that an arbitrary random time cannot be realised as a
randomised stopping time. Typically, for a random time p on a filtered probabil-
ity space (2, F,F,P), the nonnegative process Ry > ¢t = P[p > ¢|F;] fails to
be nonincreasing, which would have to be the case if p was a randomised stop-
ping time on (2, F, P). Nevertheless, the main message of the paper is the follow-

ing:

With a given a pair (p, P) of a random time p and a probability P on (€2, F,F), one
can essentially associate a pair (¥, Q), where Q is a probability on (2, F) and ¢ is a
randomised stopping time on (2, F, F, Q), such that for any F-optional process Y, the
law of (Ypar)rer, under P is identical to the law of (Yy ar)rer,, under Q.

Therefore, as long as distributional properties of optional processes on (€2, F) un-
der P up to the random time p are concerned, there is absolutely no loss of infor-
mation in passing from (p, IP) to the more workable pair (v, Q).

There is a reason for the qualifying “essentially” in the claim that the above
association can be carried out. To begin with, F should be large enough to sup-
port a random variable U that will be independent of F, under Q. This is hardly
a concern; if the original filtered space (€2, F, F) is not rich enough, one can al-
ways enlarge it in a minimal way, without affecting the structure of F, in order to
make the previous happen. However, there is another, more technical obstacle. As
will be argued in Section 1 of the text, what is guaranteed is the existence of a
nonnegative local martingale L on (€2, F, P) with Lo =1 that is a candidate for a
local (through a specific localising sequence of stopping times) density process of
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Q with respect to P. Then an argument ensuring that a consistent family of prob-
abilities constructed in ever-increasing sigma-algebras has a countably additive
extension to the limiting sigma-algebra is needed. Such an issue has appeared in
different contexts in stochastic analysis; see [4, 10, 29]. Under appropriate topolog-
ical assumptions on the underlying filtrations, for example, working on canonical
path-spaces as discussed in [31]; one can successfully construct a probability Q
out of L.

The aforementioned purely technical issue notwithstanding, the usefulness of
the above philosophy is evident. In fact, as will be made clear in the text, even if
the probability Q cannot be constructed, the representation pair consisting of the
process K in the definition of i and the local martingale L on (2, F, P) encodes
significant information regarding the structure of random times.

In order to carry out the above-described program in practice, given a random
time p on (2, F,F,P) one needs to identify the pair (K, L) associated with p.
There are indeed formulas in the paper that provide (K, L) in terms of the process
Ry >t +— P[p > t|F;] of conditional survival probabilities of p, as well as the
optional compensator on (€2, F, P) of the nondecreasing process Ry > 1 = I{,<).
Closed-form expressions for the previous quantities are sometimes available—this
is, for example, the case when times of maximum and last-passage times for certain
nonnegative local martingales are considered. In order to illustrate the theoretical
results, applications are presented in the context of financial mathematics, and dis-
cussion is provided regarding times of maximum and last-passage times for finite
time-horizon Brownian motion with drift.

The dominant approach toward the study random times in the literature is that
of progressive enlargement of filtrations. This theory has produced remarkable
results, one of the most important due to Jeulin and Yor [17], providing the canon-
ical representation of semimartingales up to random times under progressive en-
largement of filtrations. This result is revisited in the text, where a novel proof
of the Jeulin—Yor decomposition formula via the use of Girsanov’s theorem—a
certainly more familiar result—facilitates understanding by shedding an extra in-
tuitive light.

Structure of the paper. This introductory part ends with general remarks that
will be used throughout the text. In Section 1, the canonical pair of processes asso-
ciated with a random time is introduced, and certain of its properties are explored
in Section 1. Section 2 deals with a rigorous statement of the main message of
the paper, regarding the law of optional processes up to random times. Section 3
contains some first examples. Section 4 presents applications of the theory in fi-
nancial settings. Section 5 contains a discussion on the stochastic behaviour of
Brownian motion with drift over finite time-intervals until its time of maximum
and until last-passage times. Finally, in Section 6 the statement and a new proof of
the Jeulin—Yor decomposition formula is provided.
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General probabilistic remarks. The underlying filtration F = (F;),cRr, is as-
sumed to be right-continuous, but it will not be assumed that each F;, r € R, is
completed with P-null sets of F. Although this relaxation calls for some technical-
ities, it is essential in the development; indeed, the need for defining a probability
on (€2, F) that is not absolutely continuous with respect to P (not even locally, on
each F;, t € Ry) will arise. An extensive part of the general theory of stochastic
processes can be developed without the completeness assumption on filtrations,
as long as properties that hold “everywhere” are asked to hold in an “almost ev-
erywhere” sense. (Of course, there are exceptions to the previous rule, e.g., the
so-called debut theorem fails if the filtration is not completed; see the discussion
in [34], Chapter II, Section 75.) The interested reader can refer to [14], Chapters
I and II, for results in this slightly nonconventional framework that shall be used
throughout the paper. Versions of the section theorem from [12], IV Section 1,
where again the filtration is not assumed to be completed, will also be useful.

For a cadlag process X, define the process X = (X;_);cr,, where X;_ is
the left-limit of X at ¢ € (0, 00); by convention, Xg— = 0. Also, AX (=X — X_.
Every predictable process H is supposed to satisfy Hy = 0. For any [0, oo]-valued,
J-measurable random variable p and any process X, X” = X .. is defined as
usual to be the process X stopped at p. For any cadlag process X, we set X :=
SUp, (0.1 X1 as well as X* = sup, 10 11X/ = (1XDT.

Whenever H and X are processes such that X is a semimartingale to be used as
an integrator and H can be used as integrand with respect to X, we use f[o,.] H;dX;
to denote the integral process. For a detailed account of stochastic integration,
see [14].

If not stated otherwise, a property of a stochastic process (such as nonnegativity,
path right-continuity, etc.) is assumed to hold everywhere; we make explicit note
if these properties hold almost surely with respect to some probability on (€2, F).
When processes that are (local) martingales, super-martingales, etc., are consid-
ered, it is tacitly assumed that their paths are almost surely cadlag with respect to
the probability under consideration; for example, local martingales on (€2, F, P°)
have P-a.s. cadlag paths.

In this paper, we always work under the following.

STANDING ASSUMPTION 0.1. All random times p are assumed to satisfy
Plp <oo]=1.

The reason for the above assumption is purely conventional; under its force,
t = oo does not appear explicitly in the time-indices involved, something that
would be unusual and create unnecessary confusion. We stress, however, that As-
sumption 0.1 in practice does not entail any loss of generality whatsoever. Indeed,
a simple deterministic time-change of [0, co] to [0, 1] on the time-indices of fil-
trations, processes, etc., makes any [0, co]-valued random time actually bounded;
then all the results of the paper apply.
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1. A canonical pair associated with a random time. We keep all notation
and remarks that appeared in the Introduction. In particular, Assumption 0.1 will
always be tacitly in force.

1.1. Construction of the canonical pair. The following result is the point of
our departure.

THEOREM 1.1. Let p be a random time on (2, F,F,IP). Then there exists a
pair of processes (K, L) with the following properties:

(1) K is F-adapted, right-continuous, nondecreasing, with 0 < K < 1.

(2) L is a nonnegative process with Ly = 1 that is a local martingale on
(Q,F,P).

(3) For any nonnegative optional processes V on (2, F), it holds that

Es(V,] =Ep[ f V;L,th]_
Ry

4 Jr, Lik,_=1ydL; =0and [, Ljz,=0)dK; =0 hold P-a.s.

Furthermore, a pair (L, K) that satisfies the above requirements is essentially
unique, in the following sense: if (K', L") is another pair that satisfies the above
requirements, then K is P-indistinguishable from K', while P[L, = L},Vt €
Ri|Koo >0]=1.

DEFINITION 1.2. For a random time p on (L2, F, F, P), the pair (K, L) that
satisfies requirements (1), (2), (3) and (4) of Theorem 1.1 will be called the canon-
ical pair associated with p.

REMARK 1.3. Let p be a random time on (€2, F, F, [P) with associated pair
(K, L). Then p is a stopping time on (2, F) if and only if K = I, oo (and,
in this case, L = 1 will hold). Indeed, if p is a stopping time, K’ := I, oo i8
F-adapted, nonnegative and nondecreasing, and 0 < K’ < 1 holds. Furthermore,
Ep[V,] =Epl fR+ V; dK/] holds for all nonnegative and optional V on (2, F). By
the essential uniqueness under P of the canonical pair associated with p, we obtain
K =100 (and L = 1). Conversely, assume that K = [, oof; as K is F-adapted,
0 1s a stopping time.

Given a random time p on (2, F, F, P), it will now be explained how the as-
sociated canonical pair (K, L) is constructed. We follow the proof of [23], Theo-
rem 2.1, which contains Theorem 1.1 as a special case. Only details which will be
essential in the present development are provided. We also introduce some further
notation to be used throughout.

Let Z be the nonnegative cadlag super-martingale on (€2, F, P) that satisfies
Z; =P[p > t|F;] forall t € R,. (The fact that such a [P-a.s. cadlag version Z exists
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follows from the right-continuity of the filtration F and the right-continuity of the
function R} > ¢ — P[p > ¢] € [0, 1] by an application of [12], Theorem 11.2.44.)
In view of Assumption 0.1, Zy, :=lim;_, o Z; is P-a.s. equal to zero. Note that Z
is the conditional survival process associated to a random time by Azéma; see [16]
and the references therein. Also, let A be the dual optional projection of I, oo On
(2, F, P); in other words, A is the unique (up to P-evanescence) F-adapted, cadlag,
nonnegative and nondecreasing process such that Ep[V,] = Ep[ fR+ V;dA;] holds
for all nonnegative optional process V on (€2, F). Then N := Z + A is a nonnega-
tive martingale on (2, F, P) with N; = Ep[A|F;], forallt e Ry

REMARK 1.4. Since we do not assume that the Fqy contains all P-null sets
of F, the properties of A being cadlag, nondecreasing and nonnegative only
are valid for P-a.s. every path. However, one can alter A to have them holding
identically. Indeed, with I denoting a countable and dense subset of R, define
A= limps; |. (SUpscpo 1jnp (Max{As, 0})). It is easily seen that this new process
A’ is F-adapted (the right-continuity of F is essential here), cadlag, nondecreasing
and nonnegative, and that A = A’ up to P-evanescence. It is possible that A can
explode to oo in finite time, but this happens on a set of zero (outer) P-measure and
will not affect the results that follow in any way. Therefore, we might, and shall,
assume in the sequel that A is cadlag, nondecreasing and nonnegative everywhere.

REMARK 1.5. The expected total mass of A over R under Pis Ep[A] = 1.
If PlAx > 1] =0, in which case P[As = 1] = 1, defining K := A (more pre-
cisely, K :=min{A, 1}) and L := 1 would suffice for the purposes of Theorem 1.1.
However, in all other cases of random times we have P[Ay, > 1] > 0, and the pair
(K, L) is constructed from (A, Z) as will be shown below.

We continue with providing the definition of the pair (K, L). Consider the stop-
ping time &g := inf{t € R, |Z;_ =0 or Z; = 0}; in fact, ¢y actually is the terminal
time of movement for both Z and A. The process K is defined via

dA;
K=1—P[p>0]exp<—/ 7)
0.1 Zt + AA;

M ((-755%) (7 50)
X - exp —— ) ),
Zi+ 44, ) P\ Z T a4,

t€(0,50A]

(1.1)

where by convention the product of an empty set of numbers is equal to one. It
is clear that K is F-adapted, cadlag, nondecreasing and [0, 1]-valued on [0, ¢o[[.
A little care has to be exercised in the value of K at {p. On {AA,, = 0}, it simply
holds that K¢, = K¢,—. On {AAg, > 0} it holds that K, = 1 because the product
term on the right-hand side of equation (1.1) is zero. The process K remains con-
stant after p. In order to get some intuition on the definition of K, note that the
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differential equation that the process K defined in (1.1) satisfies is
dk,  dA,
1—Ki—  Z+AA,

For fixed ¢ € [0, &o), Z; + AA; = P[p > t|F;] represents the expected total re-
maining “life” of p on [¢, 0o], conditioned on F;; then, formally, dA;/(Z; + AA;)
is the “fraction of remaining life of p spent at ¢.” The equivalent “fraction of re-
maining life spent at #”” for K would be dK;/(1 — K;_). (The previous quantity is
based on the understanding that P[K, = 1] = 1, although this is not always the
case as will be shown later in Remark 3.5.) To get a feeling of how L should be de-
fined, observe that (Z+ AA)AK = (1 — K_)AA implies that (Z+ AA)(1—K) =
(1 — K_)Z. Therefore, from (1.2) we obtain that dK;/(1 — K;) = dA;/Z; holds
for ¢t € [0, ¢o), which implies that Z, dK; = (1 — K;)dA; holds for r € R,. Since
dA; = L;dK; has to hold for t € R, in view of property (3) in Theorem 1.1, we
obtain L(1 — K) = Z. Using the previous equality and It6’s formula, we obtain the
dynamics

(1.2) for t € [0, &).

dL, _dN,
Li_ Z_’

where recall that N = Z + A. Equation (1.3) can actually be used as the definition
of L, which becomes equal to the stochastic exponential of the local martingale

(fOA'(l /Z:—)dN;. (One has to be quite careful here: the latter process might not
be defined at time ¢y and onward due to explosion, which will imply that, P-a.s.,
L; =0 for all t > ¢g. The treatment in [23], Section 2.3, makes sure that all such
issues are dealt with.) Then the relationship Z = L(1 — K') can be shown to hold
true. One can check [23], Section 2.3, for all the remaining technical details of the
proof.

(1.3) t €10, ¢ol,

REMARK 1.6. When AK is P-evanescent (which happens exactly when AA
is P-evanescent), the formula Z = L(1 — K) implies that L coincides with the
local martingale on (2, F, P) that appears in the multiplicative Doob—Meyer de-
composition of the nonnegative (€2, F, P)-super-martingale Z. This fact provides
the most efficient way to calculate the canonical pair associated with a random time
that avoids all stopping times. (For the definition and characterisation of random
times avoiding all stopping times, see Section 1.4.)

1.2. A consistent family of probabilities associated with a random time. Let p
be a random time on (€2, F, F, P) with associated canonical pair (K, L). Define

(1.4) Ny :=inf{t € Ry |K; > u} foru €10, 1),

with the convention 7, = oo if the last set is empty. The nondecreasing family
(Muw)uefo,1) of stopping times on (€2, F) will play a major role in the development.
We start with a “localisation” result.
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LEMMA 1.7. Let p be a random time on (2, F,F,P) with canonical pair
(K,L). Foruel0,1), ]P’[L*u <2/(1 —u)] =1 holds. If P[n, < 00, ALy, >0]=
0, then }P’[L;u <1/(01—-w)]=1.

PROOF. Fix u € [0, 1). Since K;_ < u holds for ¢t € [0, n,] and Z_ < 1 holds
up to P-evanescence, it follows that

Z_

L_ = <
1—-K_ " 1—u

holds P-a.s. on [[0, 1,1,

which implies that P[L} _ < 1/(1 —u)] = 1. It remains to check what happens
at n,. In case P[n, < oo, AL,, > 0] =0, IP’[L;u <1/(1 —u)] =1 is immediate.
Now, remove the assumption P[n, < 0o, AL;, > 0] =0. We shall use that AA <
1 up to P-evanescence. (Indeed, the equality AA,; = P[p = t|F;] holds P-a.s.
on {t < oo} for any stopping time 7, since A is the dual optional projection of
Iip,00r Oon (€2, F, P). It follows that P[AA; < 1] =1 for any stopping time 7 and,
therefore, that AA <1 up to P-evanescence by [12], Theorem 4.10.) Using (1.3),
we obtain, P-a.s.,
ANy, Zy,—+ ANy,  Zy, +AAy, - 2

L =L — = s
e +1—K,7“_ 1— Ky, — 1—Ky— ~1-u

which completes the proof. [J

In view of Lemma 1.7, for any u € [0,1) one can construct a probability
measure Q, on (€2, F) via the recipe dQ, = L,,, dP. The collection (Qy)ue[0,1)
has the following consistency property: Q, = Q, on (£2, F;,) holds whenever
0 <u <wv < 1. It would be very convenient (but not a priori clear and certainly not
true in general, as is demonstrated in Example 3.8) if one could find a probability
Q=Q;on (2, F) such that Q| 7, = Qu|,, holds forall u € [0, 1). This is indeed
the case in a number of examples, as will be discussed later. The consequences of
the existence of such probability are analysed in Section 2. For the time being, we
mention an auxiliary result.

LEMMA 1.8. Forall u € [0, 1), it holds that Q,[L,, > 0] =1 and Q,[n, <
oo]l=1.

PROOF. Fixu € [0, 1). Then Q,[Ly, > 0] = Ep[L,,Liz, ~0y] =Ep[Ly,]=1.
In order to show the equality Q,[n, < oo] = 1, first observe that since 0 = Zy, =
Loo(1 — K&o) holds P-a.s., we have P[K, < 1, Lo > 0] = 0. Coupled with the
fact that {n, = oo} C {Ks < 1}, we obtain P[L,, I;;,<cc} = Ly, ] = 1. Therefore,
Qulnu < o] = IE]P’[Lr;,,I[{r;,,<c>o}] = E]P’[Lr;u] =1. 0
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1.3. Time changes. For a nonnegative (2, F)-optional process V, the change-
of-variables formula gives fR+ VidK; = f[o,l) Vil <oy dKy, . For a € [0, 1), on
the event {K;,,_ < K,;,} it holds that

Kna Kna
VnaAKﬂa = V’Ia (Kna - Kna_) = /;{ Vna du = \/I‘( Vﬂu du.
Na—

Na—

Therefore, [, Vi dK; = [jo 1) Vi, Lin, <oc) du follows. The last fact helps to estab-
lish the following result.

PROPOSITION 1.9. Let p be a random time on (2, F,F,P). Then, for any
nonnegative (2, ¥)-optional process V, it holds that

(1.5) Ep[V,] / Eg, nu]du_hmE@a[/
[0,a]

Vi du}
PROOF. As discussed above, for any V that is nonnegative and (€2, F)-
optional, we have

ViL;dK; = / Vi, Ly, 1 du.
R, &1 ! [0.1) N 1Ny <00}
Therefore, the first equality in (1.5) is immediate from Theorem 1.1, Fubini’s the-
orem, the definition of the probabilities (Qy)ue[0,1) and Lemma 1.8. The second
equality in (1.5) follows from the monotone convergence theorem and the consis-
tency of the family (Q,)ucjo0,1). U

Proposition 1.9 has a simple corollary, which states that the law of K ,_ under P
is stochastically dominated (in first order) by the standard uniform law, and that the
latter standard uniform law is stochastically dominated by the law of K, under P.

PROPOSITION 1.10. Let p be any random time on (2, F, F, P) with associ-
ated pair (K, L). Then, for all nondecreasing functions f:[0,1) — R, it holds
that

(1.6) Ep[f(Kp-)] = /[O N f(u)du <Ep[f(K,)].

PROOF. Pick any nondecreasing function f:[0, 1) — R. For establishing the
inequalities (1.6), it is clearly sufficient to deal with the case where f (1) € R for
u €[0,1). Since K;,,— <u and f is nondecreasing, (1.5) gives

Eelf(Ky-)] = /[O’I)E@u[f(lfnu_)]du < /{QUEQM[f(u)]du - /[0’1) £ ) du.

The other inequality in (1.6) is proved similarly, using the fact that Q,[K;, > u] =
1 for u € [0, 1), as follows from Lemma 1.8. []
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1.4. Random times that avoid all stopping times. A random time p on
(2, F,F,P) is said to avoid all stopping times on (2, F, P) if P[p = 7] = 0 holds
whenever 7 is a stopping time on (€2, F). The next result states equivalent condi-
tions to p avoiding all stopping times.

PROPOSITION 1.11. Let p be any random time on (2, F, F, P) with associ-
ated canonical pair (K, L). Then the following statements are equivalent:

(1) p avoids all stopping times on (2, F, P).

(2) AK is P-evanescent.

(3) P[AK,=0]=1.

(4) K, has the standard uniform distribution under IP.

PROOF. In the course of the proof, we shall be using A, Z and N for the
processes that were introduced in Section 1.1, associated to the random time p on
(2, F,F,P).

For implication (1) = (2), the fact that Ep[AA;] = P[p = t] = 0 implies
that P[AA; = 0] = 1 holds for all stopping times t on (€2, F). Then, in view
of (1.2), PIAK; = 0] =1 holds for all stopping times t on (£2,F) as well.
An application of [12], Theorem 4.10, shows that AK is P-evanescent. Impli-
cation (2) = (3) is trivial. Now, assume (3); from the inequalities (1.6) we get
E[f(Kp)]= f[o,l) f (1) du for any nondecreasing Borel function f:[0,1) — R,
which implies that K, has a standard uniform distribution under P. In the next
three paragraphs, we shall show (4) = (3) = (2) = (1).

We show (4) = (3). By (1.5), we have

Ep[K, + K,-] =1imEq, [/ (Ky, +Knu_)du}.
atl [0,a]
For a € [0, 1), on the event {K;,, > a} it holds that
a? = 2umu§/ (Ky, +Kp,—)du<1
[0,a] [0,a]

With the help of Lemma 1.8, we obtain Ep[K, + K,_] = 1. Since Ep[K,] =1/2
holds in view of the fact that K, has the standard uniform distribution under P,
we obtain E[K,_] = 1/2. As K is nondecreasing and Ep[AK,] = 0, we obtain
P[AK, =0] =1, that is, statement (3).

For (3) = (2), start with the following observation: for any stopping time 7, on
{t < oo} it holds that

AN,
1—K;_
L (1-Ki )+Z;—Z,_+AA:  Z:+AA;

1— K, CO1-K._

L.=L._+AL,=L._+
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Since {AK; > 0} C {AA; > 0} holds on {t < oc}, it follows that {AK; > 0} C
{L; > 0} modulo [P holds on {t < oo} for all stopping times t. Continuing, note
that

0=EelAK, 1 =Es| [ (K~ KL, dK]
+

=Ep|: > L,(AKt)z].

ZER+

Consider a sequence (7,),eN Of stopping times with disjoint graphs that ex-
hausts the jumps of K; then, Ep[} ,cn Lo, (AK,n)Z] = 0. This means that
Y pen L, (AK;)? =0, P-as.; since {AK,, > 0} C {L, > 0} modulo P holds
on {1, < oo} for all n € N, we obtain P[AK;, = 0] =1 for all n € N. The last im-
plies that P[AK; = 0] = 1 for all stopping times . In view of [12], Theorem 4.10,
this is exactly statement (2).

Finally, we establish (2) = (1). Since

[AA, >0} =L, AK; >0} = {L; > 0} N {AK, > 0}
= [AK, > 0}

modulo P holds for all stopping times t, we have P[p = t] = Ep[AA;] =0, the
latter being valid because P[AA; > 0] = P[AK; > 0] = 0. Therefore, p avoids all
stopping times under P. []

1.5. An optimality property of L amongst all nonnegative local P-martingales.
Let S be the set of all nonnegative super-martingales S on (€2, F, P) with P[Sy =
1] = 1. The set S contains in particular all nonnegative local martingales M on
(2, F,P) with P[M(y = 1] = 1. For arandom time p with associated canonical pair
(K, L), it is reasonable to expect that the local martingale L has some optimality
property within the class S when sampled at p. Indeed, the next result shows that,
in the jargon of [23], L, is the numéraire under [P in the convex set {S,|S € S}.

PROPOSITION 1.12. Let p be a random time on (2, F, F, P) with associated
canonical pair (K, L). Then P[L, > 0] =1 and Ep[S,/L,] < 1 holds for all
S € S. If, furthermore, p avoids all stopping times on (2, F, P), then the stronger
inequality Ep[S,/L,|K,] <1 holds for all S € S.

PROOF. By Lemma 1.8, Q,[L,;, > 0] =1 holds for all u € [0, 1). Then, by
Proposition 1.9,

P[L, > 0] =/ QulLy, > 0ldu=1.
[0.1)
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Fix § € S. Observe that Eq, [Sy, /Ly,] = Ep[Sy,IiL,,~0;] < 1 holds for all u €
[0, 1). Then

Ep[S,/L,] = /[O EQuIS,/LyJdu =1

Assume now that p avoids all stopping times on (€2, F, P). By a straightforward
extension of Lemma 1.8, Q,[K,, = u] =1 holds for all u € [0, 1). Therefore, for
all functions f:[0, 1) — R,

Ep[(Sp/Ly) f(K,)] = /[O B (S, /L) £ (K] d

= E S, /L d
[0.1) Qu[( nu/ m:)f(”)] u

< f(u)du =Ep[f(K,)],
[0,1)

the last equality following from Proposition 1.11. Since the function f:[0, 1) —

R is arbitrary, we obtain Ep[S,/L,|K,] <1. 0O

2. Random times and randomised stopping times.

2.1. The one probability Q. Recall the consistent family of probabilities
(Qu)uefo,1) from Section 1.2. For the purposes of Section 2, we shall be work-
ing under the following assumption.

ASSUMPTION 2.1. There exists a probability measure Q = Q; on (2, F), as
well as a random variable U : 2 +— [0, 1), such that:

(1) Ql#,, =Qulz,, holds for all u € [0, 1).
(2) Under Q, U is independent of F, and has the standard uniform law.

REMARK 2.2. Given that there exists a probability measure Q = Q; on
(€2, F) such that Q|r,, = Qulr,, holds for all u € [0, 1), asking that there also
exists a random variable U : Q +— [0, 1) such that U is independent of F,, and
has the standard uniform law under Q entails no loss of generality whatso-
ever. Indeed, if such random variable does not exist, the underlying probability
space can always be enlarged in order to support one. More precisely, define
Q:=Qx|[0, 1), afiltration F = (F,),er, via F; = F, ®{2,[0, 1)} fort € Ry, as
well as F = F @ B([0, 1)), where B([0, 1)) is the Borel sigma-algebra on [0, 1). It
is immediate that (F;);cr, and (Fo)ier . are in one-to-one correspondence. (How-
ever, F and F are not isomorphic.) On (22, F), define P:= P®Leb, Q := Q®Leb,
as well as Q, := Q, ® Leb for u € [0, 1), where “Leb” denotes Lebesgue mea-
sure on B([0, 1)). Any process X on the original stochastic basis is identified on
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the new stochastic basis with the process X defined via X (w, u) = X (w) for all
(w, u) € Q—this way, properties like adaptedness and optionality of processes are
in one-to-one correspondence. The random variable U :Q + [0, 1) defined via
U(w,u) =u for all (w,u) € Q has the standard uniform distribution, and is in-
dependent of F,, the previous holding under both P and Q. Note that the pair
associated with p on (2, F,F,P) is (K, L) in the e previously-introduced nota-
tion, which is identified with (K, L). Furthermore, Q|= Fou Qul Fon holds for all

uel0,1).

REMARK 2.3. Even though item (2) of Assumption 2.1 is not really an as-
sumption in view of Remark 2.2 above, item (1) is, as Example 3.8 will reveal.
In fact, Example 3.8 will make an additional point: even if QQ exists, it is in gen-
eral possible that neither of the conditions Q <7, P nor P <7, Q holds, for any
choice of ¢ € (0, 0o). This clarifies the absolute need to refrain from completing
F = (F1):1er, with P-null sets, even if the null sets come from ;g . JF: and not
from the larger, in general, sigma-field Foo =V, cg, Fi-

2.2. The stochastic behaviour of optional processes up to random times. We
now turn to the topic discussed in the Introduction: as long as distributional prop-
erties of optional processes on (£2, F) up to a random time are concerned, one can
pass from the original random time p and probability P to a randomised stopping
time ¢ on (2, F, Q), where Q is the probability of Assumption 2.1.

THEOREM 2.4. Let p be a random time on (2, F,F,P) with associated
canonical pair (K, L). Under the validity of Assumption 2.1, let Q the probability
that appears there. Define

Yi=inf{t e Ry |K; > U} =ny.

Then  is a randomised stopping time on (2, F,F, Q) with associated canon-
ical pair (K, 1). Furthermore, for any optional process Y on (2, F), the finite-
dimensional distributions of Y” = (Ypar)ier,. under P coincide with the finite-
dimensional distributions of Y V= = (Yyar)ier, under Q.

PROOF. Observe that {y >t} = {U > K} holds for ¢t € R.. Therefore,
QY > t|F]1=QIU > K;|F]=1—-K;  fort eRy.
It follows that the pair associated with i on (22, F, Q) is (K, 1).

Pick any nonnegative optional process V on (€2, F). Then

Ep[V :/ Eg [V, 1d :/ Eg[V, 1d
P[ p] [0.1) Qu[ 77L¢] u [0.1) Q[ nu] U
2.1
=Eq| [ Vudu| =EqlVy, 1 =EqlVy].
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Continuing, fix an optional process Y on (2,F) and times {t1,...,#,} C R,.
For any nonnegative Borel-measurable function f:R" — R, the process V =
fyh, ... Y™) is optional on (2, F). Since V, = f(Y,’l),...,th) and Vy =

f(Ytllp’ ) Y;f), (21) giVCS

Ep[f(Y),....Y)| =Eo[f(Y),....v))]
As the collection {t1, ..., t,} € R, and the nonnegative Borel-measurable function

f are arbitrary, the finite-dimensional distributions of Y* under IP coincide with
the finite-dimensional distributions of YV under Q. O

REMARK 2.5. In the setting of Theorem 2.4, assume that 7 is a stopping time
on (€2, F) and that E is an F;-measurable set. Then, since the process IgI}j; oof 18
optional, we obtain

PE, p>t]=Q[E, ny > 1] =Q[E, K; < U]

= QIE, K; <uldu =Eq[(1 — Ko)Ig].
[0,1)

3. First examples.

3.1. Finite-horizon discrete-time models. Models where the time-set is dis-
crete can be naturally embedded in a continuous-time framework. Only for the
purposes of Section 3.1, we consider a filtered probability space (2, F, F, P) with
F = (F)teT, where T ={0, ..., T} for T € N. We assume that F = Fr Vo (U),
where U is a random variable with uniform distribution under P, independent of
Fr. A random time p in this setting is a T-valued random variable.

It is straightforward to check that A = ", P[p = ¢|F;] is the dual optional
projection on (2, F, P) of I, 7. Recall from Section 1.1 the stopping time o :=
min{t € T|Z; = 0}. The discrete-time versions of (1.2) and (1.3) on {r < ¢} read

A — A ) Plp=1|7]
K. =K. _ 1—K,_ — )| =K,_ - K)o —
' -1+ ( ' 1)<Zz+At—Az_1 -1+ ( ' 1)]P’[,OZT|]:z]
and
N, — N,_ Zi+ A — A Plp > t|F;
Lt:L[—]<1+t7tl): t_luz l—]M‘
Z 1 Zi_1 Plp = t[F1-1]

On {t > ¢}, K; = K¢, and L; = L, holds.

In finite-horizon discrete-time settings like the one considered here, nonnegative
local martingales are actually martingales; see [13]. Therefore, one may define a
probability @ on (€2, F) that has density Ly with respect to P; then, Q|7, =
Qulz,, holds for all u € [0, 1). The probability Q is absolutely continuous with
respect to P. (Observe also that Assumption 2.1 is always valid in this setting.
Indeed, L7 is Fr-measurable and, therefore, independent of U under PP, which
implies that U is independent of Fr under QQ.) The next result shows that the
stochastic behaviour of p under P and Q might be radically different.



OPTIONAL PROCESSES UP TO RANDOM TIMES 443

PROPOSITION 3.1.  Let p be a random time on (2, F,P). If P[p = {olF¢, ] is
P-a.s. {0, 1}-valued, then Q[p = o] = 1.

PROOF. On {¢y > 0} it holds that Ly, = L¢—1P[p = ol F¢l/Ple = ol
Feo—11, which implies that {Ly, > 0} = {P[p = ¢o|.F¢,] > 0}. Since P[p = ¢o|Fy, ]
is P-a.s. {0, 1}-valued, it follows that {L;, > 0} = {P[p = {o|F¢,] = 1} holds mod-
ulo P on {¢p > 0}. On {¢o = 0} both L, = 1 and P[p = ¢o|F¢,] = 1 hold modulo P.
Therefore,

Qlp =%l = EP[LCOH{;0=§0}] = EP[LQ)P['O = §0|~’r§o]] = EIF’[LC()] =1,

which completes the proof. [J

Random times that satisfy the condition in the statement of Proposition 3.1 are
@-a.s. equal to a stopping time. The next example shows that familiar random
times that are far from being stopping times under [P become (Q-a.s. equal to a
constant.

EXAMPLE 3.2. Let X be an adapted process on (2, F, F, P) such that P[ X; >
X:—1|Fi—1] > 0 holds P-a.s. for all r € T \ {0}. Define p := max{t € T|X; = X;}
to be the last time of maximum of X. On the event {{y < T}, and in view of
P[X¢o41 = X¢lFgo] > 0 holding P-a.s., we have P[p = ¢o|.F¢,] = 0 holding [P-a.s.
On the other hand, on the event {{y = T'} we have P[p = {o|F¢, ] = I{,=7}, which
is P-a.s. {0, 1}-valued. From Proposition 3.1, it follows that Q[0 = o] = 1. Since
Plp = ¢ < T]1 =0 and Q is absolutely continuous with respect to P, we obtain

Qlp=T]=1.

A continuous-time version of Example 3.2 involving Brownian motion with
drift over finite time-intervals will be given in Section 5.2, where it will be demon-
strated in particular that the corresponding probabilities P and Q in that setting are
singular.

3.2. Time of maximum of nonnegative local martingales with zero terminal
value, continuous running supremum and no jumps while at their running supre-
mum. For special cases of random times, the calculation of the canonical pair
becomes relatively easy. More information and extensive discussion on the mate-
rial of Section 3.2 can be found in [24], where exact connections with so-called
honest times are presented.

Let us introduce some notation: Lo denotes the class of all nonnegative local
martingales M such that P[Mg =1, Moo, = 0] = 1 (where M := lim;_, oo M,
noting that the limit in the definition of L, exists in the P-a.s. sense, in view of
the nonnegative super-martingale convergence theorem), the running supremum
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process M* = M7 is continuous and {M_ = M*} C {AM = 0} holds up to a PP-
evanescent set. For M € L, define

(3.1 pm :=sup{t e Ry |M,— = M }.

(The convention Mo— = 0 = M{_ implies that the random set {t € Ry |M, =
M;_} is nonempty.) Since P[My, = 0] = 1 holds for M € Ly, it follows that
Plpy < oo] = 1. Whenever M € Ly, it P-a.s. holds that M, =M, = M;M; in
fact, as [24], Theorem 1.2, implies, the previous random variables are also equal
to M, which makes py a time of overall maximum of M € L.

PROPOSITION 3.3. Let M € Ly, and let p be any time of maximum of M, in
the sense that P[M, = M 1 = 1. Then the following are true:

e The canonical pair associated with p is (K, L) = (1 — 1/M*, M).
e p avoids all stopping times on (2, F, P).
o Plp=pul=1

PROOF. Only a sketch of the proof is provided; as already mentioned, more
information can be found in [24]. Note that P[p < pp] = 1 holds by definition
on py; in particular, P[p < oo] = 1. The fact that p avoids all stopping times
on (2, F,P) follows from Doob’s maximal identity, as presented in [30]; more
precisely, P[p = t|F;] = 0holds on {tr < oo, M; < M7}, while on {t < 00, M, =
M} it follows that

Plp = 7| F,] :]P’[ sup M, > MT|.7:T] oMy,
relt.00) Mz
Doob’s maximal identity applied again implies that Z = M/M* (see [30]); then,
since p avoids all stopping times on (€2, F, IP), one can use Remark 1.6 to conclude
that the canonical pair associated with p is (1 — 1/M*, M).

Since pys is a special instance of a random time that achieves the maximum
of M, it follows that the pair associated with p,y is also (1 — 1/M*, M). Since the
canonical pair associated to a random time completely determines its distribution,
the laws of p and pj; are the same under IP. Combined with P[p < py] =1, we
obtain Pl[p=pyl=1. O

REMARK 3.4. Proposition 3.3 implies in particular that there exists an almost
surely unique time of maximum of processes in Ly.

REMARK 3.5. It was already hinted out in the discussion at Section 1.1 that
the canonical pair (K, L) associated with a random time may be such that P[K o, <
1] > 0 holds; additionally, L may fail to be a true martingale. Indeed, in the context
of Proposition 3.3, M = L can be freely chosen to be a strict local martingale in
the terminology of [8]; furthermore, P[Ko < 1] =P[L} < o] =1.
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REMARK 3.6. Recall the set S from Section 1.5. Specialising to the setting of
Proposition 3.3, let p be the time of maximum of M € L. In this case, and since
K,=1-1/M,, we obtain from Proposition 1.12 that Ep[S,|M,] < M, for all
S € S. This result is quite interesting—it states that no matter what the level of M
at its maximum, no other nonnegative super-martingale with unit initial value is
expected to lie above that.

Since S is convex, the condition Ep[S,|M,] < M, for all S € S is actually
equivalent to the fact that M, stochastically dominates all random variables in
{S,1S € S} in second order, meaning that Ep[U (S,)] < Ep[U (M,)] holds for all
nondecreasing concave functions U : Ry — R. In fact, a stronger statement is true.
Since S is a nonnegative super-martingale on (€2, F, P) with P[Sp = 1] =1 for all
S € S, Doob’s maximal inequality implies that P[S, > x] <1 A (1/x) holds for
all x € (0, 00). On the other hand, since M € Ly, it follows from Doob’s maximal
identity [30] that P[M, > x] =1 A (1/x) holds for all x € (0, c0). Therefore,
supges PLS, > x] =P[M, > x] holds for all x € (0, 00), which implies that M,
stochastically dominates all random variables in {S,|S € S}, even in first order.

EXAMPLE 3.7. Let Q be the canonical space of continuous functions from
R+ to R. Take X to be the coordinate process and F be the right-continuous
augmentation of the natural filtration of X. For the time being, F is taken to
be equal to F. Let IP be the unique probability on (€2, F) under which X is
a Brownian motion with (strictly negative) drift © < 0 and unit diffusion coeffi-
cient. Since P[lim;_, 5 X; = —00] = 1, consider a random time p that is a time
of overall maximum of X. Note that p is also a time of maximum of the process
M = exp(—2uX), which satisfies all the conditions of Proposition 3.3. We ob-
tain that the canonical representation pair (K, L) of p on (2, F, F, P) is such that
K =1—expuX") and L = exp(—2uX). An application of Proposition 1.11
gives that sup, p N X; = (1/2p)log(1 — K ) has the exponential distribution with
rate —2 under P—of course, this fact is well known.

Note that the process L = exp(—2unX) is a martingale on (€2, F, P). Since we
are working on the canonical space, a joint application of the extension theorem
of Daniell-Kolmogorov [21], Section 2.2A, and Girsanov’s theorem [21], Sec-
tion 3.5, imply there exists a probability Q on (€2, F, F) such that dQ = L,dP
holds on each F; for t € R, and under which X is a Brownian motion with drift
—u > 0 and unit diffusion coefficient. In order to be in par with Assumption 2.1,
we carry out the enlargement of the probability space as discussed in Remark 2.2.
Then it comes as a consequence of Theorem 2.4 that a path of X” under IP can be
stochastically realised as follows:

(1) With U being a standard uniform random variable, set Xgo =X, =

(1/2p) log(U).
(2) Given x = X, generate X under Q, where 7, :=inf{r € R |X; =x}.
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The next example will settle a couple of claims that were previously made in
Remark 2.3.

EXAMPLE 3.8. Consider the interval (0, co), with an extra “cemetery” state A
appended in a way so that A is a topologically isolated point of (0, oo) U {A}. For
aright-continuous path w : R4 — (0, 0c0) U {A}, define ¢ (w) :=inf{t e R |w(t) =
A}. With the previous understanding, define 2 to be the space of all right-
continuous paths w: Ry +— (0, 00) U{A} such that w(0) € (0, 00), that are actually
continuous on the interval [0, ¢ (w)) and w(z) = A holds for all # € [¢(w), 00). Let
X denote the coordinate process on €2 and F be the right-continuous augmentation
of the natural filtration of X; then ¢ becomes a stopping time on (€2, F). Defining
Q as above is essential for ensuring that Assumption 2.1 is valid; see the discussion
on standard systems and, more particularly, [29], Example 6.3.

Set B(x) =1V x2 for x € (0, 00). From the treatment of [21], Section 5.5,
there exists a probability P on F such that the coordinate process X satisfies
P[Xo = 1] =1 and has dynamics dX; = B(X;) dW? forz e [0, ¢), where WPisa
standard Brownian motion under PP. (In general, W is defined only up to time ¢.)
In fact, X is a strict local martingale on (€2, F, P) in the terminology of [8], as
follows from results in [5]. Using Feller’s test for explosions and the local martin-
gale property, it is straightforward to check that P[¢ <, X, =0]=P[¢ <t] >0
holds for all ¢ € (0, 00). Let p denote a time of overall maximum of X. By Propo-
sition 3.3, it follows that L = XTjjo (. In order to characterise the probability Q
that L induces as in Assumption 2.1, note that, if L was actually the density pro-
cess of Q with respect to P, Girsanov’s theorem would imply that the dynamics
of X under Q are dX; = (ﬁZ(X,)/Xt)dt + B(Xy) thQ for t € [0, ¢), with wQ
being a standard Brownian motion on (€2, F, Q). Even though L is not a mar-
tingale on (2, F, P), the treatment of [21], Section 5.5, implies that there exists
a probability Q on (€2, F) such that the coordinate process X indeed satisfies
Q[Xo=1]= 1 and dX; = (B2(X,)/ X,) dt + B(X,) dW2 for t € [0, ¢), where WQ
is a standard Brownian motion under Q, in general defined until time ¢. It is also
clear that Q is exactly the probability that appears in Assumption 2.1. Writing the
formal dynamics under Q of 1/X on the stochastic interval [0, ¢[[, it is straight-
forward to conclude that the law of (1/X/);¢[0,r) under Q is the same as the law of
(X1)tef0,¢) under P. It follows that P[¢ <, X, = oo] =P[¢ < t] > 0 holds for
all # € (0, 00). Coupled with the fact that P[¢ <1, X, =0] =P[¢ <] > 0 holds
for all ¢ € (0, co) that was established above, we conclude that neither Q <z, IP
nor P <7 Q holds, for any ¢ € (0, 00).

The above example also illustrates that the filtration F should not be completed
in any way by P, if Q is to be defined. In fact, let F¥ = (.EP),€R . be any right-
continuous filtration such that:

e FCF’ and
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o if B CJ,cn Bn, where B, € U,€R+ JF: and P[B,,] = 0 holds for all n € N, then
BeFL.

(Note that we are not asking that each F!, r € R, contains all P-null sets of
Fo, but a weaker condition that is tailored to avoid problems with singularities of
probabilities at infinity; see [2] for the concept of such natural, as opposed to usual,
augmentations.) For any n € N, B, :={¢ <n, X;_ = o0} € F,, and P[B,] =0. In
view of the assumptions on FP?, {¢ <00, X; =00} € ]:(I)P . If Q could be defined,
Q'ﬂfu < Plfﬁ'f; would hold for u € [0, 1); in particular, Qp|f3» < IP’|f3m. This is
impossible: indeed, we should have Q[¢ < 0o, X;_ = oco] = 1, while it is true that
P[¢ < 00, X;— = 00] = 0. Of course, since the filtration is not enlarged in order to
include P-null sets, one can define QQ without problems.

3.3. Last-passage times of nonnegative continuous-path local martingales van-
ishing at infinity. Let M be a nonnegative local martingale on (€2, F,P) with
Mo =1, M having continuous paths and lim;_, o M; = 0, all holding P-a.s. In
particular, and in the notation of Section 3.2, M € Ly. We fix y € R, and define
p :=sup{t € Ry |M; =y}, setting p = 0 when the last set is empty. In words, p is
the last passage time of M at level y. In this case, it is straightforward that

M
Z,=Plp>t|F]=—A1 forallt eR,.
y

(The set-inclusion {M > y} C {Z = 1} certainly holds modulo P; the fact that
Z = M/y holds on {M < y} follows from Doob’s maximal identity [30] because
M has P-a.s. continuous paths.)

Recall from Section 1.1 that Z = N — A holds for an appropriate local mar-
tingale N on (€2, F,P). In order to compute N and A in the decomposition of Z,
information on the jumps of A is required. Since A is the dual optional projec-
tion of Iy, 0op on (2, F,P), AA; = P[p = t|F;] holds for any finite stopping
time 7. Note that Ao =P[p=0]=1—-Zy =0V (1 — 1/y). Furthermore, on
{r > 0, M; # y}, it is clear that P[p = t|F;] = 0 holds for any finite stopping
time t. Furthermore, P[p > 7|F;] =1 holds on {M; = y} C {Z, = 1}, which im-
plies that on {t > 0, M; = y} it holds that P[p = t|F;] =1 —Plp > t|F;] =
1 — Z; =0. We conclude that AA; = 0 on {r > 0}, which implies that A is a
continuous-path process. It follows that Z = N — A coincides with the Doob-
Mayer decomposition of Z, where N is (necessarily) a continuous-path martingale
with Ng = 1. By the Meyer-It6—Tanaka formula [33], Theorem IV.70, it holds
that dN; = (1/y)I{pm,<yydM; and dA, = (1/2y) dAM(y) for t € (0, 00), where
(A?” (¥))rer, denotes the semimartingale local time of M at level y—see [33],
page 216. A bit of algebra on (1.1) gives

(3.2) K=1- (1 A %) exp(—%AM(y))
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Furthermore, since {M <y} C {yZ = M}, the dynamics dN; = (1/y)I{pm, <y} dM,
for t € R4 and (1.3) give
(3.3) e M e [0, 2o)

. — = — or , 20).

t

REMARK 3.9. If Assumption 2.1 is valid, the dynamics in (3.3) suggest that
the stochastic behaviour of processes under Q is like the one under P when M > y;
furthermore, when M < y, the stochastic behaviour of processes under Q is like
the one under the corresponding probability Q@ when the random time is the time of
maximum of M, studied in Section 3.2. The reader should also check Example 4.8
in Section 4.2 for dynamics under Q in a one-dimensional diffusion setting.

REMARK 3.10. Suppose that y € (0, 1]. In this case, K =1 —exp(—(1/2y) x
AM(y)), so that AK =0 up to a P-evanescent set. By Proposition 1.11, K,=Kx
has the standard uniform distribution under P. It follows that A% »=A ff (y) has
the exponential distribution with rate parameter 2y under IP. Also, note that in this
case that the last exit time p is actually the time of maximum of L, which becomes
apparent once one writes

Zz M Iy
b= 2o (M) ep( L a0)
1—-K y 2y
and use the facts that P[M, = y] =1 and P[Ag’[(y) = Ag’fo(y)] =1.

EXAMPLE 3.11. Recall the Brownian setting of Example 3.7. Suppose that
x € R. Define p := sup{r € R;|X; = x}, where we set p = 0 when the last set is
empty. Recalling that M = exp(—2uX), it holds that p := sup{r € R{|M; = y},
where y = exp(—2ux). Furthermore, straightforward computations using a com-
bination of the two occupation-times formulas for AX and AM imply that we
can choose the local times in a way so that (l/y)AM(y) = —2uAX(x). There-
fore, equation (3.2) in this case reads K =1 — (1 Aexp(2ux)) exp(MAX(x)). By
Proposition 1.11, it follows that A% (x) = AX(x) is such that P[A%, (x) = 0] =
1 — exp(2ux) when x € (0, c0) and P[Ago(x) = 0] =0 when x € (—o0, 0]; fur-
thermore, given A g(o(x) >0, Agfo(x) has the exponential distribution with rate pa-
rameter — . under P.

Using Novikov’s condition ([21], Section 3.5.D), it is straightforward to check
that the local martingale L in (3.3) is an actual martingale. The extension theorem
of Daniell-Kolmogorov ([21], Section 2.2A), implies that Assumption 2.1 is valid
in this case (modulo the enlargement of the probability space in order to accom-
modate a uniform random variable). It is straightforward to check that, under Q,
the process X has dynamics dX; = psign(X; — x)dr + th@ for t € Ry, where
sigh = T(0.00) — I(—00,0) and W@ is a standard Brownian motion under Q. Dynam-
ics like the ones of X under Q have been the object of study in previous literature;
see, for example, [35] and [9], Section 5.2, page 96.
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4. Applications to financial mathematics.

4.1. Market behaviour up to the time of overall minimum of the numéraire
portfolio. For the purposes of Section 4.1, we shall not be needing Assump-
tion 2.1; (2, F,P) is taken to be a filtered probability space, where F actually
satisfies the usual conditions of right-continuity and augmentation by P-null sets
of 7.0n (2,F,P), let S = (S"),-:Lm,d be a sigma-bounded d-dimensional semi-
martingale. (The condition of sigma-boundedness is weaker than local bounded-
ness of S—in fact, it is equivalent to the existence of strictly positive and non-
increasing predictable processes ¥’ such that Jo ﬁti dS! is a uniformly bounded
process for each i € {1, ..., d}. For the concepts of sigma-localisation and sigma-
martingales, the reader can refer to [19]. The concept of sigma-boundedness has
also appeared in [26].) Foreach i € {1, ...,d}, Si represents the discounted, with
respect to some baseline security, price of a liquid asset in the market. This base-
line security should be thought as a locally riskless asset. Starting with normalised
unit capital, and investing according to some d-dimensional, F-predictable and
S-integrable strategy ¢ (modelling the number of liquid assets held in the port-
folio), an economic agent’s discounted wealth is given by X? =1 + Jo ¥ - dS;.
(Stochastic integrals with respect to S are to be understood in the sense of vector
stochastic integration; see [14].) Define A" as the set of all processes X % in the
previous notation that remain nonnegative at all times.

ASSUMPTION 4.1. In the above set-up, assume the following:

(1) There exists X € X’ with the following properties:
(a) X/ Xisa super-martingale for all X € X.
(b) AX > 0 up to P-evanescence. Furthermore, with I:= inf;¢(o, ] X , the set-
inclusion {)’f _= 7_} - {Af(\ = 0} holds up to P-evanescence.
(2) There exists X € X such that P[lim;_, o X; = o0] =1.

REMARK 4.2. Condition (1) in Assumption 4.1 is connected to market via-
bility, and in particular to absence of arbitrage of the first kind, that is, condition
NA|. (The market allows for arbitrage of the first kind if there exists 7 € R4
and an J7-measurable random variable & with the properties P[§ > 0] = 1 and
P[£é > 0] > 0, and such that for all x > O there exists X € x X, which may depend
on x, satisfying P[ X7 > £] = 1.) Condition NA is actually equivalent to the re-
quirement that lim,, oo SUpyc P[X7 > m] = 0 holds for all T € R —see [22],
Proposition 1. It then comes as a consequence of results in [20] that absence of
arbitrage of the first kind is equivalent to existence of X € X such that X / Xisa
super-martingale for all X € X', which is exactly condition (1)(a). Condition (1)(b)
in Assumption 4.1 additionally forces certain requirements which will enable use
of results from Section 3.2 and are crucial for the development below.
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Condition (1) of Assumption 4.1 implies in particular that 1/ X is a super-
martingale on (€2, F, P). The next result refines this observation.

LEMMA 4.3. Under condition (1) of Assumption 4.1, 1/)? is a local martin-
gale on (2, F,P).

PROOF. Sinceboth X_ >0and X > 0 hold, we have X = 1+ /o }?t (¢r-dSy)
for some d-dimensional predictable and S-integrable process ¢. A straightforward
application of [20], Lemma 3.4, shows that L :=1/ X=1- fo L;—(¢;-dS;), where

Si=5— [CS, /0'(@ -d"St)} - AX

t<. O

——LAs,,

with ©S denoting the uniquely defined continuous local martingale part of S (see,
e.g., [14]) and [-, -] denotes the operator returning the quadratic covariation of
semi-martingales. Since L_ > 0 and L > 0, L is a local martingale if and only
if [o(e; - dS;) is a local martingale. The super-martingale property of L already
gives that [;(¢; - dsS,) is a local sub- -martingale. We_ shall show that [;(¢;, dS;) is
also a local super-martingale. Since 2¢ - AS = 2(AX / X_)>0,the process X' de-
fined implicitly via X" =14 [ X;_(2¢, - dS;) is an element of X" with X' > 0
and X’ > 0. Therefore, X’'/X is a nonnegative super-martingale. Again, [20],
Lemma 3.4, shows that X'/X = 1 + f(j(X;_/jf\t_)((pt -dS;). The super-martingale
property of X'/ X implies that [, (¢; - dS,) is a local super-martingale, which com-
pletes the argument. [

REMARK 4.4. Lemma 4.3 above follows part of the proof of [23], Theo-
rem 2.15. While the latter result really requires the full force of condition (1) in
Assumption 4.1 in order to be valid, the set-inclusion {X_ = I_} C {AX =0} was
erroneously neglected in [23], Theorem 2.15.

Given condition (1)(a) in Assumption 4.1, the nonnegative super-martingale
convergence theorem implies that condition (2) in Assumption 4.1 is actually
equivalent to P[lim;_, o 5(\, =oo]=1.Let L := 1/)?. Since Loy =1 and Assump-
tion 4.1 implies that L* is continuous and P[L, = 0] = 1, Lemma 4.3 and con-
dition (1) of Assumption 4.1 imply that L € Ly, in the notation of Section 3.2.
By Proposition 3.3, it follows that there exists a [P-a.s. unique time p of mini-
mum of X, and that (1 — 1 /L*, L) is the canonical representation pair associated
with p. Let G = (G;)rer, be the smallest right-continuous filtration that contains
F and makes the random variable IOO = mf,e]R N X (; be Gp-measurable. In this case,
p is P-a.s. equal to the first time that X equals I, which is a stopping time on
(2, G); since F satisfies the usual conditions, we conclude that p is a stopping
time on (22, G).

When § consists of continuous-path semi-martingales, a version of the next
result appears in [25], Theorem 1.4. The strengthened result that is presented here
has a short proof due to the previously-built theory.
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THEOREM 4.5. Under Assumption 4.1 and the above notation, the d-
dimensional process S = (Synt)ier, IS a sigma-martingale on (2, G, IP).

PROOF. Let X € X. In the notation of Section 1.5, since (X /)A() € S and
p is a time of maximum of L :=1 /5(\ , which in particular avoids all stop-
ping times in view of Proposition 3.3, it follows that Ep[Xp/)’(\lep] < 1/5(\,).
Since K, =1 — l/fp, the last equality translates to Ep[X,[K,] < 1; in other
words, Ep[X, f(K,)] < Ep[f(K,)] is valid for all X € X and Borel-measurable
f:00,1) = Ry. Now, fix t; e Ry, 1h € (11,00), A€ F;; and X € X with X >
1/2. Let ¥ be so that X =1 + [, 0 - dS;, and define v’ := (1/X; ) aly, 170
and X' :=1+4 ;9 - dS;. It is straightforward to check that X’ € X’ and that
X/, =lo\a + (X[,/ X})]4. Therefore, the inequality Ep[X/, f (K )] < Ep[ f(K,)]
gives Ep[(X/X!) f(Kp)Ial < Ep[f(K,)I4l. Defining G0 = F; v o (K,,) for
all r € Ry and ranging A € F;,, we obtain that Ep[X/,|G)] < X/, holds for all
H eRy, 1 €(t),00) and X € X with X > 1/2. By definition of the filtration G,
G =M=y G holds; then, the conditional version of Fatou’s lemma gives that
Ep[X7|G,]1 < X[, holds for all 1 € Ry, 1 € (t;,00) and X € X with X > 1/2.
Ranging #; € Ry and 5, € (1, 00), we obtain that X” is a super-martingale on
(2,G,P) forall X € X with X > 1/2.

For each i € {1,...,d} pick a strictly positive and nonincreasing predictable
process © such that | Jo 19} dS,il < 1/2 identically holds. In this case, both pro-
cesses 1 + [y 9/ dS; and 1 — [, 9/ dS; are elements of X’ and bounded below by
1/2. It follows that fop a z?,i de is both a super-martingale and a sub-martingale on
(22, G, P), which means that it is a martingale on (2, G, P). Since ' is strictly
positive, this implies that (S;; Ar)teR, 18 a sigma-martingale on (€2, G, IP) for all
ie{l,...,d}. O

The importance of Theorem 4.5 lies in the following observation: with the “in-
sider information” flow G, investing in the risky assets before time p gives the
same instantaneous return as the (locally) riskless asset, but entails (locally) higher
risk; therefore, before p an insider would not be willing to take any position on the
risky assets. In a sense, Theorem 4.5 endows X the quality of an index of market
status. Extensive discussion on this and further remarks can be found in [25].

4.2. Valuation of exchange options and last-passage times. In recent litera-
ture, there has been considerable interest in representations of the value of plain
vanilla options in terms of last passage times—in fact, the monograph [32] con-
tains much of this development. Last-passage times for continuous local martin-
gales that vanish at infinity were considered in Section 3.3; that discussion will be
used here to provide a further representation for the value of exchange options.

On (Q,F,P), let S° and S' be two nonnegative continuous-path semi-
martingales. The process SO satisfies Sg =1 and Plinf;¢[0,1) Sto > 0] =1 for all
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T € R, and should be considered as a baseline security. Set R := S'/5° to de-
note the “exchange rate,” that is, the price process S' denominated in units of the
baseline asset with price process S°.

In the above market, consider an option to exchange at time 7 € Ry a unit
of a security with price process S' for « units of the baseline security S°. The
option will be valid at time T only if the event {o < T'} has occurred, where o is a
stopping time on (£2, F). For example, one could take o = inf{r € Ry |R, > A} for
some A > k, in which case the security is really an “up-and-in” exchange option.
For a plain vanilla exchange option, one may set o = 0.

Given that PP is the valuation measure and that discounting is done using the
baseline security, as is typically the case, the value of a European exchange option
of the aforementioned type, to be exercised at time T € Ry, is EEr = Ep[(k —
R7)+Iis<1}]. Note that IP is an equivalent local martingale measure for R, which
means that R is a nonnegative local martingale on (€2, F, P).

REMARK 4.6. In fact, the valuation formula for the European option is valid
also for the value of the corresponding American option. In order to see this, let
Tio,7 be the class of all stopping times t on (2, F) satisfying 0 <t <T. Using IP
as valuation measure, an American option of the previous type has value AE7 :=
SUP: T 1 Ep[(x — R¢)4+I{o<¢}]. Given that R is a nonnegative local martingale
on (L2, F, P), thus a super-martingale on (2, F,P), it is straightforward that the
process ((k — R;)+):eRr, is a sub-martingale on (2, F, P). Then, for any T € Tjo, 7}
it holds that

Ep[(k — RT)+ o<1} Fz] = Ep[(k — RT) Lo <} Fr] = (k — Ry) 4+ Ljo <1},

which readily gives

AEr = sup Ep[(k — R;)+lip<r}] =Ep[(k — R7)+Lis<1)] = EET.
7€70,7]

For k € R, define the random time p := sup{r € R |R; = «}, where we set
p = 0 if the last set is empty. Under the force of Assumption 2.1, denote by QQ the
probability corresponding to p.

PROPOSITION 4.7. In the above set-up, suppose that P[lim;_. o R, =0] =1
and that the validity of Assumption 2.1 is in force for the random time p. Then it
holds that

EEr =«kPlp Ao <T]
4.1)

=kPlo <T]1— k(1 AK)Eg [exp(—gz\’;(x)ﬁ{gg}].
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PROOF. Under the validity of P[lim;—~ R; = 0] = 1, the equality (x —
R7)+ =«kPlp < T|F7] holds in view of [32], Theorem 2.5; then the first equality
in (4.1) follows from the fact that {o < T'} € Fr. For the second equality in (4.1),
note that, in view of (3.2), the process K in the canonical representation pair of
pon (2, F,P)issuchthat ] — K = (1 Ak) exp(—(K/Z)AR(K)). By Remark 2.5,
and since {o < T} € Fr,

Plpro <T1=Plo <T]1-Plo <T.p > T1=Plo < T1-Eg[(1 - Kp)ljo=7}],

which completes the proof. [J

EXAMPLE 4.8. We present here an example where the “exchange rate” pro-
cess R behaves as a one-dimensional diffusion under P. Exact modelling of S and
S is not necessary.

The filtered measurable space will be the exact one considered in Example 3.8,
where the reader is referred to for all the details. Recall that X denotes the coor-
dinate process and F be the right-continuous augmentation of the natural filtration
of X. The sigma-algebra F is taken to be equal to Fo. Note that this set-up is
essential for ensuring that Assumption 2.1 is valid (modulo the enlargement dis-
cussed in Remark 2.2 in order to accommodate for an independent uniform random
variable).

Fix a function 8: (0, o0) + (0, 00) such that 1/ ;32 is locally integrable on
(0, 00). From the treatment of [21], Section 5.5, for any xg € R, there exists a
probability P on F (which coincides with the Borel sigma-algebra on €2) such that
P[Xo = x0] =1, and X has dynamics

X _ B(X)dWE  forrel0,¢),

Xi
where recall that ¢ := inf{r € Ry |X; = A}, and W is a standard Brownian mo-
tion (defined only up to time ¢) under P. Due to the nonnegative local martingale
convergence theorem and the fact that §: (0, oo) — (0, 00) is such that 1/ ,32 is lo-
cally integrable on (0, c0), it follows in straightforward way that P[X,_ =0] = 1.
Letting R := XIjo,¢[, note that the assumptions of Proposition 4.7 are satisfied.

Regarding the probability Q, (3.3) implies that the local martingale L on
(2,F,P) in the canonical representation pair of p is such that dL,/L; =
Lix,<cy(dX;/ X)) = ]I{th,(}ﬂ(X,)thP, for ¢ € [0, ¢). Using Girsanov’s theorem,
it is straightforward to then check that

dX: _ Q
4.2) X, = B (X)ix, <y dt + B(X;) dW; fort €[0,¢),
where W@ is a standard Brownian motion under Q. (Even though L may fail to
be a true martingale on (€2, F, P), one infers the existence of the probability Q
on (€2, F) such that the dynamics of X are given by (4.2) using knowledge of
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weak solutions of stochastic differential equations with possible explosions from
the treatment of [21], Section 5.5.) By employing Feller’s test for explosions, it
can be easily seen that X under Q does not explode, that is, does not exit (0, co) in
finite time; that is, R = X under Q. In fact, by calculating the scale function of X,
one may conclude that R = X becomes a recurrent Markov process under Q.

5. Time of maximum and last-passage times of Brownian motion with drift
over finite time-intervals.

5.1. Set-up. For the purposes of Section 5, T € Ry will be fixed. Define €2
as the canonical path-space of continuous functions from [0, 7') to R. Call X the
coordinate process, let F = (F;);c[0,1) be the right-continuous augmentation of the
natural filtration of X, and set ' = \/,c[0.1) Fr-

REMARK 5.1. It is important to note that the canonical space of processes
with time-index [0, T'), as opposed to [0, T'], is considered here. As will become
clear, it is in this setting that we can ensure later the validity of Assumption 2.1
(modulo the enlargement of the space in order to accommodate a random variable
with the uniform law and independent of F,, as discussed in Remark 2.2).

Fix u € R. On (L2, F), let P be the probability under which X is a Brownian
motion with drift x and unit diffusion coefficient. In the rest of Section 5, and using
the previously-developed theory, we discuss the behaviour of X up to the time of
maximum and last-passage times of X. We shall calculate the canonical associated
pair (K, L) in each case, and via L we shall describe the dynamics of X under Q
(generated by L). In view of Section 2, this gives a complete characterisation of
the stochastic behaviour of optional processes up to the random times that are
considered.

5.2. Time of maximum. Define p := sup{t € [0, T)|X; = SUPse(0,T) X1,
where by convention one sets p = T if the previous set is empty.

In the sequel, we shall make use of the following functions, related to the stan-
dard normal law:

() = / s(y)dy  where p(x) =

)
exp(—;), forx e R.

1
21
Define the function F, : (0, 00) x Ry + [0, 1] via

Fu(r,2):= exp(2uz)5(z ;"/"?“') n 5(2 :/;Lr)

= [ (o5

S.D
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for (t, z) € (0, 00) x R4. The second equality follows upon differentiation of the
defining quantity giving F), with respect to the temporal variable. The fact that
Fy, is [0, 1]-valued follows from the second representation, since the quantity in-
side the integral is the density of the first hitting time of the level z for Brownian
motion with drift u; see [21], page 197, equation (5.12). By this last fact and the
Markovian property of Brownian motion, it is straightforward that

Zi=Plo>t|F]1=F, (T —t, X! —X;)  fort€[0,T),

where recall that X1 = sup¢po..] X- In preparation for the formulas below, note

that
oF, . —(Z+uty 2 Z—MUT
W(T’Z)‘Z“e"p(z‘“)@( NG ) ﬁ¢( NG >

for (7,7) € (0,00) x R,

where the fact that exp(2uz)p(z//T + u/7) = ¢(z//T — u/7) for (z,2) €

(0, 00) x R4 holds was used in the above calculation. Define also the function
fu:(0,00) = R via

5.2)

27

fult) = —%(r, 0) = “2 ) —2ud(u7)  fort e (0, 00).

1
Nt exP(
Upon simple differentiation, it is easy to check that the function f;, is decreasing
in 7 € (0,00). As lim; . oo fu () =max{0, —2u} € Ry, f,, is nonnegative.

Since Z has continuous paths and all martingales on (€2, F, P) have continuous
paths as well, it follows that A is the continuous nondecreasing process appearing
in the additive Doob—Meyer decomposition of —Z. In view of Proposition 1.11, p
avoids all stopping times on (€2, F, P). A simple use of Itd6’s formula gives, after
some term cancellations, that

oF
dZ, = =BT =1, X] = X,)d(X, — 1) — fu(T — 1) dX,
(5.3) 9z

forr [0, 7).
In particular, it holds that A = [, f,(T —1)dX tT . From (1.1), it then follows that

(5.4) Ki=1- exp(— fot fu(T — s)dXsT) fort [0, T).

Using the equality L = Z /(1 — K), it follows that

(55) Li=F,(T—1,X] — Xt)exp</0[ fulT — s)dXsT) fort € [0, T).
The next result ensures that Assumption 2.1 will be valid in this setting.

LEMMA 5.2. Forallt €0, T), it holds that Ep[L,] = 1.
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PROOF. Since (L;)/¢[0,7) is a nonnegative local martingale on (€2, F, P) with
Lo=1,Ep[L;]=1forall t € [0, T) will follow if Ep[L;] < oo forall t € [0, T)
is established. Given that the function F), is a [0, 1]-valued and that the func-
tion f, is decreasing, (5.5) implies that L} < exp(f, (T — t)X,T ) holds for all
t €0, T). Therefore, Ep[L}] < oo for all ¢ € [0, T') will follow if it is established
that Ep[exp(a X ,T )] < oo holds for all @ € R and ¢ € R,.. To see this, note first
that in view of Girsanov’s theorem and Holder’s inequality, one may assume that
i = 0. Then the claim follows because, for = 0, the law of X ,T under P is the
same as the law of | X;| under PP, and all exponential moments of the latter law are
finite. [

By Lemma 5.2 and the extension theorem of Daniell-Kolmogorov [21], Sec-
tion 2.2A, there exists a probability Q on (€2, F) such that L, is the density of
@ with respect to P on F; for all ¢t € [0, T'). (It is exactly here that the point of
Remark 5.1 becomes relevant.) It follows either from (5.3) of from (5.5) that the
dynamics of L are

dL,  (0Fu/8)(T —1,X] = X))

= ; d(X; — put) fort € [0, T).
L, Fu(T —t, X/ — X;)

A straightforward application of Girsanov’s theorem imply that, under Q, the dy-
namics of X are

(5.6) dX, =G, (T — 1. X} = X,)dt +dw2  fort€[0,T),

where W is a standard Brownian motion on (2,F,Q) and G, : (0, 0) x Ry
R is a function satisfying G, (t,2) = u — (0F,/92)(r,2)/F.(t,2) for (7,2) €
(0,00) x R4. A use of (5.2) gives

Gu(t,2)
/DD (/T — 1) — 20 expuD) B2/ /T + 113/7)
D(2/ /T — u/T) +expuz) @(z//T + 114/7)

for (7, z) € (0, 00) X R;..

(5.7) =u+

REMARK 5.3. When p € (—00,0), it is straightforward to calculate
lim; o0 Fyu(7,2) = exp(2uz) and lim; o G, (7,2) = —p forall z € Ry, as well
as lim; ., f5, (7, z2) = —2u. Formally plugging these long-run limits in (5.4), (5.5)
and (5.6), the set-up and results of Example 3.7 are recovered.

REMARK 5.4. When p = 0, previous formulas simplify significantly. In this
case, Fo(t,z) = 2®(z/+/7) for (t,2) € (0,00) x Ry, fo(r) =1/4/277 for 7 €
(0, 00), and the function G appearing in the dynamics (5.6) is given by Go(7, z) =

(1//T)(@(z//T)/P(z//T)), for (1, z) € (0, 00) x R,.. Upon differentiation, it is
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straightforward to check that (0, o0) x R4 2 (7, 2) — Go(x, z) is decreasing in
and increasing in z. This is a very plausible behaviour: recalling the dynamics (5.6)
under Q, one would expect the drift to increase both when X is moving away from
its maximum and when the “time to maturity” t = T — ¢ is getting shorter.

It is conjectured that the function (0, 00) x (0, 00) 3 (7, 2) = G (7, 2) is de-
creasing in 7 and increasing in z for all © € R—this was discussed for the case
@ =0 in Remark 5.4. However, the calculations toward proving such a statement
for all u € R seem quite tedious. Proposition 5.5 that follows gives important in-
formation on G, for arbitrary u € R.

PROPOSITION 5.5. The function G, is Ryi-valued and such that
liminf7 o (inf;e[w,00) (TG (T, 2))) = w holds for all w € (0, 00). In particular, it

follows that X is a local sub-martingale on (2, F, Q) and that Q[liminf;_, 7 (X ,T -
X)=0]=1.

PROOF. Letc € R and d € R. A simple change of variables implies that

_ 00 2\ d
expcd)®(c +d) :/ exp(ch — x_) al

c+d 2 27
00 (x+2c)2> dx
= exp| 2cd —
d—c P( 2 \/2JT
00 x2\ dx
— 2e(d —c — )
d_cexp( c( c x))exp( 2) >

When x > d — c, it holds that cexp(2c(d — ¢ — x)) <g for any ¢ ELR' There-
fore, from the equalities above we obtain cexpcd)®(c + d) < c®(d — ¢).
Applying the previous inequality above with ¢ = u+/t and d = z//7, it fol-

lows that £ ®(z/+/T — u+/T) — expuz)®(z//T + /7)) >0 for all (z,7) €
(0,00) x R4. By (5.7), we obtain

2/VT)P(2/ T — n/7)
D(2//T — 14/T) +expuz) P(2//T + /)

for all (7, z) € (0, 00) x Ry,

G/l. (Tv Z) Z

(5.8)

from which it immediately follows that G, is a nonnegative function. The fact that
X is a local sub-martingale in (2, F, Q) then follows from the dynamics (5.6).
Continuing, fix w € (0, 00). Using the uniform estimates 1 — 1/x2 < x®(x)/

¢(x) <1, valid for x € (0, o0) (see, e.g., [6], Theorem 1.2.3, page 11), and the
fact that the equality exp(2uz)¢ (z//T + /7)) = ¢ (2/4/T — 4/T) holds for all
(1,2) € (0,00) x R, we obtain that

i ( < 279 (z/VT — p/7) )) B

im|( inf | = =w
10\ \ D (z//T — u/T) + expuz) P (z//T + 1/7T)
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Therefore, (5.8) gives liminf; o(inf;>, (tG(7,z))) > w for all w € (0, 00). Ac-

cording to this fact and the dynamics given in (5.6), on the event {liminf;_, 7 (X ,T —
X;) > 0} one would obtain lim,_,7 X; = oo under Q—indeed, the drift term in
the dynamics (5.6) would dominate (up to a strictly positive random variable) the
quantity 1/(T — t) when ¢t approaches T, implying that the behaviour of X itself

near 7 would be explosive. However, in that case lim;_, 7 (X ,T — X;) =0 would
hold on {lim inf;_>T(X,T — X;) > 0} under Q, since X; < oo holds forall ¢ € [0, T).
We conclude that Q[liminf,_,7(X,; — X,) =0]=1. O

REMARK 5.6. The fact that Q[liminf,_q(X,T — X;) =0] =1 is the equiv-
alent of Q[o = T'] = 1 that was obtained in the finite-horizon discrete-time ana-
logue discussed in Example 3.2. However, in contrast to Example 3.2, the fact that

Pllim;_, 7 (X ,T — X;) > 0] = 1 implies that in the present setting [P and Q are sin-
gular probabilities on F. (Note also that P[liminf,;_, 7 (X : — X¢) > 0] =1 implies
Pllim;—, 7 L; = 0] = 1, which directly shows the singularity of P and Q on F.)

5.3. Last-passage times. Fix x € R and define p := sup{tr € [0, T)|X; = x},
where one sets p = 0 if the previous set is empty. Recalling the definition of the
function F), from (5.1), it is straightforward to compute

Z; =Plp > t|F]
(5.9 = FM(T —I,x— XI)I[{X,Sx} + ny,(T -1, X, — x)I[{X,>x}
fort €[0,T).

In particular, Zo = P[p > 0] =1 — Fsign(x)u (T, |x]). Define also the function
h;:(0,00) = Ry via

1 (0F, OF_,
hyu(t) i=—§ 3_Z+ 92 (t,0)

1 w3t _
= exp(——) — (1 =20 (u7)) for T € (0, 00).
2T 2

Upon differentiation, one checks that the nonnegative function %, is decreasing in
7 € (0, 00).

By a straightforward generalisation of the Itd—Tanaka formula, one can write
Z =N — A, where N is a local martingale (with necessarily continuous paths)
and A = [yh, (T —1) dAtX(x). Recalling that P[p > 0] =1 — Fsign(x)u (T, Ix]), it
follows from (1.1) that

t
K; =1—(1— Fsignoyu (T, Ix1)) CXP(—/O hu(T —s) dAf(X))

(5.10)
fort €[0,T).

Since L =Z/(1 — K), (5.9) and (5.10) give a closed-form expression for L.
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LEMMA 5.7. Forallt €10, T), it holds that Ep[L,;] = 1.

PROOF. As in the proof of Lemma 5.2, it will be shown that Ep[L}] < oo
holds for all # € [0, T'). Since L < 1/(1 — K) and h, is a decreasing function, for
all t € [0, T') we obtain the inequality L} < (1 — Fsign(x)u (T, lx[)~! exp(h, (T —
t)AtX (x)). Therefore, it suffices to show that E]p[exp(aAtX (x))] < oo holds for all
a € R and t € R. For this, and in view of Girsanov’s theorem and Holder’s in-
equality, one may assume that u = 0. Then the properties of standard Brownian
motion imply that, for u = 0, the law of AX(x) under P is stochastically domi-
nated in the first order by the law of AX(0) under P. Furthermore, Lévy’s equiv-
alence theorem on Brownian local time and maximum of Brownian motion [21],
Theorem 3.6.17, implies that the law of AIX (0) under P is the same as the law of

X ,T under PP; the latter is also the same as the law of | X;| under P, for which all
exponential moments are finite. [J

By Lemma 5.7 and the Daniell-Kolmogorov extension theorem, there exists
a probability Q on (€2, F) such that L; = (dQ/dP)|#, holds for all # € [0, T).
(Remark 5.1 becomes again relevant at this point.) Since L = Z /(1 — K), using
(5.9) and (5.10) we obtain the dynamics of L as

dL; _ (_ (0F,/0)(T —t,x — X;)
L, Fu (T —t,x — X;)

(0F_,/0z)(T —t, X, — x)
F_, (T —t,X; — x)

for t € [0, T'). Then a straightforward application of Girsanov’s theorem and (5.2)
imply that, under Q, the dynamics of X are given by

Iix,<x)

H{X,>x}) d(X, — pi),

dX; = (G, (T —t,x — X)ix,<x) — G_u(T — 1, X; — x);x, ) dt +dW.2
forr €[0,7),

where W@ is a standard Brownian motion on (2, F, Q) and the function Gy is
defined in (5.7).

REMARK 5.8. As was the case in Section 5.2, when the Brownian motion has
zero drift the formulas simplify. In particular, when p =0,

| x|

K,=1—<1—25<ﬁ>>exp<— ;n /Ot\/%dAf(x)) fort €[0,7)

and, under Q, the dynamics of X are given by

dUX: —x[/VT —1)
VT =t (X, —x|/T —1t)

dX, = —sign(X, — x)< ) dr +dw2

forr€[0,T).
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6. The decomposition result of Jeulin and Yor. Let p be a F,-measurable
random time on (2, F, F). Let G = (G;)/er, be defined via

G ={B e Fx|BN{p>1t}=B,N{p >t} forsome B, € F;}, teRy.

It is straightforward to check that G is a right-continuous filtration that contains F,
as well as that p is a stopping time on (€2, G).

Whenever X is a local martingale on (€2, F, P), the Jeulin—Yor decomposition
theorem identifies the Doob—Meyer decomposition of X” on (€2, G, IP). Here, we
provide the statement (Theorem 6.2) and a novel proof of the result of Jeulin and
Yor that uses the tools developed in this paper and does not rely on elements of
the theory of progressive filtration enlargements. The following result, which is
basically a consequence of Proposition 1.9, provides a main ingredient of our ap-
proach. It is useful to recall the collection (1) ye[0,1) from (1.4).

LEMMA 6.1. Let p be a Foo-measurable random time, and Y be a process
such that EP[Y;] < 00 and Y is local martingale on (2, F, Q,) forallu € [0, 1).
Then Y? is a martingale on (22, G, P).

PROOF. Using (1.5), observe that f[o,l) Eq, [Y,;:] du = EP[Y;] < 0. Further-
more, the mapping [0, 1) > u — Eq,[Y, ;,"u] is nondecreasing, as follows from con-
sistency of the family (Q,),¢[0,1). Therefore, Eq, [Y,;"u] < ooforallu € [0, 1). This
implies that, actually, Y is a uniformly integrable martingale on (€2, F, Q,) for
allu €10, 1).

Fix s €e R} and t € (s,00). Pick B € G and By € F; such that B N {p >
s} = Bs; N {p > s}. Note that the process Y'Ip nps.0of is optional on (2, F) and
Y I n(s<p) = Y/ 1g,I{p~s}. In view of Proposition 1.9 (with the usual trick of
splitting into positive and negative parts) and the martingale property of Y on
(2,F,Q,) for all u € [0, 1), we obtain

EP[YIP]IBS]I{IO>S}] = (0 I)EQM [YtnuHBs]I{nu>S}] du

= I)EQM[Y!’“HB&H{nm}]du =Ep[Y!Ip,L{p>5]-
The last equation and the fact that ¥/ I = Y Tpl;,<g + Y/ 1p,I{,~s) imply that
EP[Y,'OHB] = Ep[Y/1g]. Since B € G, is arbitrary, we obtain IE]p[Y,p|gs] =Y’
which establishes the claim. O

What follows is the decomposition theorem of Jeulin and Yor (see [17], as well
as [11] for further development), which in particular implies that for any semi-
martingale X on (2, F, P), X” is a semi-martingale on (€2, G, P).
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THEOREM 6.2. Let p be a Foo-measurable random time on (2, F,F, P) with
associated canonical pair (K, L). Recall the processes Z and N from Section 1.1.
Furthermore, let X be a process such that X" is a local martingale on (22, F, P)

forall u €10, 1). Then:

(1) The set-inclusion [[0,p]] C T = Uue[o,l)[[O, N1l holds modulo P-
evanescence.

(2) The processes (L, X) and (N, X), each being the predictable compensator
under P of [L, X] and [N, X] respectively, are well defined on I.

(3) Plinfier, LY > 0] =1 and Plinf,cr, Z;_ > 0] = 1; therefore, P-a.s.,

o1 |

——dVar({L, X =/ ——dVar({(N, X)), < oo,

| avar(z.x)), = [7 S dvar(v. X)),

where “Var” is the operator returning the first variation of a process.
(4) The process

6.1 veexe - [ D ax,=xe— 7 v x
() . < ) )[ ( 9 )t
o L o Z

t— t—

is a local martingale on (2, G, P).

REMARK 6.3. Technicalities aside, intuition on the important statement (4) of
Theorem 6.2 follows from Lemma 6.1 coupled with an application of Girsanov’s
theorem. Indeed, if X" is a martingale on (2, F, P), Y (in obvious notation) has
(some kind of) the martingale property on (€2, F, Q,) in view of Girsanov’s theo-
rem and the fact that L,, = (dQ,/dP)|#, forall u € [0, ). Then Y* should have
(some kind of) the martingale property on (€2, G, P), as follows from Lemma 6.1.

The idea of proving the Jeulin—Yor decomposition theorem via Girsanov’s the-
orem has also been used by Jeulin and Yor [18], Chapter III, page 172. However,
Girsanov’s theorem there is applied on the product space 2 x R equipped with
the predictable sigma-algebra. The approach here is more transparent, as we are
dealing with probabilities on (€2, F, F).

PROOF OF THEOREM 6.2. Since P[p < n,] = f[o,l) Qulnu < naldu > a holds
for all a € [0, 1) by Proposition 1.9, it follows that lim,41 P[p < n,] = 1. There-
fore, statement (1) is established.

Fix u € [0, 1). As L" is locally bounded (see Lemma 1.7) and X" is locally
integrable (being a local martingale) on (2, F, P), it follows that Var([L, X])™
is locally integrable on (2, F,P). By (1.3) and Z = L(1 — K), Var([N, X])™ =
(1—K_)-Var([L, X])™ < Var([L, X])"™ implies that Var([N, X])™ is also locally
integrable on (2, F, ). Since this holds for all # € [0, 1), (L, X) and (N, X) are
well defined on I', which establishes statement (2).

By Proposition 1.12 P[L,, > 0] = 1; since L is a nonnegative local martingale
on (22, F, P), we obtain P[inf;cg, L!_ > 0] = 1. Then P[inf;cgr, Z/_ > 0] = 1 fol-
lows from P[inf;cgr, Lf_ > 0] =1, coupled with IP’[suptERJr K,p_ <1]=P[K,- <
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1] =1 (see Proposition 1.10) and the relationship Z = L(1 — K), holding up to
P-evanescence. This shows the validity of statement (3).

We proceed to the proof of statement (4). Since [[0, p]] € I' holds modulo P-
evanescence, standard localisation arguments imply the existence of a nondecreas-
ing sequence (t,),cN of stopping times on (2, F) and a (0, oo)-valued nonde-
creasing sequence (Cj),eN such that all the following conditions are met: 7, <
Ni—1/n forall n € N; lim, oo P[p < 7,] = 1; lim; . oo C;, = 00; P[inf,cr Ltr”_ >

Cn_l/z] =1 foralln e N; P[[L, L], < Cy] =1 for all n € N; Ep[X7 ] < oo for
all n € N. [In particular, the last condition implies that X™ is a martingale on
(2,F,P) forall n e N.]

Suppose we can show that Y?*™ is a local martingale on (2, G,P) for all
n € N. Then, setting 7, := 7,[{,~1,} + 00l{,<z,}, We have that (z,,),cn is a nonde-
creasing sequence of stopping times on (€2, G) such that P[lim,,—, o 7, = 00] = 1
and Y\t = YP T ig a local martingale on (€2, G, P) for all n € N; it will then
follow that Y” is a local martingale on (2, G, P). Therefore, it suffices to show

that Y?"™ is a local martingale on (€2, G, IP) for all n € N.

We estimate Var([L,X1);, < [L,L1:[X, X1i/* < ¢, "*[x, X11/*. Using
(6.1) and the fact that inf;cr L > Ci/z, we obtain Y;)“Mn < X7 +GulX, X]%{Z.
In view of the Davis inequality, Ep[ X ;‘n] < oo implies Ep[[ X, X ]% 2] < 00; there-

fore, E]P’[Y;mn] < 00. Furthermore, Y™ is a local martingale on (2, F, Q,)

for all u € [0, 1). Indeed, given that, P-a.s., Or”/\"”(l/L,_)dVar((L, X)) < o0,
this follows in a straightforward way from Girsanov’s theorem. Then Y*"™ is a
martingale on (€2, G, P), as follows from Lemma 6.1. [J

Acknowledgment. The author would like to thank Monique Jeanblanc for
valuable input, as well as Dan Ren for a careful reading of the manuscript and
many constructive comments.

REFERENCES

[1] BARLOW, M. T. (1978). Study of a filtration expanded to include an honest time. Z. Wahrsch.
Verw. Gebiete 44 307-323. MR0509204

[2] BICHTELER, K. (2002). Stochastic Integration with Jumps. Encyclopedia of Mathematics and
Its Applications 89. Cambridge Univ. Press, Cambridge. MR1906715

[3] BREMAUD, P. and YOR, M. (1978). Changes of filtrations and of probability measures.
Z. Wahrsch. Verw. Gebiete 45 269-295. MR0511775

[4] DELBAEN, F. and SCHACHERMAYER, W. (1995). Arbitrage possibilities in Bessel processes
and their relations to local martingales. Probab. Theory Related Fields 102 357-366.
MR1339738

[5S] DELBAEN, F. and SHIRAKAWA, H. (2002). No arbitrage condition for positive diffusion price
processes. Asia-Pacific Financial Markets 9 159—168.

[6] DURRETT, R. (2010). Probability: Theory and Examples, 4th ed. Cambridge Univ. Press, Cam-
bridge. MR2722836

[7]1 ELLIOTT, R. J., JEANBLANC, M. and YOR, M. (2000). On models of default risk. Math.
Finance 10 179-195. MR1802597


http://www.ams.org/mathscinet-getitem?mr=0509204
http://www.ams.org/mathscinet-getitem?mr=1906715
http://www.ams.org/mathscinet-getitem?mr=0511775
http://www.ams.org/mathscinet-getitem?mr=1339738
http://www.ams.org/mathscinet-getitem?mr=2722836
http://www.ams.org/mathscinet-getitem?mr=1802597

(8]

(9]

(10]
(11]
[12]
[13]
(14]
[15]
[16]

(17]

(18]
[19]
(20]
[21]
(22]
(23]
[24]

[25]

[26]

(27]
(28]

(29]

OPTIONAL PROCESSES UP TO RANDOM TIMES 463

ELWORTHY, K. D., L1, X. M. and YOR, M. (1997). On the tails of the supremum and the
quadratic variation of strictly local martingales. In Séminaire de Probabilités, XXXI. Lec-
ture Notes in Math. 1655 113-125. Springer, Berlin. MR1478722

FErRNHOLZ, E. R. (2002). Stochastic Portfolio Theory: Stochastic Modelling and Ap-
plied Probability. Applications of Mathematics (New York) 48. Springer, New York.
MR1894767

FOLLMER, H. (1972). The exit measure of a supermartingale. Z. Wahrsch. Verw. Gebiete 21
154-166. MR0309184

GuoO, X. and ZENG, Y. (2008). Intensity process and compensator: A new filtration expansion
approach and the Jeulin—Yor theorem. Ann. Appl. Probab. 18 120-142. MR2380894

HE, S. W., WANG, J. G. and YAN, J. A. (1992). Semimartingale Theory and Stochastic Cal-
culus. Kexue Chubanshe, Beijing. MR1219534

JACOD, J. and SHIRYAEV, A. N. (1998). Local martingales and the fundamental asset pricing
theorems in the discrete-time case. Finance Stoch. 2 259-273. MR1809522

JACOD, J. and SHIRYAEV, A. N. (2003). Limit Theorems for Stochastic Processes, 2nd ed.
Grundlehren der Mathematischen Wissenschaften 288. Springer, Berlin. MR1943877

JEANBLANC, M. and SONG, S. (2011). An explicit model of default time with given survival
probability. Stochastic Process. Appl. 121 1678-1704. MR2811019

JEULIN, T. (1980). Semi-martingales et Grossissement D’une Filtration. Lecture Notes in
Math. 833. Springer, Berlin. MR0604176

JEULIN, T. and YOR, M. (1978). Grossissement d’une filtration et semi-martingales: Formules
explicites. In Séminaire de Probabilités, XII (Univ. Strasbourg, Strasbourg, 1976/1977).
Lecture Notes in Math. 649 78-97. Springer, Berlin. MR0519998

JEULIN, T. and YOR, M., eds. (1985). Grossissements de Filtrations: Exemples et Applications.
Lecture Notes in Math. 1118. Springer, Berlin. MR0884713

KALLSEN, J. (2003). o-localization and o -martingales. Teor. Veroyatn. Primen. 48 177-188.
MR2013413

KARATZAS, I. and KARDARAS, C. (2007). The numéraire portfolio in semimartingale finan-
cial models. Finance Stoch. 11 447-493. MR2335830

KARATZAS, 1. and SHREVE, S. E. (1991). Brownian Motion and Stochastic Calculus, 2nd ed.
Graduate Texts in Mathematics 113. Springer, New York. MR1121940

KARDARAS, C. (2010). Finitely additive probabilities and the fundamental theorem of asset
pricing. In Contemporary Quantitative Finance 19-34. Springer, Berlin. MR2732838

KARDARAS, C. (2010). Numéraire-invariant preferences in financial modeling. Ann. Appl.
Probab. 20 1697-1728. MR2724418

KARDARAS, C. (2014). On the characterisation of honest times that avoid all stopping times.
Stochastic Process. Appl. 124 373-384. MR3131298

KARDARAS, C. (2014). A time before which insiders would not undertake risk. In Inspired
by Finance (the Musiela Festschrift) (Y. Kabanov, M. Rutkowski and T. Zariphopoulou,
eds.) 349-362. Springer, Cham.

KRAMKOV, D. and SIRBU, M. (2006). On the two-times differentiability of the value functions
in the problem of optimal investment in incomplete markets. Ann. Appl. Probab. 16 1352—
1384. MR2260066

KUsuokaA, S. (1999). A remark on default risk models. In Advances in Mathematical Eco-
nomics, Vol. 1 (Tokyo, 1997). Adv. Math. Econ. 1 69-82. Springer, Tokyo. MR1722700

LANDO, D. (1998). On Cox processes and credit risky securities. Review of Derivatives Re-
search 2 610-612.

MEYER, P. A. (1972). La mesure de H. Follmer en théorie des surmartingales. In Séminaire
de Probabilités, VI (Univ. Strasbourg, Année Universitaire 1970-1971; Journées Prob-
abilistes de Strasbourg, 1971). Lecture Notes in Math. 258 118-129. Springer, Berlin.
MRO0368131


http://www.ams.org/mathscinet-getitem?mr=1478722
http://www.ams.org/mathscinet-getitem?mr=1894767
http://www.ams.org/mathscinet-getitem?mr=0309184
http://www.ams.org/mathscinet-getitem?mr=2380894
http://www.ams.org/mathscinet-getitem?mr=1219534
http://www.ams.org/mathscinet-getitem?mr=1809522
http://www.ams.org/mathscinet-getitem?mr=1943877
http://www.ams.org/mathscinet-getitem?mr=2811019
http://www.ams.org/mathscinet-getitem?mr=0604176
http://www.ams.org/mathscinet-getitem?mr=0519998
http://www.ams.org/mathscinet-getitem?mr=0884713
http://www.ams.org/mathscinet-getitem?mr=2013413
http://www.ams.org/mathscinet-getitem?mr=2335830
http://www.ams.org/mathscinet-getitem?mr=1121940
http://www.ams.org/mathscinet-getitem?mr=2732838
http://www.ams.org/mathscinet-getitem?mr=2724418
http://www.ams.org/mathscinet-getitem?mr=3131298
http://www.ams.org/mathscinet-getitem?mr=2260066
http://www.ams.org/mathscinet-getitem?mr=1722700
http://www.ams.org/mathscinet-getitem?mr=0368131

464

(30]

(31]
(32]
(33]
[34]

(35]

(36]

(37]

C. KARDARAS

NIKEGHBALI, A. and YOR, M. (2006). Doob’s maximal identity, multiplicative decom-
positions and enlargements of filtrations. Illinois J. Math. 50 791-814 (electronic).
MR2247846

PARTHASARATHY, K. R. (2005). Probability Measures on Metric Spaces. AMS Chelsea Pub-
lishing, Providence, RI. MR2169627

PROFETA, C., ROYNETTE, B. and YOR, M. (2010). Option Prices as Probabilities: A New
Look at Generalized Black—Scholes Formulae. Springer, Berlin. MR2582990

PROTTER, P. (1990). Stochastic Integration and Differential Equations: A New Approach. Ap-
plications of Mathematics (New York) 21. Springer, Berlin. MR1037262

ROGERS, L. C. G. and WILLIAMS, D. (2000). Diffusions, Markov Processes, and Martingales.
Vol. 1. Cambridge Univ. Press, Cambridge. MR1796539

SHIRYAEV, A. N. and CHERNY, A. S. (2000). Some distributional properties of a Brownian
motion with a drift and an extension of P. Lévy’s theorem. Theory Probab. Appl. 44 412—
418.

TSIRELSON, B. (1998). Within and beyond the reach of Brownian innovation. In Proceedings
of the International Congress of Mathematicians, Vol. 11l (Berlin, 1998) 311-320 (elec-
tronic). Doc. Math., Extra Vol. III. MR1648165

YOR, M. (1978). Grossissement d’une filtration et semi-martingales: Théoremes généraux. In
Séminaire de Probabilités, XII (Univ. Strasbourg, Strasbourg, 1976/1977). Lecture Notes
in Math. 649 61-69. Springer, Berlin. MR0519996

STATISTICS DEPARTMENT

LONDON SCHOOL OF ECONOMICS AND POLITICAL SCIENCE
10 HOUGHTON STREET

LONDON, WC2A 2AE

UNITED KINGDOM

E-MAIL: k.kardaras @lse.ac.uk


http://www.ams.org/mathscinet-getitem?mr=2247846
http://www.ams.org/mathscinet-getitem?mr=2169627
http://www.ams.org/mathscinet-getitem?mr=2582990
http://www.ams.org/mathscinet-getitem?mr=1037262
http://www.ams.org/mathscinet-getitem?mr=1796539
http://www.ams.org/mathscinet-getitem?mr=1648165
http://www.ams.org/mathscinet-getitem?mr=0519996
mailto:k.kardaras@lse.ac.uk

	Introduction
	Structure of the paper
	General probabilistic remarks

	A canonical pair associated with a random time
	Construction of the canonical pair
	A consistent family of probabilities associated with a random time
	Time changes
	Random times that avoid all stopping times
	An optimality property of L amongst all nonnegative local P-martingales

	Random times and randomised stopping times
	The one probability Q
	The stochastic behaviour of optional processes up to random times

	First examples
	Finite-horizon discrete-time models
	Time of maximum of nonnegative local martingales with zero terminal value, continuous running supremum and no jumps while at their running supremum
	Last-passage times of nonnegative continuous-path local martingales vanishing at inﬁnity

	Applications to ﬁnancial mathematics
	Market behaviour up to the time of overall minimum of the numéraire portfolio
	Valuation of exchange options and last-passage times

	Time of maximum and last-passage times of Brownian motion with drift over ﬁnite time-intervals
	Set-up
	Time of maximum
	Last-passage times

	The decomposition result of Jeulin and Yor
	Acknowledgment
	References
	Author's Addresses

