Preface

Some supplementary material, including comments on the Activities
will be found at the url

http://stats.|se.ac. uk/knott

If you do not have access to the internet, please contact the LSE
External Study Office, Houghton Street, London WC2 2AE to request

a paper copy.

In spite of careful proof-reading, there are bound to be errors re-
maining in the text. Most of them will be trivial but annoying, but
some may be more gross or more dangerous. I would be grateful for
information on all errors from any reader to act as a source of correc-
tions.

MK

5 May 2002 London


http://stats.lse.ac.uk/knott

Statistics 2

ii



Contents

Preface

Chapter 1: Introduction
The Subject Guide and how touse it . . . . . ... ... ....
Time managemenﬂ ..........................
Calculators and computers. . . .. .. ... ... ........
Examination papeﬂ .........................
Textbooks and tables . . . . . . v v
Essential reading and statistical tables . . . ........
Statistical tables . . . . . . ...
Furtherreading . ... ... ... ... ... ........
Studying StatiStics . . . . . . oo e

Why study statisticsS? . . . . . . v o e e
How to study statiSticsS . . . « « v v v v v oo

Chapter2: Probabilit
Essentialreading . . . . . . . . . . . . ... ... ... ...

Further reading . . . . . . o v oo
Introductionl . . . . . . . . ... e
Random experiment, sample space, event . . . . ... ... ..
Random exXperiment . . . . . . . oo vu
Sample spac& ..........................
Event . ... .. .. . . ... ...
Complement, union, intersection . . .. ... ... ... ....

e

© O ©WOwWOowOWwOoWwNNNN DO UIOLU B WW

Probability and itsaxioms . . . .. ... ... ... ....... 10
Conditional probability, independencé .............. 11

Conditional probabilitﬁ .................... 11

\Independent EVENtS . . ... 12
‘Bayes’ theorem . . . . . ... ... ... .. 0 0. 13
Permutations and combinations . . . . . . . ... ........ 16
'Sampling without replacement . . . . . . .. .......... 16




Statistics 2

Miscellaneous examples . .. ... ... L
‘Learning OUtCOMES . . . . . o v v vt v e et e
‘Sample examination questions\ ..................

\Chapter 3: Univariate distributions
Essential reading . . ... .. ... ... o
Further reading ...........................
INtroduction . . . . . v v v
Random variables . . . . . . ... i
Binomial random variable . . . . .. ... ... ... ...
Poisson random variable . . . . . ... ... ..., . ...
Uniform random variable . . . . . . .. ... .. ... ...
Exponential random variable . . . . .. ... ... ... ..
Normal random variable . . ... ... ... ........
Expected value of a random variable . . . ... .........
Expected value of a function of a random variable
Variance and standard deviation . .. ... ........
Learning outcomes . . . . . . . . .. ..o e e e
Sample examination questions‘ ..................

\Chapter 4: Bivariate distributions

Essentialreading . . . ... ... ... ... .. ... ... ...
Further reading ...........................
INtroduction . . . . . ... ...

Independence . . . . . . . . . ... e
Expected Values . . . .

Properties of expected values . . . . . .. ..........
COVATIANCE . . . . o o e e
Learning outcomes . . . . . . . .. .. ... 000 e e

Sample examination questions . . . . ... ... ... .....

@anter 5: Sampling distributions

Essentialreading . . . ... .. .. ... ... ... ...,
Further reading . . . . . . . o v v v e

Introduction . . . . . . . . .. ...

Chapter6: Point estimatio
Essentialreading . . . . . . . . . . . . . ... ... ... ...,



Contents

Further reading ...........................
INrodUCHON .« .« « v v o v et e e e e e e
Sampling distributions . . . . . . ..o
Good eStHMALOTS . . . . . o
Bias, variance and mean squared EITOT . o o oot
Minimum variance unbiased estimators . . . ... ... . ...
‘Learning OULCOMES . . o o o o
\Sample examination questioné ..................

Chapter7: Interval estimation
Essential reading ..........................
Further reading ...........................
.............................
Intervals for the mean of a normal population . .. ......
KNown variance . . . . . ... ... .. ... .
Unknownvariance . . . . . . . . . . ..o ..
A little more distribution theory . . . .. ... ... ...
The \2 distribution. . . . . . . oo v
Student's t distribution . . . . . ... ... ... ... ...
Intervals for mean differences . . . . . . ... ..........
Paired samples . . . ... e e
Independent samples . . . . . . ...
‘Confidence intervals for proportions . ... ... ........
Interval for a single proportionl ................
Differences between proportions . . . . . . . . .......
‘Learning OULCOMES . . o o o ottt
\Sample examination questionsl ..................

Chapter 8: Hypothesis testing
Essential reading ..........................

Further reading ...........................
Introduction . . . . . . . . ... ..
Hypotheses . . . . . . .. .. . .. .. .. ... ...

Null and alternative hypotheses . . . . . ... .......
One-sided and two-sided alternative hypotheses . . . . .
Test statistics and critical regions. . .. ... ...
One- and two-tailed tests . . . . . . . o o v i
Type Il and type I1 €rTOrs . . . o o v v v ove e e e
Level and (S
Testing hypotheses about population means . .. ... .. ..
KNOWN VATIANCE . « o o v o o oo e e e
UnKnown VariancCe . . . . . .o v v v

Link to Confidence Intervals . . . . . ... ... ... ......

Two-sample teStS . . . . v v e e

61
61
62
62
62
65
65
65

67
67
67
67
68
68
68
69
69
69
72
72
73
75
75
76
77
77



Statistics 2

p—value& ................................

Tests for binomial probabilities of success . . . . ... ... ..
Learning outcomes . . . . . . . . . . ..o e e e

Sample examination questions . . .. .. ... ... .. .. ..

Ch

apter9: Analysis of variance
Essentialreading . . . ... ... ... ... ... .. ...
Furtherreading . ... .. ... ... ... ... . ........
Introduction . . ... ... .. .. ... ... .
One-way analysis of variance . . .. ... ... ... ......
Sum of Squares Identity . . ... .. ... ... ......
\F—test ..............................
The F-Distribution . . . . . . ..o
Confidence intervals and tests for population group means . .
Singleintervals . . . . . ... .. ... ... .. . ...
Simultaneous intervals . . . ... ... ... ........
Two-way analysis of variance . . . ... ... ... .......
Tests for row effects and column effects . . . . .. .. ... ..
Confidenceintervals. . . . . . . . . . .. ... .. ... ...
Singleintervals . . . . . . .. .. .. ... ... . ...
Simultaneous intervals . . . .. ... ... .........
Fitted values and residuals . . . . . . o o v v v i
Sum of squares identity . . .. .. .. .. ... ... ...,
Learning outcomes . . . . . . ... ..o 0o oo e

Sample examination questions . . . .. ... ... .. .....

Ch

apter 10: Least squaresJ

Essentialreading . . . ... .. .. ... ... ... ...,
Further reading . . . . . . . oo v v e

Introduction . . . ... ... ... .. .. Lo
Response variable and explanatory variable . . . . . . ... ..
Estimation of a and ﬂ ........................

Finding 4 and B in the generalcase . .. .........
Sums of squares identity . . . . . . . ... ... ... ... ...

Sample covariance and sample correlation . .. ... ... ..

apter 11: Simple linear regression

Essentialreading . . ... ... .. .. ... ... ........
Further readiné ...........................

INtroduction . . . . v v v e
The model for linear regression . . . . . .« o oo v v ...
Means and variancesof Aand B . . . . . . . ... ..

Interval estimates for fitted values . . . . . ... ........




Contents

‘Spotting difficulties . . . . . . . ... 132
Learning OULCOMES . + o o e e e et e 137
Sample examination questions . . . . ... ........... 137
\Chapter 12: Correlation 139
Essentialreading . . . . . ... ... ... 139
Further readinﬁ ........................... 139
INroduction] . . . . o oot 139
Correlation between two random variables . ... .. ... .. 139
Regression and the coefficient of determination RI....... 143
Testing p = 0 for a bivariate normal distributionl . . ... ... 144
Learning OULCOMES . .« o oo o 144
Sample examination question . . . . ... ... ... ... ... 144
Chapter 13: Multiple Regression 145
Essential reading .......................... 145
Further reading . . . . . . o v oo vt 145
Introductionl . . . .. . . . .. ... ... 145
The model for linear regression . . . . ... ... ........ 145
Least squares fitting . . . . . . . .. . . ... ... . ... ... 146
Sum of squares identit;ﬂ ...................... 147
Coefficient of Determination . . . . ... ... ... ....... 147

i 148

152

152

Diagnostic Plots| 153
Learning OULCOMES . . o o v o e 154
Sample examination question . . . . .. ... ... .. ..... 155
Chapter 14: Tests for goodness-of-fit 157
Essential reading .......................... 157
Further reading . . . . . . v v v e 157
Introduction . . ... ... ... ... ... e 157
Basic countingmodel . . . . ... ... ... ... ... ..., 157

A goodness-of-fit statistic. . . . . . ... ... ... . ... ... 158
Testing when there are unknown parameteré .......... 161
Testing for association in two-way tables . ... .. .. .. .. 162
Learning outCoOMES . . . . o o v v v et 165
Sample examination question§ .................. 165
Appendix A:Sample examination paper 167

Postscript 177



Statistics 2




How to use this subject

Chapter 1 guide; time
management;
calculators;

° examinations and

IntrOduCtlon examination technique;

textbooks and tables;
studying statistics.

The Subject Guide and how to use it

This guide does not attempt to offer a complete treatmenerd& are very many
well-written textbooks that cover this subject, and it wbbe foolish to compete with
them. You will need to buy at least one textbook and conswérseé others from
time to time. The choice of the main textbook is your persahalice, though some
students will have a teacher to guide them. There are mang tgtbooks besides
those recommended in this guide and you should be prepal@oki;n bookshops and
libraries for texts that help you. A critical part of a goodtsdtics text is the collection
of problems for students, and you may want to look at seveffa@rent texts just to
see a lot of problems on some tricky topic. The guide is theainiy to describe
the syllabus in some detail, and to show what level of undadihg is expected, and
should not be used as a main source of help but as a prelintmargre detailed work
with the textbooks.

The subject guide is divided into 14 chapters which shoulevbeked in the or-
der given. There is little point in rushing past materialf hadderstood to reach the
later chapters, the presentation being somewhat segljentéhnot a series of self-
contained topics. You should be familiar with the earlieapters, and have some
understanding of them before moving to the later ones.

The following procedure is recommended:

1. Read the introductory comments.

2. Read the appropriate section of your text.
3. Study the notes and examples.

4. Go carefully through the learning outcomes.

5. Attempt some of the problems from your text.
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6. Refer back to this subject guide, or to the text, or to seipgintary texts to im-
prove understanding to the point where it becomes possill®tk confidently
through the problems.

The last two steps are the most important. It is easy to thiakdne has understood
the text after reading it, butorking problems is the crucial test of understanding
Problem solving should take most of your study time.

Each chapter of the guide has suggestions for reading froevaldexts. Usually,
a student will only need to read the material in the main tbut,it may be helpful
from time to time to look at another one.

Time management

About one-third of your self-study time should be spent negdextbooks and
the rest should be spent doing problems. An internal studentd expect maybe 15
hours of formal teaching and another 50 hours of privateystode enough to cover
the subject. Of the 50 hours of private study about 33 hoursldibe spent on trying
problems (which may well require more reading) and aboutdut$ion initial study
of the textbook and subject guide.

Calculators and computers

You will need to provide yourself with a good calculator thas built-in routines
for means, standard deviations and regression. It may liddyesxaminations if it is
not programmable, because such machines are not allowedéan examinations.
The models change all the time, so it is hard to recommend lmntesomething as
good as the Casio Scientific Calculator fx-570s is fine forkthit-in routines. More
expensive graphical calculators with the capacity to catrysymbolic algebra, and
to plot data are in the shops. They are not necessary forthje®.

Those students aiming to carry out serious statisticalais{beyond the level of
this subject) will probably use some Statistics packagé siscMINITAB, or SPSS.
It is not necessary for this subject to have such softwariedoka, but those who may
have it could sometimes use it in this subject with profit.

Examination paper

The examination is by a two-hour unseen question-paper.déksmay be taken
into the examination, but the use of calculators is perajiéad statistical tables and
a formula sheet are provided. A sample examination papeoisged in Appendix A
on page 167.

The examination paper has a variety of questions, some sjuite, some longer.
All questions must be answered correctly for full marks. Yioay use your calculator
whenever you feel it appropriate, always remembering thatexaminer can give
marks only for what appears on the examination script.



Chapter 1: Introduction

There is not much that can be helpfully said about examina&ohnique specific
to this paper. As always it is important to manage time cédisefind not to stick on
one question - move on and forget the question that went wrdfmglish language
is a problem it may be easier to give examples than to attemabstract description.

Textbooks and tables
Essential reading and statistical tables

Newbold, P.Statistics for Business and Economi¢tondon: Prentice-Hall, 1995) fourth
edition [ISBN 0-13-855549-0].

Statistical tables

9]

Lindley, D.V. and W.F. ScottNew Cambridge Statistical Table¢Cambridge: Cambridg
University Press, 1995) second edition) [ISBN 0-521-48485-5].

While Newbold can act as an essential text, there are mangatéats good. One
looks at the range of textbooks that cover this subject wdthigation for their excel-
lence. You are encouraged to look at those given below, aayagou find. It may be
necessary to look at several texts for any topic, and you mahtfie approach of one
text suits you better than that of another. Some of the lasgeks now come with a
disk or CD-ROM of additional material. One example of a cotepirased approach
with lively demonstrations is:

Doane, D.P., K. Mathieson and R.L. Tradyisual Statistics 2.0(Irwin McGraw-Hill, 2000)
[ISBN 0-07-240094-3].

There is even more computer-based teaching material biafiairly freely over
the web. For a well-produced on-line textbook one could ST by D.Stirling from

http://cast. massey. ac. nz/ CASTprog/ i ndex. ht m

or HyperStatistics Online by D.M. Lane at

htt p:// davi dm ane. cont hyper st at
which has links to other teaching resources, as well as abasbd course.

The statistical tables are those distributed for use inxhennation. It is essential
that you get familiar with these tables rather than thosbeaend of a text.


http://cast.massey.ac.nz/CASTprog/index.html
http://davidmlane.com/hyperstat
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Further reading

These are all excellent textbooks. You may not need to ream thyou have New-
bold’s book, but from time to time it may be useful to look aearf them for help on
some topic.

Daly, F., D.J. Hand, M.C. Jones, A.D. Lunn and K.J. McConvedgments of Statistics
(London: Open University and Addison-Wesley, 1995) [ISBN 0-2Q278-6].

Johnson, R.A. and G.K. Bhattacharygtatistics: Principles and MethodéNew York: John
Wiley and Sons, 2000) fourth edition [ISBN 0-471-388971].

Mason, R.D., D.A. Lind and W.A. March&tatistics; an Introduction(New York: Duxberry
Press, 1998) fifth edition [ISBN 0-534-35379-7].

Moore, D.S. and G.P. McCalatroduction to the Practice of Statistic§New York: W.H.
Freeman and Company, 1998) third edition [ISBN 0-7167-3502-4].

Triola, M.F. and L.A. FranklirBusiness Statistics: understanding populations and processes
(New York: Addison-Wesley, 1994) [ISBN 0-201-58990-7].

Wonnacott, T.H. and R.J. Wonnacbitroductory StatisticéNew York: John Wiley and Sons,
1990) fifth edition [ISBN 0-471-615188].

Studying Statistics

Why study statistics?

By successfully completing this subject you will be familigith the key ideas of
statistics that are accessible to a student with moderathematical competence.
You will understand the ideas of randomness and variabdityl the way in which
these link to probability theory to allow the use of a systémand logical collec-

1 The examples in this guide tion of statistical techniques of great practical impoc&m many applied areas.

will concentrate on the Social

This subject will give a grounding in probability theory asdme grasp of the most

Sciences, but the methods arecommon statistical methods.

important for physical sciences
too.

10

The material in this subject is necessary as a preparatiosofme subjects you
may study later on in your degree. These subjects will noagbarequire the detail
that is discussed in this guide, but they will need an undadihg of the ideas, and
these can only be absorbed by seeing how they emerge ineditadhnique.

How to study statistics

For statistics you need some familiarity with abstract reathtical concepts and yet
enough common sense to see how to use those ideas in reapfifieations. The
concepts needed for probability and for statistical infieeeare hard to absorb by just
reading them in a book. You need to read, then think a littlenttry some problems,
and then read and think some more. This procedure shouldpeatexl until the
problems are easy to dgpu should not spend a long time reading and forget
about the problems.
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Probability

Essential reading

Newbold, P.Statistics for Business and Economig¢tondon: Prentice-Hall, 1995) four
edition [ISBN 0-13-855549-0], chapter 3

Further reading

Daly, F., D.J. Hand, M.C. Jones, A.D. Lunn and K.J. McConvi&dgments of Statistic

they approach probability through random variables, rather than directly

Johnson, R.A. and G.K. Bhattacharygtatistics: Principles and Method§New York: John
Wiley and Sons, 2000) fourth edition [ISBN 0-471-388971], chapter 4

Mason, R.D., D.A. Lind and W.A. Marchabtatistics; an Introduction(New York: Duxberry
Press, 1998) fifth edition [ISBN 0-534-35379-7], chapter 5

Moore, D.S. and G.P. McCahatroduction to the Practice of Statistic§New York: W.H.
Freeman and Company, 1998) third edition [ISBN 0-7167-3502et}i@ns 4.1 and 4.2

(New York: Addison-Wesley, 1994) [ISBN 0-201-58990-7], cteai8
Wonnacott, T.H. and R.J. Wonnac#itroductory Statistic§New York: John Wiley and Son
1990) fifth edition [ISBN 0-471-615188], chapter 3, but not 3-7.

Introduction

wr

(London: Open University and Addison-Wesley, 1995) [ISBN 0-2@278-6], chapter 2, bui

w

Elementary probability
theory. This is needed
for all reasoning about
random variation.

>0

—

Triola, M.F. and L.A. FranklirBusiness Statistics: understanding populations and procgsses

You may find the approach a bit too abstract to start with, bwtill be very
satisfying to understand these basic ideas and to be ablgptp them to problems

which may look quite challenging . Probability is very imtaont for statistics becau

se

it is the rules of probability that allow one to reason abautertainty, and at the basis
of statistics lies the idea of uncertainty or randomnesseendence and conditional

probability are profound ideas, but they must be fully ustiesd in order to thin
clearly about any statistical investigation.

k

11
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Random experiment, sample space, event

Random experiment

The outcome of eandom experimeris a result that is one of a known setmftcomes

Sample space

Thesample space! is the set of elements that are all the different possibleanes
of a random experiment. We write

Q={w,wa,...,wp, ...}

Note that all theelementary outcomes are different by definition, and that the order
they are written in the braces does not matter. The samplegpay be finite or
infinite.

Event

An eventA is a subset of the sample spdeeWe write A C Q2. Note that ifw; is an
elementary outcome, then

w; € Q

but that the eventl = {w;} with only outcomev; is a subset of2, that is
{wi} c Q.

There are two special events that are often needed for audeoé the theory. The
null event written ® = {}, has no outcome. It can never occur. The sample sflace
can also be thought of as an event, tilversal eventlt always occurs.

Example 2.1. Suppose that we toss a coin twice. We can use the represastati
HH, HT, TH, TT for the elementary outcomes of this experiment, whiéfg, for
instance, means heads on the first toss and tails on the stxgmdrhen the sample
space i) = {HH,HT,TH, TT}. The event ‘Heads on the first toss’ is the subset
A={HH, HT)}.

|

Example 2.2. Suppose that you arrive randomly at the station. There &mdnce
an hour. The random experiment is to observe the number ohded up) minutes
that you wait before the train leaves. The elementary ouésdnere are the integers
to 60, and the sample spacefs= {1,2,...,60}. The event ‘You wait less thatD
minutes’ is the subset = {1,2,3,4,5,6,7,8,9}.

|
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Example 2.3. Arandom experiment weighs a box of chocolates that is soragwvh

betweernd00g and500g. The elementary outcomes are all the real numbers between

400 and 500, that is the open interval00, 500), soQ = (400,500). The event

‘The box is at least 4509’ is the subsét= [450,500), which is a half-open interval

containing all real numbers greater than or equabi® yet less thas00. ! 1 The use of different brackets
| and braces is important here to

) ) distinguish lists of outcomes
Example 2.4. Apopulation of interest has four members: Mabel, Belmoetit@ide ¢, open or half-open

and Elsie. A random experiment selects a sample of size t@r this population jniervals.
without replacement. The sample space is

Q = {{Mabel Belmont, {Mabel Gertrude, {Mabel Elsie},
{Belmont Gertrudg, {Belmont Elsie}, { GertrudeElsie} }.

The event "The sample includes Gertrude” is the subset
{{Mabel Gertrudé, {Belmont Gertrude, {GertrudeElsie} }.

Example 2.4 shows that elementary outcomes can be therasetige For instance
wy = {Mabel Belmont.

Complement, union, intersection
Complement

If Ais an event, themi¢, thecomplemenof A, is the event that is the subset of all
elementary outcomes in but not in A.

Union

If A andB are events, then the event ‘at least onelpf3’, which is written A U B,
occurs if the result of the random experiment is an elemgrtatcome that is im4,
in B, or in bothA andB.

Intersection

If AandB are events, then the event ‘bathand B’, which is written A N B, occurs
if the result of the random experiment is an elementary an&eboth inA and in
B.2 Two events that have no outcomes in common are said thspgint or mutually 2 These ideas are part of

exclusive Two events4 and B are disjoint if and only ifAN B = (.3 elementary set theory, but they
. . . are not always understood.
Activity 2.1. Why isQ = {1, 1,2}, not a sensible way to try to define a samplel_alke carel Y
- !
space: 3 This is a different idea from
| .
independence.

13
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Activity 2.2. Write out all the events for the sample sp&te= {a,b, c}. (There

are eight of them.)
|

Probability and its axioms

4 Only a numbskull produces
work which shows a
probability outside the range
[0, 1], but we are all
numbskulls from time to time.

14

Probabilities are non-negative numbers defined for ev&déswrite the probabil-
ity of eventA as P(A). We think of P(A) as the probability that evemt occurs —
that is that the random experiment has an outcomé.iifhere are two fundamental
properties (or axioms) for probabilities from which all ettproperties of probabilities
may be deduced. They are:

1. P()=1
2. If Ay, Ay, Ag, ... are disjoint events, then

P(A1UA2UA3U......):P(A1)+P(A2)+P(A3)+....

You should be able to prove all the other well-known progsrtf probabilities from
these two axioms. The second axiom says that probabiliteegdditive for unions
of disjoint events. The left-hand side is probability thafesast one of the events
Aj, As, ... occurs. The first axiom scales probabilities to lie in thegeg, 1]. 4

The simplest rules for probabilities that follow from thé@xs are

P(®) =0,

P(A°)=1—- P(A).

If A, B aredisjointevents, then
P(AUB) = P(A)+ P(B).
Also, if eventsA, B are such thatl C B (that is if A occurs themB occurs), then
P(A) < P(B).
The best known result for two general everisB is
P(AUB)=P(A)+ P(B)— P(ANB).

Activity 2.3. Prove, using only the axioms of probability given, thai)) = 0.

(Hin: QU =0 andd N =0.)
[ |
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Conditional probability, independence
The most distinctive and subtle part of probability theongd @ractice stems from

the ideas of conditioning and independence. Conditionathgility is hard to work
with because it can give results that, although correct, yeaype counter-intuitive.

Conditional probability

Suppose that we have a sample sp@cerobabilities defined for all events, and two
particular eventsi, B. How should we change the assessmer?@d) if we are told
that eventB (with P(B) > 0) has occurred?

If B has occurred, we know that the result of the random expetitigemot in
B¢. The sample space is reduced fréhto B by the knowledge thaB has occurred.
The relative probability of events that are subsets®fis not, however, changed by
knowing thatB has occurred.

We write P(A|B) for the probability ofA given B has occurred. It is called the
conditional probabilityof A given B. We can easily find a formula faP(A|B) just
using the fact that the relative probabilities of subsetB @fre unchanged. Obviously,
P(A|B) = P(ANn B|B), andP(B|B) = 1. Since both the eventd N B and B
are subsets aB, their relative probabilities are unchanged if found ctindial on the
occurrence of evenB, so

P(A|B) = P(AN B|B) = P(;l(;él)B) - P(;‘(;)B)

So we have the result
P(ANB)

P(AIB) = — 5

We can't define the conditional probabilify( A| B) unlessP(B) > 0. Notice also
that P(A|B) is not usually the same & B|A). For instance, the probability that you
have very short hair given that you have just had your haiisabt necessarily the
same as the probability that you have just had your hair gudufhave short hair. The
assumption in legal applications that these conditionababilities are equal is called
the ‘prosecutor’s fallacy’. It goes along the fallaciousels: There is a one in a million
chance that the DNA at the scene of the crime does not belahg tccused. So the
odds are a million to one that the accused was at the crimeescen

Activity 2.4. If all elementary outcomes are equally likely, aid= {a, b, ¢, d},
A ={a,b,c}, B={c,d}, find P(A|B) andP(B|A).
|

Activity 2.5. Identify the events and then the conditional probabilitieengly
equated in the prosecutors fallacy above.
|

15
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Independent events

If two eventsA, B with P(B) > 0 are such thaP(A|B) = P(A), thenA andB are
said to bandependenévents. The condition is equivalent to

P(AN B) = P(A)P(B) 2.1)

which can also be used to define independence betwleds and covers the case
P(B) = 0. In this form the definition of independence is symmetricAnB and
covers the cases whei(A) = 0, P(B) = 0 Equation|(2.1) is the preferred way to
define independence for two events.

The idea here is thaB has no effect oM, so knowing thatB occurs does not
change the assessmentrfA).

Activity 2.6. Suppose that we toss a coin twice. The sample spaée is
{HH,HT,TH, TT}, where the elementary outcomes are defined in the obvious way
- for instanceHT' is heads on the first toss and tails on the second toss. Show tha
if all four elementary outcomes are equally likely, then #évents ‘Heads on the first
toss’ and ‘Heads on the second toss’ are independent.

|

Activity 2.7. Show that ifA and B are disjoint events, and are also independent,
thenP(A4) = 0or P(B) = 0.
|

Independence for several events
A collection of event§ Ay, As, ..., Ay} is said to bendependenif the product rule

PlA N Ay N A3 0 -0 Ay] = P(A1)P(As)P(A;3) ... P(Ay)

5 Thisis arather difficult holdsand if every subset of thé& events is independent.
recursive definition, but it does

not simplify. Example 2.5. Write down the condition for three events B andC' to be inde-

pendent.
Answer
Applying the product rule above fdr = 3, we must have

P[ANBNC] = P(A)P(B)P(C),

Then since all subsets of two events fromB andC must be independent, we must
have

P[AN B] = P[A]|P[B], P[AN C] = P[A]P|C], P[B N C] = P[B|P|C].
One must check that dibur conditions hold to verify independence 4f B and
C.
|

16
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Example 2.6. It can be cold in London. Four impoverished teachers drefesto
warm. Teacher A has a hat and a scarf and gloves, B has only & lveily a scarf
and D has only gloves. One teacher out of the four is seledtexhdom. Show that
though eactpair of eventsH = ‘the teacher selected has a hat’,= ‘the teacher
selected has a scarf’, arid = ‘the teacher selected has gloves’ are independent, all

three of these events are not independént. 6 Think carefully about the
Solution difference between pairwise
Two teachers have a hat, two teachers have a scarf, and teleetszhave gloves, independence and full

SO independence.

P(H)=2/4=1/2,P(S)=2/4=1/2,P(G) =2/4=1/2.
Only one teacher has both hat and scarf, so
PHNS)=1/4

and similarly
P(HNG)=1/4,P(SNG) =1/4.

From these results
P(HNS)=P(H)P(S),P(HNG) = P(H)P(G),P(SNG) = P(S)P(Q),
and the events are pairwise independent. But one teachbahasarf and gloves, so
P(HNSNG)=1/4+# P(H)P(S)P(G),

so the three events are not independent. If the selecteldetiehas a hat and a scarf,
then weknow that teacher has gloves. There is no independence for a# gwents
together.

|

Bayes’ theorem

Suppose that the event$;, i = 1,...,n partition Q, that is they are pairwise
disjoint events such that? , B, = ). ThenBayes’ Theoremsays that, for an event
A!

_ P(A|B)P(B;)
P(B;|A) = S P(AB;)P(B;))’

Activity 2.8. Prove this result from first principles.
|

Sometimes calculations for Bayes'’ theorem are arrangedree aiagram There
is an example in Figure 2.1 of Example 2.7. This technique atarjfy what is nec-
essary for such calculations in complicated applications.

17
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Example 2.7. A statistics teacher knows from past experience that a stwdeo
does the homework consistently has a probabilifip of passing the exam, whereas
a student who does not do the homework has a probabilityof passing.

1. If 25% of students do their homework consistently, what perggntan expect
to pass?

2. If a student chosen at random from the group gets a passjsitha probability
that the student has done the homework consistently?

Answer

Here the random experiment is to choose a student at randodnfoarecord
whether that student passe&s)(or fails (B), and whether that student has done the
homework consistentlyH{) or has not (). The sample space$s= {GH,GL, BH, BL}.
We use the events Pass{GH,GL}, and Fail= { BH, BL}. We consider the sample
space partitioned by Homewotk {GH, BH }, and No Homework= {GL, BL}.

The first part of the example asks for the denominator of Bayesorem:

P(Pas$ = P(PasfHomework P(HomeworK
+ P(Pas$gNo Homework P(No HomeworK
= 0.95 x 0.25 + 0.30(1 — 0.25)
=0.2375 + 0.225
= 0.4625 = 46.25%.

Now applying Bayes’ Theorem

P(HomeworkPas3$ = P(Homeworkn Pasg/ P(Pas$
= P(PasgHomework P(Homework / P(Pas$
= 0.95 x 0.25/0.4625
= 0.5135.

Or we could arrange the calculations in a tree diagram asgjor&i2.1
|

It can help to understand Bayes’ Theorem and the tree diagifaone forgets
about probability for a moment and thinks about classifyargppulation.

Example 2.8. In Example 2.7 one could think of 10000 students. These may be
classified into 2375 who do their homework and pass, 125 whtheio homework
and fail, 2250 who do not do their homework and pass, and 52&0de not do their
homework and fail. These numbers are found by simple calonks For example,
25% of the 10000 do their homework, so there are 2500 of thOs¢hat 2500, 95%
pass, so 2375 do their homework and pass. T3H + 2250 = 4625 pass, and of
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Figure 2.1: Tree diagram for Example (2.7

0.25 x 0.95 = 0.237,

0.25 x 0.05 = 0.0125

0.75 X 0.3 = 0.225 |

Noto Homework Pags P (Pass) = 0.2375 + 0.225 = 0.4625

P(Done homework|Pass) = 0.2375/0.4625
0.75 = 0.5135

0.75 X 0.7 = 0.525

those passes, 2375 have done their homework. These figerés @bular form in

Table 2.1.
| |

Table 2.1: Results for Example 2.8

Do Homework | Do not do homework
Pass 2375 2250
Fail 125 5250

Activity 2.9. Plagiarism is a serious problem for assessors of coursk-vi@me
check on plagiarism is to compare the course-work with adstahtext. If the course-
work has plagiarised that text, then there will be a 95% charidinding exactly two
phrases that are the same in both course-work and text, a#@chance of finding
three or more. If the work is not plagiarised, then these ghdlies are both 50%.
Suppose that 5% of course-work is plagiarised. An assebsoises some course-
work at random. What is the probability that it has been plagga if it has exactly

two phrases in the text?And if there are three phrases? Did you manage to get’a Try making a guess before

doing the calculation

19
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roughly correct guess of these results before calculating?
|

Permutations and combinations

If the elementary outcomes in the sample space are equaly butcomes for the
random experiment, then a calculation of probability foresant reduces to counting
the number of elementary outcomes for which that event ecand dividing by the
total number of elementary outcomes.

In some applications the equally likely elementary outcermes eithepermuta-
tions or combinationsof some collection of tokens (for instance, letters in the En
glish alphabet). Permutations are ordered arrangemehes,eas combinations are
unordered arrangements.

The set of all permutations of two letters from the first foettérs of the English
alphabet is

{ab, ac, ad, be, bd, cd, de, db, da, cb, ca, ba}.

There are four ways to choose the first letter and three wagtsaose the second letter
giving 12 permutations. Generalising gives the formulatfe number of permuta-
tions (m),. of r objects fromm as

m!

(m)rzm(m—l)---(m_T+1):m’

Note thatm! is the number wherem! = m(m — 1)(m — 2)...(3)(2)(1) (and is calledn factorial). 8

of permutations of alin The set of all combinations of two letters from the first foeitérs of the English
objects outofn. By  alphabet is
convention we take! = 1. {ab, ac, ad, be, bd, cd}

Each of these combinations is arranged to give two of the@ue\permutations. Gen-
eralising this argument gives the formula for the numbermﬁbinations(’f) of r

objects fromm as
m m!
<r> - rli(m —r)!’ 2.2

Sampling without replacement
An important use of these countings is to find the probabitigt a sample of size

n taken at random without replacement from a population Witted balls andV — R
green balls has red balls. Itis
(DG

()

(2.3)



Chapter 2: Probability

To obtain this result we note that the (unordered) sampkesaually likely combina-
tions ofn out of N balls, so that there ar(él) equally likely samples. A sample with
r red balls has, — r green balls. Each of théf) ways of choosing the unordered red
balls is combined with any one of tt( n:f) ways of choosing the unordered green

balls to give
R\ (N —-R
T n—r

different samples with red balls. The ratio of the number of such samples to the total
number of samples gives the result.

Intuitively, one should get the same probability in thedaling fashion: suppose
that we begin by separating théballs inton for the sample and/ —n for the others.
Colour red a randomly chosdnout of theN balls, colouring the others green. What
is the probability that balls in the sample are coloured red? Using the same argument
as before, the probability is

()0
)

(2.4)

You can check directly that (2.3) and (2.4) are the same hygusie expression (2.2)
for binomial coefficients in terms of factorials.

Activity 2.10. A box contains three red balls and two green balls. Two badls a
taken from it without replacement. What is the probabilitatth balls taken are red?
And 1 ball? And 2 balls? Show that the probability that the fied| taken is red is the
same as the probability that the second ball taken is red.

|

Miscellaneous examples

Example 2.9. A, B andC throw a die in that order until a six appears. The person
who throws the first six wins. What are their respective chanéevinning?

Answer

We must assume that the game finishes with probability oneofild be proved
in a more advanced subject). M, B and C all throw and fail to get a six, then
their respective chances of winning are as at the start ofjdinge. We can call each
completed set of three throws a round. Let us denote the pildles of winning by

21
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P(A), P(B)andP(C). Then

P(A) = P(A wins on the first throw
-+ P(A wins in some round after first
=1/6+ P(A, B andC fail on 1st throw and A wins after 1st round
=1/6+ P(A, B, C fail in 1st round
x P(A wins after 1st round, B, C fail in 1st round
=1/6 + P(No six in first 3 throwgP(A)
=1/6+(5/6)°P(A)
=1/6 + (125/216)P(A).

So(1 —125/216)P(A) = 1/6, andP(A) = 216/(91 x 6) = 36/91.
Similarly,

P(B)

P(B wins in first round

+

P(B wins after first roungl

P(A fails with first throw andB throws a six on first throy
+ P( All fail in 1st round andB wins after 1st round

= P(A fails with 1st throw Pr(B throws a six with 1st throgy
+ P(All fail in 1st round) P(B wins after 15tAll fail in 1st)

— (5/6)(1/6) + (5/6)*P(B).

So,(1 — 125/216)P(B) = 5/36, andP(B) = 5(216)/(91 x 36) = 30/91.

In the same wayP(C) = (5/6)(5/6)(1/6)(216/91) = 25/91.

Notice thatP(A) + P(B) + P(C) = 1. You may, on reflection, think that this
rather long solution could be shortened, by consideringétative winning chances
of A, B,C.
|

Example 2.10. In men'’s singles tennis, matches are played on the best ofdige

principle. Thus the first player to win three sets wins theaingand a match may con-
sist of three, four or five sets. Assuming that two playersgaréectly evenly matched,

and that sets are independent events, calculate the plitbalthat a match lasts three
sets, four sets and five sets.

Answer

Suppose that the two players afeand B. We calculate the probability that
wins a three, four or five set match, and then, since the Eager evenly matched,
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double these probabilities for the final answer.

P(Awins in 3 sety = P(A wins first seth A wins second set
N A wins third se}.

Since the sets are independent,

P(Awins in 3 sety = P(A wins first setP(A wins second se¢P(Awins third se}
= (1/2)(1/2)(1/2) = 1/8.

So the total probability that the game lasts three sets is
2(1/8) = 1/4.
If A wins in four sets, the possible winning patterns are
BAAA, ABAA, AABA.

Each of these patterns has probability2)* by using the same argument as in the
case of 3 sets. So the probability théatvins in four sets i$(1/16) = 3/16. The total
probability of a match lasting four setsdsx 3/16 = 3/8.

The probability of a five-set match should be- 3/8 — 1/4 = 3/8, but let us
check this directly. The winning patterns fdrin a five-set match are

BBAAA, BABAA, BAABA, ABBAA, ABABA, AABBA.

Each of these has probability /2)° because of the independence of the sets. So the
probability thatA wins in five sets i5(1/32) = 3/16. The total probability of a
five-set match is thus/8 as before.

|

Learning outcomes

After working through this chapter you should be able to:
1. discuss the fundamental ideas of random experimentgle@paces and events

2. list the axioms of probability and be able to deduce alldbmmon rules for
probabilities from them

3. explain conditional probability, and the idea of indeghent events
4. prove Bayes’ Theorem and to use it to find conditional pbdtiges

5. list the formulae for the number of combinations and peations ofr tokens
out of m, and be able to routinely apply such results in problems.

23



Statistics 2

24

Sample examination questions
1. Alphonse, Bertille and Clarence play a simple game withiadie. Alphonse

tosses the die and observes the number on the uppermosifaich,the other
two do not see. Bertille tries to guess that number. If sh@lgrshe wins. If
she is wrong, then Clarence tries to guess the number andnsthe/game. If
neither Bertille nor Clarence guess correctly, then Alg®owins the game.

(&) What is the chance that Clarence wins the game?

(b) What is the conditional probability that Clarence wins game given that
Alphonse does not win?

(Elements of Statistics 2001 Zone A)

. In a large sociology class, 10% of all students get an Agiadheir end of

year examination. 60% of all students had missed no clagdes.examiners
checked and found that 10% of all students who had got an Aedgrad missed
no classes.

(&) What is the probability that a student with an A grade hadsed no
classes?

(b) What is the probability that a student who missed at leastatass did not
get an A grade?

(c) Are the events ‘got an A grade’ and ‘missed no classesuallyt exclu-
sive? Explain.

(Elements of Statistics 1998 Zone A)

. State and prove Bayes'’ theorem. (Elements of Statiséie8 Zone A)

. In six independent tosses of a fair coin, what is the pribbathat there are at

least three successive heads somewhere in the sequence?
(Elements of Statistics 1998 Zone A)

. If A andB are events such th&(A|B°¢) = 2P(A|B) and P(B¢) = 2P(B),

show thatP(B¢|A) = 0.8. (The eventB¢ is the complement of everf.)
(Elements of Statistics 1998 Zone B)

. Show thatifP(A | B) = P(A | B¢) thenA and B are independent.

(Elements of Statistics 1997 Zone A)

. A box of 50 coloured light bulbs consists of 5 blue bulbs,p2@k bulbs, 20

yellow bulbs and 10 white bulbs. If 4 bulbs are selected atioam without
replacement, what is the probability that:
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(a) all 4 bulbs are white
(b) all 4 bulbs are the same colour
(c) all four bulbs are different colours

(d) no bulb is yellow?
(Elements of Statistics 1997 Zone B)

8. Annabel is twice as likely to go shopping as Barbara. Chisrthree times as
likely to go shopping when Annabel meets her than she is wheebd3a meets
her. How much more likely is Annabel to shop than Barbara wbaech has
been met by Carmel?

(Elements of Statistics 1997 Zone B)

25
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This chapter covers the
Chapter 3 distributions of most
importance for direct
application: normal,
exponential, uniform,

Univariate distributions binomial, Poisson.

Essential reading

>0

Newbold, P.Statistics for Business and Economig¢tondon: Prentice-Hall, 1995) four
edition [ISBN 0-13-855549-0], chapters 4 (but not 4.4) and 5.

Further reading

Daly, F., D.J. Hand, M.C. Jones, A.D. Lunn and K.J. McConviZdgments of Statistic
(London: Open University and Addison-Wesley, 1995) [ISBN 0-2@278-6], chapter 2, 3
4 and 5 but the approach is rather different in this book
Johnson, R.A. and G.K. Bhattacharygatistics: Principles and MethodéNew York: John
Wiley and Sons, 2000) fourth edition [ISBN 0-471-388971], chapheand 6.

Mason, R.D., D.A. Lind and W.A. Marchabtatistics; an Introduction(New York: Duxberry
Press, 1998) fifth edition [ISBN 0-534-35379-7], chapters 6 and 7.

Moore, D.S. and G.P. McCahatroduction to the Practice of Statistic§New York: W.H.
Freeman and Company, 1998) third edition [ISBN 0-7167-3502afjtgr 4, but fewer distr
butions covered.

Triola, M.F. and L.A. FranklirBusiness Statistics: understanding populations and procgsses
(New York: Addison-Wesley, 1994) [ISBN 0-201-58990-7]chapt¢ and 5, but fewer distr
butions covered.

Wonnacott, T.H. and R.J. Wonnacbitroductory Statistic§New York: John Wiley and Sons,
1990) fifth edition [ISBN 0-471-615188]chapter 4, but fewer disttitns covered.

&y

Introduction

This chapter introduces the two most useful standard bigtans for counts -
the binomial distribution and the Poisson distribution.e3& are so often used that
everyone should be familiar with them. We also look at thetrimportant L' There are other
distributions for measured data - the normal distributtbe,exponential distribu- distributions, of great
tion and the uniform distributiorlUnivariate means one variable. These distributiongmportance for inference such
are for only one quantity; if two quantities are used we neeiariate distribution, &S the tdistribution and the F
see Chapter 4. distribution. These will appear

For all these distributions one needs to know the mean andaifience, and how WNen they become necessary.

27
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to find simple probabilities.

Random variables

Arandom variable is a function that acts on the elementatgoones in the sample
spacef) to produce real numbers. We use upper-case lettersXlik& to represent
random variables.

Example 3.1. Suppose that we ugefrom Example 2.1 on page 8 for tossing two
coins. One useful random variableis defined by

X(HH) =2,
X(HT) =1,
X(TH) =1,
X(TT) = 0.

This random variable is ‘The number of heads'. It takes &lué, 2.
|

Example 3.2. Suppose that we uge from Example 2.3 on pagde 9, which is the
open interval of all real numbers from 400 to 500. A simpled@n variableX is
defined forw € (400, 500) by

X (w) = w/1000.
This random variable is ‘The weight in kg'. It takes valuesiir(.4, .5).
]

We can see from the examples that the random variable is idapand it takes
values that are real numbers. We use notationdikar a value of the random variable

2 Although in some parts of X .2

statistics it is usual to blur the

The ‘randomness’ of a random variable comes from the randqaranent, which

distinction between a random gjves rise to one of the outcomesn €. In Examplée 3.1 on page 24 we know that for
variable and its values, in this jhdependent tosses of a fair coin

subject we shall carefully keep
these two ideas completely

distinct.

28

P[X = 2] =0.25,

becauseX = 2 if and only if the even{ H H} occurs, and this event has probability
0.25. In general we define the probabilities for random éemfrom the probabilities
already defined for events - a probability calculated forradoan variable comes in
principle from the definition of probability for the eventssing from<.

Of course, once we start to think about the random variatileg,take on a life of
their own, and we don’t always bother to think abfutOne useful concept iBx (),
the cumulative distribution function (cdf the random variabl&. It is defined by

Fx(z)=P(X <x)
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for all values—oco < = < oo. This is theleft-hand tail probabilityfor the distribution
of X.

Activity 3.1. Show that for a discrete random variati{etaking integer values,
P(X =z)=Fx(z) — Fx(x —1).
|

Binomial random variable

Suppose that a random experiment records the resultradls, each of which is either
a success or a failure. The sample space contains all tlegatiffordered sequences
w of lengthn of successes and failures. For instance, witor a failure andl for a
success, and with = 4 one possibles is 0110. This corresponds to a failure followed
by two successes, followed by a failure. Suppose thatithals are independent,
and that the probability of success in each triakis Define a random variabl&
(generalising Example 3.1) by

X (w) = number of successesdn

For instance, withv = 0110 we haveX (w) = 2. ThenX is abinomial random
variable We usually describe it as counting the number of succerssemidependent
trials each with probability of success Forx = 0,1,...,nthere are(f;) elementary
outcomesv with = successes if?, and each of these has probabitit§(1 — =)™ *.
We can therefore write

P(X =x)= <n)ﬂ'x(1—7r)"_’” x=0,1,...,n. (3.1)

The description of the probabilities in (3.1) is called Bi@omial Distributionfor n
independent triafswith probability of success. We use Binomidk, 7r) for short.

For a particular choice af, = these probabilities may be found with a calculator oapplications that the trials

3 One must take care in

looked up in tables. If there is only one trial, instead okitad) about a binomial really are independent, and
that they all have the same

distribution, we sometimes say we haveBarnoulli trial. A Bernoulli trial gives
either 0 success or 1 success. If we add togethedependent Bernoulli trials, we
get a random variable with a binomial distribution.

Activity 3.2. The greengrocer has a very large (effectively infinite) pfleranges
on his stall. The pile of fruit is a mixture of 50% old fruit Wit50% new fruit; one
can'’t tell which are old and which are new. However, 20% ofaianges are mouldy
inside, but only 10% of new oranges are mouldy. Suppose thatkoose 5 oranges
at random. Is it true that the number of mouldy oranges in gaunple has a binomial
distribution withn = 5 andr = 0.15?

|

probability of success.
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Example 3.3. Tube trains on the Northern Line have a probability 0.1 oiufai
between Golders Green and King's Cross. Supposing thattheds are all inde-
pendent, what is the probability that out of 10 journeys leetwGolders Green and
King's Cross more than 8 do not have a breakdown.

The probability of no breakdown on one journeyzis= 0.9, and the number
of journeys without breakdownX, has a Binomigdll0, 0.9) distribution. We want
P(X > 8) which is, from a hand calculator,

P(X =9)+ P(X =10) = <190) (0.9)°(0.1) + Gg) (0.9)'°(0.1)°

= 0.38742 4 0.34868
= 0.73610.

From the New Cambridge Statistical Tableg is just as easy. One must work with
the number of failure¥” = 10— X, where a failure has probability 0.1. SinB¢X >

8) = P(Y < 1) we can look in Table 1 under = 10, » = 1 andp = 0.1. The table
value is0.7631, which agrees with our previous result.

[ |

Example 3.4. Suppose that the normal rate of infection of a certain dséas
cattle is 25%. To test a new serum which may prevent infectioze experiments are
carried out. The test for infection is not always valid forrsoparticular cattle, so the
experimental results are incomplete - we can’t always téktier a cow is infected
or not.

1. 10 animals are injected: all 10 remain free from infection

2. 17 animals are injected: more than 15 remain free fronctitie: there are two
doubtful cases

3. 23 animals are infected: more than 20 remain free fronctide: there are
three doubtful cases.

Which experiment provides the strongest evidence in favbtireoserum?

Answer

These experiments involve tests on different cattle, wiink might expect to
behave independently of one another. The probability afdtidn without injection
with the serum might also reasonably be assumed to be thefsamlecattle. So the
distribution that we need here is the binomial distributiithe serum has no effect,
then the probability of infection for each of the cattl#)ig5.

One way to assess the evidence of the three experimentsadctdate the prob-
ability of the result of the experiment if the serum had neefffat all. If it has an
effect, then one would expect larger numbers of cattle taarerfree from infection,
so the experimental results as given do provide some cluewlsdther the serum has
an effect, in spite of their incompleteness.
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1. With 10 trials, the probability of) infected if the serum has no effect is

(0.75)19 = 0.0563.

2. With 17 trials, the probability ofl6 or 17 remaining uninfected if the serum has
no effect is, using the binomial probabilities

(107) (0.75)7 + (117> (0.25)(0.75)"°

= (0.75)17 4+ 17(0.25)(0.75)'6
= 0.0075 + 0.0426 = 0.0501.

3. With 23 trials, the probability oR1, 22 or 23 remaining uninfected if the serum
has no effect is, again using the binomial probabilities

(203> 0757+ (213) (0.25)(0.75)** + (f’) (0.25)%(0.75)"

= (0.75)%* + 23(0.25)(0.75)%* + 23(22)(0.25)(0.75)*! /2
= 0.0013 + 0.0103 + 0.0376 = 0.0492.

The most surprising looking event in these three experimisrthat of experiment
3, and so one might believe that this experiment offered th&t support for the serum.
A certain degree of caution is needed with this argumentolildralso be possible to
use the binomial tables for the calculations, but a handutatier is enough here.
|

Poisson random variable

A Poisson random variabl& is useful for applications where the observations are
counts. If the mean of the distribution is then the probability function is

P X =z)=e"u"/x! (3.2)

forx =0,1,2,....

The distribution can be used for counts of random events imengime period,
assuming that the numbers of events in disjoint time interaee independent, and
that the probability of an event occurring in a time interglength t is proportional
to ut.

The Poisson distribution with meanr can be used to approximate a binomial
distribution fromn trials and probability of successwhenn is large andr is small.
4 4 For instance, we might use
this approximation for
binomial distributions not 31
covered by the Tables.
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Example 3.5. In alarge industrial plant there is a serious accident oreaaeevery

two days. What is the chance that there will be exactly twamsesraccidents in a given
week? The chance of two or more? If | go to work there for a feaek period what

is the probability that no serious accident occurs while lthere?

Here we have counts of random events over time, which is aayppplication for
the Poisson distribution. We are assuming that accideatsaually likely to occur at
any time and are independent. The mean for the Poissorbdistm is 0.5 per day.

The probability of exactly two accidents in a given week iarfd by using the
Poisson tables fgr = 5 x 0.5 = 2.5 (5 working days a week assumed). From Table
2 of the New Cambridge Statistical Tablesth p = 2.50 andr = 2, r = 1 we get

P(X <2) =0.5438.

P(X < 1) =0.2873.

So the probability of exactly two accidents in a week.is438 — 0.2873 = 0.2565.
For the probability of two or more accidents,

P(X>1)=1-P(X <1)
=1-0.2873
= 0.7127

If you go to the works, and do not change the probabilitiepsjrby being there
(you might bring bad luck, or be superbly efficient) then otereeks there are 20
working days, and the probability of no accident comes froRosson random vari-
able with meari0. The probability is therefore

e 1010°/0! = 7% = 0.00004540.

You are very likely to be there when there is an accident.
|

Activity 3.3. The chance that a lottery ticket has a winning number is .0000

If 10,000,000 people buy tickets that are independentlybened, what is the proba-
bility of 0 winner? Of 1 winner? (Hint, use a Poisson disttibn with mean 1. The

answers are 0.37, 0.37.)

|

Uniform random variable

We turn now to random variables with values that are measamediso can lie any-
where in some intervdk, b). (The very simplest is a uniform random variable on the
interval (0, 1).) The sample space is the interyal b), and the random experiment is
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to choose one of the real numbersn that interval in such a way that there is no bias
in favour of any particular number. The uniform random ValéaX just gives back
w, that isX (w) = w. Roughly speakingX is a random number in the interval, b).
Random variables with values that are measured are uswlibdcontinuousto
distinguish them from those which have counted values sadhePoisson random
variable. Random variables with counted values are cdilectete
Probabilities likeP(X = x) are no use to describe continuous random variables.
For a uniform random variable on the interyl 1) it is fairly intuitive that P(X =
0.5) = 0 — there is a zero probability of observing the value 0.5 et@udgh this is

a possible value foX.> Similarly, for any other particular value, we haveP(X = 5 Note thatX = 0.5 is not
) = 0. However, there is a non-zero probability for an intervahoh-zero length. impossible, but it does have
We haveP(X < 0.5) = 0.5. probability O.

Activity 3.4. Show that for a uniform random variable ¢ 1), if the probability
P(X = z) is the same for all: betweend and1, then it must be equal to for all
thosex (otherwise the probability of the sample space is not equal but infinite).
]

Similarly if X is a uniform random variable on the intenal, b), anda < ¢ <
d < bthen
d—c
Plc< X <d)= b

J— a :
Notice that if we take

then

| d—c
c b—a b—a

d
P(c<X§d):FX(d)—FX(c):/ fx(gc)dac:/ 5 dx =

so we can think offx (z) as aprobability density functiofior X. This is pictured in
Figure 3.1 below.

Figure 3.1: Density function for an uniform random variable on the
range 1 to 3

fx (@)

Fx (2.5)
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6 Notice that for\ > 1 this
density function is greater than

34

latx =0.

Activity 3.5. Suppose thaX is uniformly distributed or{0, 1).

WhatisP(X > 0.2), P(X > 0.2), P(X? > 0.04). (Hint: All these probabilities are
the same.)

|

Exponential random variable

An exponential random variable with mean\ is a continuous random variable tak-
ing non-negative values. See Figure 3.2 on page 30 for arpictu

Figure 3.2: Density function for an exponential random variable with
mean 2

04 0.5

fx(x)

0.2

Fx(1.5)

0.1

0.0
L

0.0 0.5 1.0 15 20 25 3.0

The exponential random variable cdf for> 0 is
Fx(z)=1- e .
If 0 < c¢<d,then
Plc< X <d)= /d e Mdg
and so the exponential random variable ha; probabilityitiefusction
fx(z) = Xe @ (3.3)

forz > 0. 6.

Example 3.6. Suppose that the service time for a customer at a fast-fotddtou
has an exponential distribution with mean 3 minutes. Whatésprobability that a
customer waits more than 4 minutes?
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The probability of waiting fewer than 4 minutes is
Fx(4) =1—e %3
and so the probability of waiting more than 4 minutes is
e™4/3 = 0.2636.

Normal random variable

A normal random variable with meam and variancer? is often said to have an
N (p, o?) distribution. Thestandard normal random variabléeZ, has anV (0, 1) dis-
tribution. The random variablg has a probability density function

_ —m2/2
r) = —F——€ .
Ix@) = 7=
This is usually written as
1 2
(j)(l') = E€7I /2. (34)

The cdf for anV (0, 1) random variable is usually written
O(z)=P(X <z)= / ¢(x)dx.

It is tabulated in Table 4 of thélew Cambridge Statistical Tableand can be used to
find probabilities for any normal distribution using thetfétwat if X has anV (u, o?)
distribution, then)% has anVN (0, 1) distribution. The density function is in Figure
3.3 below.
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Figure 3.3: Density function for a standard normal random variable

<
o
32
@
&
N
ASH S
®x(1.5)
—
=i
o
=i
T T T T T T T
-3 -2 -1 0 1 2 3
X

Example 3.7. Suppose that a population of men’s heights is normally idisted
7 Aninchis about 2.54 cm. with a mean of 68 incheSand standard deviation of 3 inches. Find the proportion of
men who are:

1. Under 66 inches
2. Over 72 inches

3. Between 66 and 72 inches.

Answer
The two cut-off values aré6 and72. Converted to standard units these are

(66 — 68)/3 = —2/3 and (72 — 68)/3 = 4/3.

The right-hand tail probability for = 4/3 = 1.33 is from the Table 4 of theNew
Cambridge Statistical Tablegith + = 1.33 given byl — ®(1.33) = 1 — 0.9082 =
0.092. The left-hand tail probability foe = —2/3 = —0.66 is the same a3 —
the left-hand tail probability for = 0.66, and this from Table 4 withr = 0.66 is
1 — ®(0.66) = 1 — 0.7454 = 0.255.

So the answers are

1. 25.5%
2. 9.2%

36



Chapter 3: Univariate distributions

3. 100 —25.5—-9.2 =65.3%.
|

Example 3.8. Two statisticians disagree about the distribution of 1Qresdor
a population under study. Both agree that the distributondrmal, and that the
standard deviation i$5, but A says that 5% of the population have 1Q scores greater
than134.6735, whereas3 says that 10% of the population have IQ scores greater than
109.224. What is the difference between the mean IQ score as assessedru that
as assessed ly?
Answer
The standardised value giving 5% in the upper tail is from Table 5 with= 5
giver® by z(P) = 1.6449, and for 10% it is given fo” = 10 by z(P) = 1.2816. So, 8 P is already apercentage.
converting to the scale for IQ scores, the values are

1.6449 x 15 = 24.6735

1.2816 x 15 = 19.224.

Write the means according tb, B asp 4, g respectively. Then

A+ 24.6735 = 134.6735,

o]
pa =110,
whereas
1B+ 19.224 = 109.224
soup = 90.

The differenceuy — pp = 110 — 90 = 20.
|

Example 3.9. If 95% of a normal population lies between 151 and 249, what ar
the mean and the standard deviation of the population?
If the mean isy and the standard deviatian then working with standardised
values,
1—®((249 — ) /o) — [1 — D((151 — p)/o)] = 0.95.

Here there is only one equation for two unknowns, so one magenmmore assump-
tions to arrive at a unique answer. Consider two possiblgnagtons:

a) If one assumes an equal amount of probability in eachttalh the interval
(151, 249) is symmetric about, and sou = (151 + 249)/2 = 200, and then
(249 — 200) /0 = 1.9600, soo = 25. The valuer(P) = 1.9600 is from Table
5 of the New Cambridge Statistical Tablesth P = 2.5.
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b) If one assumes that the left-hand tail probability is 1% the right-hand tail
probability is 4%, then from Table 5 witf? = 4.0, 2(P) = 1.7507 and with
P =1.0, z(P) = 2.3263, so

(249 — p) /o = 1.7507

and
(1561 — ) /o = —2.3263.

Solving the equations fqr ando,
249 — 151 = (1.7507 + 2.3263)0,

Soo = 24.0372.
Substituting back in the first equation gives

249 — (24.0372 x 1.7507) = p,

sou = 206.9179.

The fairly large difference in the assumptions has led tohmnihe same answer as
before. This is because the tail of the normal distributalisfoff so sharply on either
side.

[ |

Activity 3.6. If X is a random variable with a standard normal distributionatwvh
is P(X? > 3.84)?
[ ]

Expected value of a random variable

Theexpected valueF (X)), of a random variabl&, also called theneanof X, is
defined for a discrete random variable as

E(X)=> xP(X =) (3.5)

where the summation is over all valuesXf For a continuous random variable it is
defined as

EX) = /:rfx(:v)dx, (3.6)

where we integrate over the valuesor which the density functiorfx (x) is greater
than 0. E(X) is also called thenean valueof X, or themean of the distributioof
X. Itis a sort of central value for the distribution &f. A standard notation for is

E(X) = px.

When there is no ambiguity, we sometimes wiit& instead ofE/(X).
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Example 3.10. Suppose thak take values -1, 0, 1 with probabilities 0.5, 0.3, 0.2
respectively.
The expected value of is

E(X)=-1x054+0x03+1x02=-05+0.2=—0.3.

‘m 9 AlthoughX is always an

] . ] integer, its mean is not an
Example 3.11. If the density function of is 2¢~2® for z > 0, then the mean of integer.

Xis -
E(X)= / 2”2 dy = [~z — 727 /2)5° = 0.5.
0

This confirms a special case of the mean for the exponensilldition on page 30.
[ |

Activity 3.7. Using (3.3) generalise Example 3.11 to show that the meaheof t
exponential distribution i$/\.
|

Activity 3.8. Find the mean of the Bernoulli trial distribution, wheke= 0 with
probabilityl — 7 and X = 1 with probability .
[ |

The mean ofX can be thought of as a centre of gravity for the distributimnX .
Thinking of a discrete random variablé, consider a uniform beam with a measure-
ment scale marked on it. For all valuesf X, arrange weights equal B(X = x) at
scale pointz on the beam. The®'(X) is the point at which the weighted beam will
balance on a pivot. It is the centre of gravity of the weights{ = z) at positionse.

Activity 3.9. What is the expected value &f if the only possible value oKX is

0? (We haveP(X = 0) = 1, so X is effectively a constant, even though it is called a
random variable.)

[ ]

Expected value of a function of a random variable

We can define the expected value for a function, /s@¥ ), of a random variableX.
The definition(3.5) for discrete random variables becomes

E(h(X)) =Y hx)P(X =), (3.7)

whereas (3.6) for continuous random variables becomes

E(h(X)) = / h(z) fx (z)da. (3.8)
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Example 3.12. Applying the result to the functioh(X) = X — E(X) we see
easily thatE/(X — E(X)) = 0.
|

Example 3.13. Continuing Example 3.10, with(X) = X?2

E(X?) =(-1)*x0.54 (0)* x 0.3+ (1) x0.2=0.5+0.3 =0.8.

From (3.7) and (3.8), if: andb are constants then
E(a+bX) = a+ bE(X). (3.9)

This is an important rule to remember for routine evaluatbexpected values. An-
other rule of great importance (but not so easy to provejis thX, Y are two random
variables,

EX+Y]=EX)+ E®Y). (3.10)

10 There is no difference in 10

meaning betweeR [X + Y] .. ) )
and E(X +Y), but one form  Activity 3.10. Show, using equation (3.10) tha{X — E(X)] = 0.

may be easier to read than the u
other

Variance and standard deviation

Thevariance var X of a random variableX is the average squared deviationof
from its mean. We write

var X = E[(X — E(X))?.

The variance is measured in squared units of measuremen¥.fdt measures the
spread of values ok around its mean, so that large values of the variance aredrom
widely spread distribution.

There is a standard notation for the varianceXof

var X = 0%.

To avoid ambiguity we sometimes writer(X) or var[ X | instead ofvar X.

A more interpretable measure of spread isdtendard deviatiorof X which is
the non-negative square root of the varianc&ofThe standard deviation is measured
in the same units a&. The standard deviation df is sometimes written x .

It is often convenient to calculate a variance by using tiselte

var X = E(X?) — [B(X)]?
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This result is easy to prove:

var X = B[(X — B(X))?]
= E[X? - 2XE(X) + (E(X))?]

so using/(3.10) and (3.9)

var X = E(X?) — 2B(X)E(X) + (E(X))?
= B(X?) - [B(X)]?

H 11 Jtis a common mistake not
to distinguish betweeR (X ?)
Example 3.14. Continuing Examplés 3.10 and 3/13, on pdges 35, 36 and[E(X)]2.

var X = E(X?) — [E(X)]? = 0.8 — (0.2)*> = 0.8 — 0.04 = 0.76.
[

Activity 3.11. Continuing Activity/ 3.8 on page 35, show that the varianc¢hef
Bernoulli trial distribution isr(1 — 7).
|

Activity 3.12. Show that ifvar X = 0thenP(X = px) = 1. (We say in this
case thafX is almost surelyequal to its mean.)
|

Activity 3.13. Find the variance of the exponential distribution with megh.
|

Learning outcomes
After working through this chapter you should be able to:

1. give the formal definition of a random variable, and digtiish between a ran-
dom variable and the values it takes

2. explain the difference between continuous and discegtéam variables.

3. discuss the basic distributions such as uniform, expoaemormal, Poisson,
binomial and calculate probabilities of events for suctdman variables

4. find the mean and the variance of simple random variabletheh continuous
or discrete

5. show how to prove and use simple properties of expectertsand variances.
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Sample examination questions
1. A company which manufactures drink dispensing machie¢s the fill level

at 198cc. The standard deviation is 4cc. Assuming that thke¥igls have a
normal distribution,
(a) What proportion of drinks will have less than 195cc?

(b) What is the probability that a random sample of 50 drinks Aanean
value greater than 199cc?

(c) The company claims that an average drink is 200cc. Whaepéage of
the sample means is 200cc or more if samples of size 36 ane%ake

(d) explain briefly why you would or would not buy this dispergsmachine.
(Elements of Statistics 1998 Zone A)

. Suppose thaX has a Poisson distribution with mean

(a) Find by summation the mean &f.

(b) Find also the variance of.

(Elements of Statistics 2001 Zone A)

. The distribution of random variabl€ has density function

fx(l‘) = 1/3
where—1 < z < 2.

(a) Find by integration the mean &f.

(b) Find also the variance of.

What is theP[X > 1|X > 0]? (Elements of Statistics 2001 Zone B)

. If W is a Poisson random variable with me&rwhat is

P(W > 3|W > 1)? (Elements of Statistics 2001 Zone B)

. X is a random variable wittP(X = 0) = 0.1, P(X = 1) = 0.3, P(X =

2) = 0.4. X can also take the value of 3, but no other values. Whati§2]?
(Elements of Statistics 2000 Zone B)

Mz =320 = 2,23 = 4,24 = 2,25 = 5, and all are equally likely values for

X, whatisE[X (X — 1)]? (Elements of Statistics 2000 Zone A)
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Introduction

Almost all applications of statistical methods deal withres@al measurements on
the same, or connected items. To think statistically abeuéml measurements on
a randomly selected item one must understand some of theegtanfor joint dis-
tributions for random variables. This chapter looks atritigtions for two random
variables bivariate means$wo variables ! It is fairly easy to extend most of the ideas! Two random variables are
to more than two. The idea of covariance, and the resultsnaaticombinations of more exciting to think about
two random variables are fundamental for all further work. than one. New ideas are
needed. One must get used to
thinking about scatter plots
and graphs.

It is easy to set up the framework for this chapter. We haveramdom variables
X andY’, which we think about together. Each outcomén the sample space gives
simultaneously a pair of valuéx (w), Y (w)) = (z, y) for the two random variables.

Two random variables
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Figure 4.1: A scatter diagram of values for two random variables

One can think of the pair of valud€s, y) as plotted on a scatter diagram. Repetition
of the random experiment leads to a cloud of points in thajrdia, as each outcome
gives a new pair of valugg, y). Figure 4.1 shows a typical scatter diagram for values
of independent observations of two continuous random blasa The continuous na-
ture of the variables forces each pair of values to be disfiiom every other. Looking

at Figure 4.1, two natural and fundamental questions arise:

e What do the values aX look like if we forget aboul” (and vice-versa)?

e What do the values df" look like just for those pairs of values for whicti is,
say, 1.27?

Activity 4.1. How would the scatter diagram change if the random varialbre
discrete rather than continuous?
[ |

If we look just at the values oX forgetting aboutY’, then we are looking at the
univariate distribution ofX, just as in Chapter 3. Because this univariate distribution
is thought of as coming from the joint distribution &f andY it is called amarginal
2 There is much quaint distributior? for X.
antique terminology in use in If we hold X at, say, 1.2 and think about the values 16r we are looking at a
statistics. ~ conditional distributionof Y given X = 1.2.3
3 Conditioning onX = 1.2 is Bivariate distributions are usually described by the joint probability
an idealised concept for function if they are discrete,

continuousX .
p(x,y) = P[(Xa Y) = (lvy)]
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or by a joint density function fx y(z,y) which is a non-negative and
such that

b pd
P(a<X§bﬁc<Y§d)=//fxyy(a:,y)dxdy.

Example 4.1. Let us first look at a simple example of a discrete bivariasérithiu-
tion. Suppose that a box contains 3 red balls, 2 blue ball2apden balls. We select
two balls at random and without replacement. We will lookhathivariate distribution
of X the number of red balls chosen, aridche number of blue balls chosen.
Only nine different pairs of values fgiX, '), namely(0, 0), (0, 1), (0, 2), (1,0), (1,1), (2,0)
can have probability- 0 . All the different pairs can be arranged as the cells3rxe8
table, each cell being filled with the probability of thatpaf values occurring. The
result is shown at Table 4.1, and graphically in Figure 4.2.

Table 4.1: Probabilities for joint distribution of (X,Y) in Example 4.1

Y

0 1 2
0 1/21 4/21 1/21

X 1]6/21 6/21 0

3/21 0 0

Figure 4.2: Probabilities for Example 4.1

prob
000 008 046 024

Q"a\

PR

Adding across the rows of Table 4.1 gives the marginal diistion of X. For
instance,

P(X =0)=P[(X,Y)=(0,0)] + P[(X,Y) =(0,1)] + P[(X,Y) = (0,2)]
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4 One can similarly find a

conditional distribution fory”
whenX = 0 and whenX = 2.

46

5 See the next section.

= 1/2144/214+1/21 = 6/21 = 2/7.

One can write the calculation of the marginal probabilifiesa formula

PX=2]=) P[X =Y =y,

and similarly
PlY =y =Y P[X =x,Y =y,

The conditional distribution o¥” given X = 0 is found* from the probabilities
in the row for X = 0 of Table[4.1. Each probability is divided by the row total
P(X =0) =6/21 = 2/7 so that the row sum is 1. So:

P(Y =0|X =0) = P(X =0,Y = 0)/P(X = 0) = (1/21)/(6/21) = 1/6,

P(Y =1|X =0) = P(X =0,Y = 1)/P(X = 0) = (4/21)/(6/21) = 4/6 = 2/3,
P(Y =2|X =0)=P(X =0,Y =2)/P(X = 0) = (1/21)/(6/21) = 1/6.
n

Activity 4.2. Write down the marginal distribution df, and the conditional dis-
tributions of X givenY'.
|

Activity 4.3. Nothing in principle stops us from thinking about the joirgtdbu-
tion of (Y,Y), though this is a fairly pointless thing to do except for detescy of
approach. Suppose thHtis as in Example 4]1. Write down the table of probabilities
for the joint distribution(Y, Y").

|

Example 4.2. Show that the marginal distributions of a bivariate disttibn are
not enough to fix the bivariate distribution itself.

Answer

Here we must show that there are two distinct bivariateitistions with the same
marginal distributions. It is easiest to think of the singtlease wher& andY each
take only two values, say;, 1.

Suppose the marginal distributions f§randY” are the same, with(0) = p(1) =
1/2. Then one possible bivariate distribution with these nreggs the one for which
there is independentédetweenX andY. This hasp(z,y) = p(z)p(y) for all x,y.
Writing it in full:

p(0,0) = p(1,0) = p(0,1) = p(L,1) = 1/2 x 1/2 = 1/4.

The table of probabilities for this choice of independerscghiown in Table 4.2.
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Table 4.2: Probabilities for a independent X and Y in Example[4.2]

Y
0
01/4 1/4
X 1]1/4 1/4

Table 4.3: Probabilities for non-independent X and Y in Example 4.2

Y
0 1
0102 03
X 1103 02

Trying some other value fgr(0, 0), like 0.2, gives Tablé 4.3.

The construction of these probabilities is done by making ghe row and column
totals are equal t0.5, and so we now have a second distribution with the same margin
al distributions as the first.

This example is very simple, but one can almost always cocistnany bivariate
distributions with the same marginal distributions evendontinuous random vari-

ables.
|
Independence
We say that discrete random variabl€sandY areindependeritif for all pairs ¢ Notice that this is a precise
of values(zx, y) technical definition for a

P[X =2,Y =y] = P[X = z|P[Y =y (4.1)  concept used much more
i isely in ordi h.
It follows from (4.1) that for all z, y MPrecisely In ordinaty speec
P(X <znY <y)=P(X <2)P(Y <y) = Fx(2)Fy(y).  (4.2)

Equation (4.2) can act as a definition for the independence of X, YV
whether those variables are continuous or discrete, but we usually
prefer in the case of continuous independent variables to characterise
independence through the property that one can find a joint density
function fx y(z,y) for (X,Y) such that for all z,y

= fx(z)fy(y)

Activity 4.4. Why isn't (4.1) any good for continuous variables?
|
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Example 4.3. Referring back to Example 4.1 on page 41 we can see immegdiatel
that X andY are not independent because, for instance,

P[X =0,Y =1] =4/21 #£2/7 x 10/21 = P[X = 0]P[Y =1].

On the other hand if we look at the different joint distritautifor (X, Y) in Table 4.4,
we can check that the independence property does hold.

Table 4.4: Probabilities for joint distribution of (X,Y) for independence

Y
0 1 2
20/147 20/147 2/147
X 1 |40/147 40/147 4/147
10/147 10/147 1/147

]
Slightly rearranging (4.1) gives
PX =z,Y =y]/P[Y =y] = P[X = x].

The left hand side i®[X = z|Y = y] giving an alternative definition of independence
through

P[X =z|Y =y] = P[X =z]

which must hold for all valueée, y) such thatP[Y” = y] # 0. One may interchange
the roles ofX andY in this second definition of independence, which seems &t firs
sight to be asymmetric in the two random variables.

Activity 4.5. ShowthatifP({X <z}n{Y <y})=(1—-e*)(1—eY)forall

z,y > 0, thenX andY are independent random variables, each with an exponential
distribution. (Hint: us€ (4.2).)

|

Expected values

There is not much new about expected values for the case ahivdmm variables
distributed jointly. The expected value of a functibfX, Y') of two random variables
is defined for discrete random variables by

ERX,Y) = > hz,y)PX =2,Y =y,
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and for continuous random variables by
EWXY)) = [ [ bl ooy
zJy

where f(z,y) is the joint density function of X,Y") (which integrates td over all
values(z, y)).

Example 4.4. Of course, ifi(X,Y) is really a function ofX alone, say.(X,Y") =
h(X), then we get back the definition of the previous chapter (3e€puse

Eh(X,Y)] =YY h(z,y)P[X =x,Y =y
= Z:Ey:h(x)P[X =2,V =y
= z;hZEx)ZP[X =1,Y =y
= XI: h(x)PTX = 1]

= E[h(X)).

Properties of expected values

From Example 4.4 and (3.9) it follows that the expected value constant is c.

If X andY areindependent the expected valuE[h(X)g(Y")] of the product of
a functionh(X) and a functiory(Y) is the produc[h(X )] E[g(Y")] of the expected
values’ This follows for discrete variables because

EMX)g(Y)] =) > h(z)gy)P[X =2,Y =y
=33 h@)gy)PIX = 2]P[Y =y
=Y h@)P[X =2]>_ g(y)P[Y =y

= E[WX)]E[g(Y)].

The proof looks very similar for continuous distributionmgjt uses the joint density

function and integrals instead of sums.

7 This result is not true
without the assumption of
independence, or some other
simplifying assumption.
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Covariance

The covariance written oxy or cov(X,Y’), of two jointly distributed random
variables(X,Y") is defined by

oxy = cov(X,Y) = E[(X — E(X))(Y — B(Y))]

That covariance is positive wheli andY have a direct association and negative
when they are inversely related. Obviouslyy(X,Y) = cov(Y, X). If X andY are
independent, theeov(X,Y") = 0, for

cov(X,Y) = E[(X — E(X))(Y — E(Y))]
E[X - E(X)|E]Y — E(Y)]
0x0=0.

8 Note that this is not the If the covariance ofX, Y is zero, then we say thaf andY areuncorrelated®
same as saying that they are

independent. Activity 4.6. There are other ways to write the covariance. Show that

cov(X,Y) = E[XY] — E[X|E[Y],
and

cov(X,Y) = E[(X — E(X))Y] = E[X(Y — E(Y))].

Covariances are useful to find the variances for sums of randariables. A
general result is that for constantb

var(aX + bY) = a® var(X) + 2abcov(X,Y) + b? var(Y).
This is easy to see, because the right-hand side is
@ E[(X — E(X))?] + 2abE[(X — E(X))(Y — E(Y))] + BE[(Y — E(Y))?]
which is
Ela*(X — E(X))* + 2ab(X — E(X))(Y — E(Y)) + b*(Y — E(Y))?].
This simplifies to

El(a(X — E(X)) +b(Y — E(Y)))?] = E[(aX +bY — E(aX +bY))?]
= var(aX + bY).

There are important special cases= 1,b = 1 gives

var(X +Y) =var X + 2cov(X,Y) + vary,
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whilea = 1,b = —1 gives
var(X = Y) =var X — 2cov(X,Y) + varY.
Notice that if the covariance of andY is positive, then
var(X +Y) >var X +varY
and if the covariance ok andY is negative, then
var(X +Y) < var X + varY.
If the covariance ofX andY is zero, then
var(X +Y)=var(X —Y) =var X + varY.

In particular if X andY areindependentthen the variance of the sum &f andY is
the sum of their variances.
Notice that we couldiefine covariance through

cov(X,Y) =[var(X +Y) — var(X — Y)]/4.

This alternative definition has the advantage of makinggidicfrom the known prop-
erties of variances that {fX, Y) is independent ofiW, V), which implies thatX + Y
is independent ofV + V, and thatX — Y is independent ofV — V, then

cov(X + W)Y +V) =cov(X,Y) + cov(IW, V). (4.3)

Notice also that
cov(X, X) = var(X).

Although the covariance betweéhandY gives some idea of their dependence, usu-
ally one prefers to use theprrelation coefficienp to measure dependence. This is

defined as
p=cov(X,Y)/Vvar X varY.

This is unaffected by either the location or the scale of mesment ofX, Y and
always lies between-1 and1.

Activity 4.7. Suppose thatar(X) = var(Y) = 1, and thatX andY have corre-
lation coefficientp. Show that it follows fromvar(X — pY’) > 0 thatp? < 1.
|

Example 4.5. The distribution of a random variabl€ is as below:

x -1 0 1
P(X:m)‘a b a
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Show thatX and X2 are uncorrelated.

Answer

This is an example of two random variabl&sandY = X? that are uncorrelated,
but obviously dependent. The bivariate distributionXafY” in this case isingular
because of the complete functional dependence between them

E(X)=-1xa4+0xb+1xa=0,
B(X*)=+4+1xa+0xb+1xa=2a,
E(X3) =-1xa+0xb+1xa=0.

We must show that the covariance is zero.

CovariancéX,Y) = E(XY) — E(X)E(Y) = E(X®) — E(X)E(X?)
=0—-0X2a
=0.

There are many possible choices fgb that give a valid probability distribution, for
instancex = 0.25,b = 0.5.
|

Example 4.6. A fair coin is thrown n times, each throw being independerthef
ones before. Put R = the number of heads, and S = the numbeitsof nd the
covariance of R and S. What is the correlation of Rand S ?

Answer

One can go about this in a straightforward wayXlfis the number of heads, and
Y; is the number of tails, on the&h throw then the distribution ok; andY; is given

by
;| 0 1
X
0 0 0.5
11]0.5 0

E(X;))=0x054+1x0.5=0.5=E(Y;)
E(X?)=0x05+1x05=05
= B(Y}?)
var X; = 0.5 — (0.5)2 = 0.25 = var ;
E(X;Y;))=0x05+0x0.5=0
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cov(X;,Y;) = B(X;Y;) — BE(X;)E(Y;) = 0 — 0.25 = —0.25.

Now, sinceR = > X; andS = }_Y;, and we can add covariances of independent
X;s andy;s, just like means and variances (see (4.3)), then

cov(R,S) = —0.25n.

SinceR + S = n is a fixed quantity, there is a complete linear dependencedasti
andS. We haveR = n — S. So the correlation betweeR and .S should be -1. This
can be checked directly, since

var R = 0.25n = var S

(add the variances oX;s orY;s). The correlation betweeR and S works out as
—0.25n/0.25n = —1.
||

Example 4.7. Suppose thaK andY have a bivariate distribution. Find the co-
variance of the new random variablBs = « X + bY, V = ¢X + dY wherea, b, c
andd are constants.

Answer

Covariance of// andV is

EWV)—EW)E(V) = E(acX? +bdY? + {ad + bc} XY)
+ (acE(X)?* + bdE(Y)? + {ad + bc} E(X)E(Y))

= ac(E(X?) — E(X)?) + bd(E(Y?) — E(Y)?)
+ {ad + be}(BE(XY) — E(X)E(Y))

= aco% + bdoi + {ad + bc}oxy.
| ]

Example 4.8. Following on from the last example, show that if the varianoeX
andY are the same, théi = X + Y andV = X — Y are uncorrelated.
Answer
Here we have: = b = ¢ = 1, d = —1. Substituting in the formula found for the
last example,
owy = 0% — 0% = 0.
There is no assumption here thatandY are independent. It is not true thidt and

V' are independent without further restriction &nY'.
[ |
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Learning outcomes
After working through this chapter you should be able to:

1. show what a scatterplot is
2. put the probabilities for a discrete bivariate distribatin a table

3. define marginal and conditional distributions, and finenthfor a discrete bi-
variate distribution

4. know how to define and check for the independence of twoorandhriables

5. define and work out expected values for functions of twaloam variables and
know how to prove simple properties for the expected values

6. give the definition of covariance and correlation for twodom variables and
calculate covariance and correlation for a discrete avarlistribution

7. show how to prove and apply the formulae for the covariarfitkee sum of two
random variables.

Sample examination questions

1. X andY are random variables with Normal distributions with meawadijance
1 and correlation coefficient 0.5. Whati®X X + Y > 2)? Assume thak + Y
has a normal distribution. (Elements of Statistics 2001eZBh

2. X andY are independent random variables with Normal distribwtiorith
mean 0 and variance 1. For some choice of 0 P(X +cY > 4.2732) = 0.15.
What isc?

3. Prove that
var(X +Y) =var X +varY + 2cov(X,Y).

(Elements of Statistics 1998 Home)

4. The distribution of X, Y) is specified in the following table:
X Y Probability

1 6 1/3
2 5 113
3 4 13

Find the correlation coefficient of, Y.
(Elements of Statistics 1998 Home)

5. Why is a correlation coefficient used to measure linearcason rather than
covariance?
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6. Find the correlation coefficient of and X2 where X is a binomial random
variable from3 trials with probability of success 0.5. (Elements of Stitss
1997 Overseas)
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The distribution of

Chapter 5 statistics over repeated

random samples.

Sampling distributions

Essential reading

>

Newbold, P.Statistics for Business and Economig¢tondon: Prentice-Hall, 1995) four
edition [ISBN 0-13-855549-0], chapter 6.

Further reading

Johnson, R.A. and G.K. Bhattacharygtatistics: Principles and Method&New York: Johr
Wiley and Sons, 2000) fourth edition [ISBN 0-471-388971], chapter 7

Mason, R.D., D.A. Lind and W.A. Marchabtatistics; an Introduction(New York: Duxberry
Press, 1998) fifth edition [ISBN 0-534-35379-7], parts of chaptdn the presentation

organised differently in this book.

Moore, D.S. and G.P. McCahatroduction to the Practice of Statistic§New York: W.H.
Freeman and Company, 1998) third edition [ISBN 0-7167-3502-4]afd 5.2.

Wonnacott, T.H. and R.J. Wonnacbtitroductory StatisticéNew York: John Wiley and Sons
1990) fifth edition [ISBN 0-471-615188], chapter 6.

7]

Introduction

We now work on the topic that makes statistics a distinctettbjThe idea of sam-
pling and of a sampling distribution for a statistic suchhasrmean must be understood
by all users of statistics. Students should do a few MontéoGampling experiments
themselves to get a good intuitive feel for sampling distitns, because the concept
is a bit slippery. For those fortunate enough to have acocessomputer, there is soft-
ware available to help. See for instance D. P. Doane, K. Mathi and R. L. Tracy,
Visual Statistics 2.Qlrwin McGraw-Hill, 2000) [ISBN 072400943]

Mean and variance of a sample mean

We first recall some things you will have seen already in Stiati 1.
The sampling distribution of the sample mean over randonptesrtaken either
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with or without replacement has a mean equal to the populatiean.. That is

EX =EX = 4. (5.1)

The variance of the sampling distribution of the sample mraandom samples
of sizen takenwithout replacement from a population of si2éis given by
0> N —n

X=—"— 5.2
var N1 (5.2)
whereo? is the population variance. The variance of the samplingibligion of the
sample mean in random samples of sizekenwith replacement from a population

of size N is given by
2

varX =2, (5.3)
n

Notice that for samples of size greater tharthe second variance is greater than
the first. The most important consequence of (5.2) and (5.8t for sample size
greater thar, the variance of the sample mean is less than the varianceiofjke
observation. This implies that we can get a better idea optpilation mean from a

1 Non-statisticians often use sample mean than from a single observation.
sample means but rarely know Often, (5.3) is given in the form
why they do so: here is one

— o
reason. standard deviatioX = —,
Vn
and the special nam&andard erroris given to this standard deviation of a sample
2 Be careful to distinguish mean?

between standard error and .. L L o
standard deviation. The latter Activity 5.1. Continuing Activities 3.8 and 3.11, use (5.1) and (5.3) tovslthat

4. the mean and variance of the binomial distribution in (3vifii¢h is the same as the
sum ofn independent Bernoulli trials) has mean and varianceur (1 — 7).
|

is more generally use

Activity 5.2. From the results in 511, by fixiny = n, and allowingr to increase,
andr to get small, discover that the mean and variance of a Pouistnibution are
both A.

|

Sampling from a normal population

The normal distribution is often used as a sort of idealiseidion of the distri-
bution of a random variable of intere&t over some (very large, effectively infinite)
population. Of course, a continuous random variable muséeoéssity be an idealised
representation for anything in our naturally discrete @orl
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Chapter 5: Sampling distributions

The normal distribution has the advantage that it has venpls properties. For
instance ifX has anN (., o2) distribution and an independent random variable
has anV (u,, o7) distribution thenX + Y has an

Ntz + py, 02 + 02) (5.4)

distribution? 3 This is hard to prove, but it
One of the most important properties of the normal distidsytwhich follows is a very important result,

from this result, is that the sampling distribution of thenpde meanX of a random  which you should remember.

sample of sizex from a normal populatioV (i, o2) is exactly N(u, 0% /n). This is

a precise mathematical result, which goes farther thanethglts for£X andvar X

obtained earlier, though it is consistent with them. Oneftahexact probabilities for

the sampling distribution ok in this normal case.

Example 5.1. Suppose that the heights of students are normally disétbwith a
mean of68.5 inches and a standard deviatior2df inches. 1f200 random samples of
size25 are drawn from this population and their means recordedeméarest tenth
of an inch, determine:

1. The expected mean and standard deviation of the samphirgpdtion of the
mean.

2. The expected number of recorded sample means that fakba67.9 and69.2
inclusive.

3. The expected number of recorded sample means fallingviigia@.

Answer

1. The sampling distribution of the mean 2§ observations has the same mean
as the population, which i83.5 inches, and standard deviation from (5.3) of
2.7/5 = 0.54.

2. The samples are random, so one can't be sure just how mélriyawe means
recorded betwee67.9 and69.2 inches. One can work out the probability that
a recorded mean will so lie, from the sampling distributiéthe sample mean
which is normal with mea68.5 and standard deviatidh54. That probability
is the probability that the sample mean lies betw&es5 and69.25, allowing
for the crude recording of the means. The correspondivegjues are

(67.85 — 68.5)/0.54 = —1.20 and(69.25 — 68.5)/0.54 = 1.39.

Table 4 of the New Cambridge Statistical Tablbas the left-hand tail proba-
bilities for the positivez values. Forz = 1.39, the left-hand tail probability is
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0.9177. Forz = 1.20 the left-hand tail probability i9.8849, so the left-hand
tail probability forz = —1.20is1—0.8849 = 0.1151. The probability between
the twoz values is

0.9177 — 0.1151 = 0.8026.

Since there ar00 samples drawn, you can now think of each as a single trial.
The recorded mean lies betwe@h9 and69.2 with probability 0.8026 at each
trial. We are dealing with a binomial distribution with = 200 trials and
probability of success = 0.8026. The expected number of successes is

nm = 200 x 0.8026 = 160.52.

3. Similarly, the probability that a recorded mean lies e$G.0 is the probability
that the sample mean lies bel@§.95. The z value is(66.95 — 68.5)/0.54 =
—2.87. We want the left-hand tail probability for = —2.87, which is the
right-hand tail probability for: = 2.87. From Table 4 of theNew Cambridge
Statistical Tablethis is0.00205. So the expected number of sample means out
of 200 recorded belov$7.0 is 200 x 0.00205 = 0.41.

The Central Limit Theorem

A useful result from the mathematical theory for distrilbus says roughly that for
a large enough sample sizg the sampling distribution of the sample me&rnfrom
a random sample of sizewithout replacement from a population of values #tis
close to the normal distributioV (11, 02 /n), where the population values &f have
meany and variancer2.

This is an approximate version of the precise result for sasnfsom N (i, 02),

4 We do, however assume it but holding much more generally, for the population is natrieted to be normal.
has a mean and a variance. To be more precise, the theorem says that, for each fixed value

60

X—p
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P

<z| — d(x)

asn — 00.
We could apply the Central Limit Theorem to get approximatke same results
for Example 5.1 even if the population of values’fwere not normal.

Example 5.2. We can use the central limit theorem to understand (5.4) pGam
that X, X, ..., X,, are independent random variables each with meaand vari-
ancec?, and thaty;, Ys, .. .,Y,, are independent random variables each with mean
1ty and variancefg. Then applying the central limit theorem we see thathagets
large, the distribution o gets close taV (x.,02/+/n), and that the distribution of

x



Chapter 5: Sampling distributions

Y gets close taV(u,,02//n). On the other hand, we can see that+ Y is the
mean ofX; + Y; fori = 1,...,n. SinceX; + Y; has mearu, + u, and vari-
anceo? + o, the Central Limit Theorem tells us that agyets largeX + Y has a
N(pie + piy, (02 + o) /+/n) distribution.

|

Application to the binomial distribution

A binomial random variabl&” coming fromn independent trials, each with probabil-
ity of successr, may be thought of as

whereX; is a random variable taking the valuef the ith trial is a success arlif
theth trial is a failure. Since the trials are independent, sothe random variables
X;. The proportion of successesXs The collection{ X;, X5, ..., X,,} is a random
sample with replacement from the population that has theevalwith probability
7 and value0 with probability 1 — 7. This population hasmeans and variance ° You should be able to verify
7(1 — ), so the mean of the proportion of successes inals isw, and the variance the value for the mean and the
ism(1—m)/n. variance.
The Central Limit theorem says that for largethe proportion of successes has
approximately a normal distribution with mearand variancer(1—)/n. In practice
to use this result one makegantinuity correctiorthat improves the approximation.
This adjusts the integer values of the number of successe$bto allow for the fact
that the normal approximation will put the probability forsuccesses around both
sides ofr, say round about from — 0.5 to r + 0.5.

Example 5.3. Compare the normal distribution approximation to the exatiies
for the right-hand tail probabilities for the binomial disution with 100 trials and
probability of success.1.
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Answer

r P(R>r) z="=00=10 P(Z>z)
1 0.999973 —3.1667  0.999229
2 0.999678 —2.8333  0.997697
3 0.998055 —2.5000  0.993790
4 0.992164 —2.1667  0.984870
5 0.976289 —~1.8333  0.966624
6 0.942423 —~1.5000  0.933193
7 0.882844 —~1.1667  0.878327
8 0.793949 —0.8333  0.797672
9  0.679126 —0.5000  0.691462
10 0.548710 —0.1667  0.566184
11 0.416844 0.1667  0.433816
12 0.296967 0.5000  0.308538
13 0.198179 0.8333  0.202328
14 0.123877 1.1667  0.121673
15 0.072573 1.5000  0.066807
16 0.039891 1.8333  0.033376
17 0.020599 2.1667  0.015130
18 0.010007 2.5000  0.006210
19 0.004581 2.8333  0.002303
20 0.001979 3.1667  0.000771
21 0.000808 3.5000  0.000233
22 0.000312 3.8333  0.000063
23 0.000114 4.1667  0.000015
24 0.000040 4.5000  0.000003
25 0.000013 4.8333  0.000001
26 0.000004 5.1667  0.000000
27 0.000001 5.5000  0.000000
28 0.000000 5.8333  0.000000

The second column gives the exact binomial probabilities tie number of suc-
cesses is greater than or equal to the numbeiig, the first column. It will be found
to fewer decimal places in thélew Cambridge Statistical Table§ he third column
gives the correspondingvalues for the standard normal approximation to the bino-
mial. The required mean i€)0(0.1) = 10, and the variance i500(.1)(.9) = 9. The
z value forr = 1is (1 — 0.5 — 10)/3, which is—3.1667. The continuity correction
0.5 means that effectively the value= 1 is changed te = 0.5, because we want the
probability of number of successes greater than or equalThe fourth column gives
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the right-hand normal probabilities corresponding tozhalues in column three. You
can find these from th&lew Cambridge Statistical Tablebut not so accurately.
Although the agreement between columns two and four is robéal, you may
think it is not as close as you would like for some applicatiokluch better approxi-
mations are available. The binomial distribution is asyriia@xcept for probability
of succes9).5, and can’'t be very accurately approximated by the symmatimal
distribution using the approach above.
|

The approximation of the sampling distribution of a sampkam by a normal
distribution can be surprisingly accurate even for smathgla sizes liken = 10
and when the population sampled is far from normal. Howeeran be a poor
approximation for a very skew population, or one with tdilattfall off very slowly.

Learning outcomes
After working through this chapter you should be able to:

1. show how random sampling a population gives rise to a damgistribution
for a sample statistic

2. prove and apply the results for the mean and variance ofaimpling distribu-
tion of the sample mean from a random sample with replacement

3. state and understand the Central Limit Theorem and haustive grasp of
when the limit is likely to provide a good approximation te@ttlistribution of
the sample mean

4. use the Central Limit Theorem to approximate a binomttitiution, including
a continuity correction

5. define and to be able to derive the mean and variance of mloenil distribu-
tion.

Sample examination questions
1. Write down the sample space of samples of size two withgldcement from
the population of three persons A, B and C.

2. Show that the variance of the mean of a random sample ohgiaken from a
large population is equal to the population variance didildg the sample size.
(Elements of Statistics 2000 Zone A)

3. Show that the binomial distribution with trials and probability of success
has meam= and varianceur (1 — 7). (Elements of Statistics 1999 Zone A)
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Chapter 6

Point estimation

Essential reading

Newbold, P.Statistics for Business and Economig¢tondon: Prentice-Hall, 1995) fourth
edition [ISBN 0-13-855549-0], chapter 7.

Further reading

wr

Daly, F., D.J. Hand, M.C. Jones, A.D. Lunn and K.J. McConvizdgments of Statistic
(London: Open University and Addison-Wesley, 1995) [ISBN 0-2@278-6], chapter 6.
Wonnacott, T.H. and R.J. Wonnac#itroductory Statistic§New York: John Wiley and Sons
1990) fifth edition [ISBN 0-471-615188], chapter 7.

Introduction

In this chapter we begin to look at one of the distinguishiogids of statistics
- how to make inferences about a population from a random kataken from that
population. The concepts are subtle and need time to gestaenad to. At first sight
it looks very obvious what to do. It is tempting to think, faistance, that to estimate
a population mean one should ‘obviously’ use the sample maadh to estimate a
population variance one should use the sample variance. Wgedo better than this
as statisticians, and not allow promising similarities afme to distract from thought
and understanding.

Let us think about estimating the mean of a population fronictvtwe have a
random sample taken with replacement. Suppose we use thieusbestimate - the
sample mean. How is that value connected with the populatiean? When we
look at the value of the sample mean it is one observatiorcteeleat random from
the sampling distribution of the random variatle This is all we can say about the
sample mean - it is an observation from a sampling distruiti

How to guess about the

population when you
have a sample.
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L Here is the first subtle point. It follows that the only basisfor using the sample value of X as an estimate
of the population mean comes from properties of the samplisigibution of X. We
call the random variabl& anestimatorto distinguish it from its value for a particular
sample which is thestimate We must look for the properties of estimators rather
than estimates and, to move to a more general setting, anagsti will provide for
each sample an estimate of the population quantity of isterd/e call population
guantities of interegparametersand label them with Greek letters suchbas

Good estimators

A good estimator (let’'s call iff") will be such that its sampling distribution is
2 Note that an estimate is just concentrated tightly around the population quantity ofiast (let’s call i)).2 A good
a number from a particular - estimator will, for most random samples, give estimatestootfar fromé. Figure
sample: it has no interesting (6.1 shows the density functions of the sampling distrimgiof two estimators of a
properties.  population mear.

Figure 6.1: A ‘good’ estimator and a ‘bad’ estimator

@©
o

Good estimator

0.6

0.4

Bad estimator

Density function of sampling distribution
0.2

0.0
1

T T T T T T T
pn—3 p—2 p—1 Iz w1 p+2 n+3

Estimates

Bias, variance and mean squared error

To describe how closely the sampling distribution of anreatorT" is concen-
trated around the parametér we can use the mean and variance of the sampling
distribution.
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An estimatorT’ is said to baunbiasedor a parametef if
E[T] =6.

The sampling distribution of an unbiasesstimatorT” of the parametef has its mean 2 Notice that there is no
at#. On average, over all the possible random samples, it isextatd. Thebiasof suggestion that every estimator
an estimatofl” of paramete# is defined as should be unbiased.

BiagT) = E[T] — 6.
An unbiased estimatdnas bias zero.

Example 6.1. The sample mean is an unbiased estimator of the population mean
u because®[X] = . We could think of usingX + 100 as an estimator gf, but this
would have biad00.

[ |

The variance of the sampling distribution of an estim&fogives some idea of
how far from E[T] the value ofT" is likely to be for a random sample. If the biasf
is small, then the variance will show how likelyis to be close td.

Example 6.2. The sample meaX from a random sample of sizehas variance
o2 /n when the population varianced$. As X is an unbiased estimator of the pop-
ulation mearyu, we see that as increases we are more likely to find the valueXof
close topu. Of course,X + 100 has the same variance &5 but this is an unsuit-
able estimator for, because even for largeit becomes closely concentrated around
1+ 100.

|

A simple measure of closeness for an estimdtdo the parametef is themean
squared errorof T'. This is defined by

MSE(T) = E[(T — 6)?] = var T + [Biag(T)]>. (6.1)

This measure combines variance and bias to give a composdsure that includes
both. If an estimator is unbiased, its MSE is the same as iitanee.

Activity 6.1. Prove the two expressions'in 6.1 are equal.
||

Example 6.3. The sample meaX from a random sample of sizehas variance
o2 /n when the population variancedg. As X is an unbiased estimator of the pop-
ulation meanu, MSE(T) = o2/n. The alternative estimato’ + 100 has mean
squared erros2 /n 4 10000. SinceX has a smaller mean squared error thas 100
we prefer to us¢hat to estimate..

|
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Example 6.4. A precautionary example: if wienow for sure thaty is betweent
and2, ando? is equal to 100 then the estimafBr which takes the value 1.5 for every
sample, may have smaller MSE than the sample mean.

[ |

Activity 6.2. Work out why the above statement is true.
[ |

Here is another example to think about.

Example 6.5. A small business runs with four people. What is the best estima
of the average pag for the business that can be found from a sample of three peopl
taken without replacement from the four workers?

Answer

This is a question with no clear answer. Unfortunately, gisivean squared error
will not always allow one to choose a best estimator. Let uspgare the results for
two different pay structures, and find for for these two dtites an estimate better
than the sample mean.

Suppose, for the moment, that each of the four workers isficper day. Then
the sample meaiX for the sample of size 3 will be equal to the population mean
6 = £40, so the sample mean has mean squared error zero. For thigpetyie the
sample mean can’t be improved on, because it is always gxagtk.

Now suppose that the boss is p&B30 and each of the three other workers is paid
£10. The average pay for the business is 8tk £40. There are four equally likely
possible samples of size three taken without replacemérd.smples give incomes
(130, 10, 10) three times and10, 10, 10) once. The sample means are 50 three times
and 10 once. The mean squared error of the sample mean is

[3(50 — 40)% + (10 — 40)?]/4 = 300.

On the other hand, one could use an estinTatbat weights the smallest and largest
observation half as much as the central observation. So smuople(100, 10, 10)
gives an estimatél30/4 + 10/2 + 10/4) = 40 whereas the samp(&0, 10, 10) gives
an estimaté10/4 + 10/2 + 10/4) = 10. The estimatof” has mean squared error

[3(40 — 40)? + (10 — 40)?] /4 = 225.

This second estimatdr is also exactly correct for the first pay structure consid-
ered, so if the only pay structures were the two consideheth X is a better estimator
than the sample meax.

If other possible pay structures were taken into accoumtn ihwould become
impossible to choose which of the two estimators was besteutd depend what the
pay structure was like.
|
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Activity 6.3. Find the mean squared error fBrand X of Examplée 6.5 for a pay
structure in which the boss is pad00, and the three other worke20.
|

Minimum variance unbiased estimators

If we confine attention to estimators that are unbiased)fawe can sometimes
find one estimator that has a smaller variance than all thersthThis estimator is
called theminimum variance unbiased estimaid1VUE) of 6. For instance, if we
have a random sample from a population with a normal didichithe sample mean
X is the MVUE of the population megn

Learning outcomes
After working through this chapter you should be able to:

1. describe the performance of an estimator through its Bagngistribution
2. use the concepts of bias and variance of an estimator
3. give the definition of mean squared error and calculat isimple estimators

4, discuss the idea of a minimum variance unbiased estimator

Sample examination questions

1. Write down the expected value of the square of the mean aidora sample
in terms of the population mean and variance, and use thidt tesdisplay an
unbiased estimate of the square of the population mean loaisée square of
the sample mean and the sample variance. (Elements oft8&f2601 Zone
A)

2. Explain why we must consider both bias and variance whegifg the perfor-
mance of an estimator. (Elements of Statistics 2001 Zone B)

3. Give two reasons why, for a sample of size 10, one might nsh o use the
sample range divided by 3.078 to estimate the populatiamdatal deviation,
even though this estimate is unbiased for a random samptedroormal dis-
tribution. (Elements of Statistics 2001 Zone B)

4. Define the mean squared error of an estimator. (ElemenBatistics 2000
Zone A)

5. What is an unbiased estimator? (Elements of Statistic8 Z08e B)
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6. The mean of a random sample is an unbiased estimator obfhégtion mean.
Why do we prefer the mean from a sample of size 20 to the meanahple
of size 10 when estimating the population mean. (Elemen&tatistics 2000

Zone B)
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Interval estimation

Essential reading

>

Newbold, P.Statistics for Business and Economig¢tondon: Prentice-Hall, 1995) four
edition [ISBN 0-13-855549-0], chapter 8.

Further reading

oy

Daly, F., D.J. Hand, M.C. Jones, A.D. Lunn and K.J. McConiEdgments of Statistic
(London: Open University and Addison-Wesley, 1995) [ISBN 0-2@278-6], chapter 7.
Johnson, R.A. and G.K. Bhattacharygatistics: Principles and MethodéNew York: John
Wiley and Sons, 2000) fourth edition [ISBN 0-471-388971], partshaifpters 8, 9 and 10.
Mason, R.D., D.A. Lind and W.A. Marchabtatistics; an Introduction(New York: Duxberry
Press, 1998) fifth edition [ISBN 0-534-35379-7], chapter 9.

Moore, D.S. and G.P. McCaHatroduction to the Practice of Statistic§New York: W.H.
Freeman and Company, 1998) third edition [ISBN 0-7167-3502-4]a6d parts of chaptefs
7 and 8.
Triola, M.F. and L.A. FranklirBusiness Statistics: understanding populations and processes
(New York: Addison-Wesley, 1994) [ISBN 0-201-58990-7], sopaets of chapters 6 and 9.
Wonnacott, T.H. and R.J. Wonnac#itroductory Statistic§New York: John Wiley and Sons
1990) fifth edition [ISBN 0-471-615188], chapter 8.

Introduction

The point estimates of Chapter 6 are very important, but greyusually supple-
mented in practice by some indication of their accuracy. \&ednto know whether
the sample is likely to give us an estimate close to the pdpulaalue. To tell us this
we useconfidence intervals

We saw in Chapter|6 that one way to judge whether an estimatwad is to see
how closely its sampling distribution lies around the peaioin value. Suppose that
our idea is now to give an interval estimator for a parametef the form(7;,T,)
whereT; and T, give, for each sample, lower and upper boundsffokVe shall be
happy that{T;, T,) sets reasonable bounds fif there is a high probability that the
joint distribution of1; andT;, over repeated random samples is such that for say, 95%,
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L You should know from your
mathematics course exactly
how this works.
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of the samples we havg < ¢ < T,. We say that the confidence interndl;, T,)
thencoversd with a probability of 95% over repeated samples. It is cale@b%
confidence interval. Notice that it is the interval itselatls randomly changing over
repeated samples, but thais a fixed unknown parameter value. It is clearer to say
that the interval coverg8 with probability 0.95 than to say that there is probability
0.95 thatf is in the interval, because we want to emphasise the vanwedtige of the
interval and the fixed nature 6f

Example 7.1. Suppose that we want to estimate the meafa normal population
with a variance known to bé from a random sample of size You can see that the
interval (X — 1.96//n, X + 1.96/y/n) is a 95% confidence interval for, because
the probability that this interval coversis the same as the probability that= (X —
w)/(1/4/n) lies between-1.96 and1.96.

[ |

Activity 7.1. Justify the last statement in Example|7.1.
]

Intervals for the mean of a normal population

Known variance

It is easy to generalise Example 7.1 to fint®(1 — «)% confidence interval for the
meany, of a normal population with known varianeé. We know that (see page 55)
X—up
a/v/n

has a standard normal distribution. Sczjf,, is the upperl00a,/2% point of the
standard normal distribution, then

X—p
G

Inverting this inequality leads immediatélo the coverage property wanted

(7.1)

z =

P —Ra/2 <

< Zas2| = 100(1 — @)%. (7.2)

P[X = 2420 /V/n < < X + 2420 /+/n] = 100(1 — )%. (7.3)

Notice that the interval is shorter as the sample sizacreases, and longer for
larger variances?.

Activity 7.2. Why don’t we always choose a very high confidence for the ia@rv
|
Unknown variance

Usually we don’'t know the variance, and must estimate it \ilia sample variance
52 (here we use upper case S to show that it is thought of as amawaldgable). Just
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using.S in place ofs in (7.3) or equivalently (7.2) would not give the right coage
probabilities, becaus§ is random, whereas is fixed. Fortunately there is an easy
fix. Instead of{(7.1) we can use the fact that

X —p
o = sivm

has a Student’s t distribution with— 1 degrees of freedom, sée (7.6) In just the same
way as before we then getl@0(1 — «)% confidence interval fou from the coverage

property

(7.4)

PIX —to/2,n-1S/Vn < < X +taje,(m-1)S/v/n] =100(1 = 2)%. (7.5)

A little more distribution theory
The )? distribution

The sum of the squares ofindependent standard normal random variables hgs a
distribution with» degrees of freedom, usually writte(fy). This is a thoroughly
investigated family of distributions which has been tateda The mean of the distri-
bution isv and the varianc@v. The cumulative distribution function is tabulated in
Table 7 of theNew Cambridge Statistical Tableand percentage points appear in Ta-
ble 8. You should make yourself familiar with Table 8. A fewtb& density functions
are shown in Figure 7.1.

Itis a remarkable fact that i = (n — 1)S5?%/0? (whereS? is the sample variance
from a random sample of sizefrom a normal distribution with meam and variance
o?), thenY has axfnfl) distribution. Furthermor&” is independent of the meax
of that random sample.

Student’s t distribution

If Z has a standard normal distribution, aridis an independent random variable
with axfy) distribution then
Z

VW/v
has a Student’s t distribution with degrees of freedofn Student’s t distribution has 2 Theuw tells us which
percentage points in Table 10 of thdew Cambridge Statistical TablesFor» >  Student’s t distribution to use;

30 the Student’s t distribution is almost indistinguishalienfi the standard normal ‘degrees of freedom’is a

distribution. Pictures of a few density functions appedFigure 7.2. charmingly old-fashioned
name for it.

(7.6)
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Figure 7.1: Density functions for x? distributions
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Figure 7.2: Density functions for Student’s t distributions
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The Student’s t distribution for the expressionlin (7.4)dais from the properties
given for they? distribution and/(7.6).

Activity 7.3. Prove the last statement.
|

Because Student's t and the standard normal distributiemearly the same for
v > 30, one need not use the Student’s t distribution[for (7.4) dogé sample sizes,
but may replace it by the standard normal distribution jssir@e would if the variance
were exactly known.

Example 7.2. Suppose that 9 bags of salt granules are selected from tlee-sup
market shelf at random and weighed. The weights in gram81&@, 786.7, 794.1,
791.6, 811.1, 797.4, 797.8, 800.8 and793.2. Give a 95% confidence interval for the
mean of all the bags on the shelf. Assume the population imalor
Answer
Here we have a random sample of size= 9. The mean is 798.30. The sample
variancé is s> = 72.76, which gives a sample standard deviatios= 8.53. From 3 You can find the mean and
Table 10 of theNew Cambridge Statistical Tablethe upper 2.5% point of the Stu- sample variance with a
dent’s t distribution witn — 1 = 9 — 1 = 8 degrees of freedom is found wifh = 2.5 hand-calculator.
andv = 8 asty n25,(s) = 2.306. The 95% confidence interval is therefore from (7.5)

(798.30 — 2.306 x 8.53/v/9, 798.30 + 2.306 x 8.53/1/9)

which is
(798.30 — 6.56, 798.30 + 6.56) = (791.74,804.86).

It is sometimes more useful to write this 288.30 £ 6.56.

Note that even if we do not assume the population is normat @esumption is
never really true) the Central Limit Theorem might suggeat the confidence interval
is nearly right. A larger confidence would increase the lerajftthe interval, so we
trade off increased certainty of coverage against a lomgjenial.
|

Example 7.3. Continuing Example 7.2 suppose we are now told thahe popu-
lation standard deviatiohjs known to be 10g. Give a confidence interval using thi$¢ The standard deviation is
information. measured in the same units as
Answer the original sample.
Now we can us€ (7.2) to set the intervals. From Table 5 of Kew Cambridge
Statistical Tablesvith P = 2.5 we get the upper 2.5% point of the standard normal
distribution zp.025 = 1.96 so from (7.2) we get the 95% interval for the population
mean as
(798.30 — 1.96 x 10/v/9,798.30 4+ 1.96 x 10/v/9)
which is
(798.30 — 6.53,798.30 + 6.53) = (791.77,804.83).
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It is sometimes more useful to write this 238.30 £ 6.53.
||

Intervals for mean differences

In many applications we are comparing two populations bilop at samples
from each of them. In particular we may wish to set a confidéntaval for the
difference between the means of the two populations. Tirerén rather different
common varieties of samples: paired samples and indeptgsaeples.

Paired samples

Here the two samples are of equal size, and the observatioos im pairs. Each pair
is linked through it being a repeated observation on a comembity, which may be
a person, a year, or anything else that may give rise to ategbehservation. We are
really most interested in the differences between the tegezbservations.

The procedure to follow in a case like this is to calculatedHference between
each pair of measurements, and then to use the differen@esiagle sample to set
a confidence interval for the population mean differencevben the paired observa-
tions. The assumption made is that the pairwise differeamea random sample from
some normal distribution.

Example 7.4. Ten soldiers visit the rifle range on two different weeks. Tihst
week their scores are:

67 24 57 55 63 54 56 68 33 43
The second week they score
70 38 58 58 56 67 68 77 42 38

Give a 95% confidence interval for the improvement in scoresifweek one to
week two.

Answer

This is a case of paired samples, for the scores are repdagedvations for each
soldier, and there is good reason to think that the soldidrgliffer from each other
in their shooting skill. So we work with the individual difiences between the scores.
We shall have to assume that the pairwise differences aradoma sample from a

5 Why is this obviously not normal distributior?. The differences are:

exactly true?

3 14 1 3 -7 13 12 9 9 -5
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Effectively we now have a single sample of size 10, and wari% 8onfidence
interval for the mean of the population from which theseeatighces are drawn. For
this we use a Student’s t interval. The sample mean of therdifices i$.2, and ¢ Use a hand calculator.
s? = 54.84. Sos = 7.41, and the 95% interval for the difference in the means is

5.2 4 2.26(7.41)/V10 = 5.2 + 5.3 = (—0.1,10.5).

Table 10 of theNew Cambridge Statistical Tabl&s the Student’s t distribution with
P =2.5andv = 9 provides the critical valu@.26. Notice that this interval includes
0 and even some negative values, so that one does not feeleutrtfidt there is any
real improvement. The interval is much wider than is inwaitat first sight. It is
an example of how the routine use of statistical methods oarct bad judgements
about uncertainty.

|

Independent samples

These samples are taken quite independently from two ptigoga There is no link
between observations in one sample and the other. The samplg be of different
sizes. The simplest assumption to make is that both popuktiave normal distri-
butions, though their means and variances may be diffek¥atmay denote the two
population distributions byV (1., 02) and N(,,0;). The corresponding samples
(of sizem andn) give rise to sample meansandy and sample variances andsf/.
With the simple assumptions that have been made, the saymtibiribution of
X — Y is - see page 55 - a normal distribution with mean— y,, and variance
o3/m+o;/n, so

(X —Y) — (1o — 1ty)
\/o2/m+0a2/n

has a standard normal distribution off ando? are known, then we can use the same
method to find a confidence interval as for a smgle sampléodigh the starting-point

is a two-sample problem, once one arrives at/(7.7) one isIgisy the same approach
as for one sample.

(7.7)

Example 7.5. Two similar machines are making components of a particelagth
in mm. Give a 90% confidence interval for the difference inrage length between
the components produced by the two machines. Assume thpofhdations are nor-
mal with variance for the first machine ant6 for the second machine.

Machine A: 23.7 23.0 22.2 24.0 21.2 23.1 27.1 24.0
Machine B: 23.4 15.3 30.9 18.8 253 252 32.1

Answer
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For machine Az 4 = 23.54. For machine Bz 5 = 24.43. Since the variances are
known, the confidence interval can come from the normalitigion. From Table
5 of the New Cambridge Statistical Tablesth P = 5.0, the upper 5% point of
the standard normal distribution i o5 = 1.6449. The standard deviation of the
difference of the sample means is

VoA na+ob/np = /98 + 16/7 = 1847,

The 90% confidence interval for the difference between nmashA and B is

23.54 —24.43 £1.6449 x 1.847 = —0.89 £ 3.04 = (—3.93,2.15).

There is no certainty of any difference between the popartathieans becauskelies
in this interval.
|

If the variances are not known, a simple result is only pdesftthe population
variances are assumed equal. This is a restrictive assumiptt may not be true in
practice. For large samples (say more than 30 observati@ach) one may avoid this
assumption by treating the sample variances as being knaluas/for the population
variances. If the samples are small then, assuming thatvasthnces equat?, a
good estimator of? is

(ne —1)S2 4 (n, —1)S?

2
= 7.
s P R (7.8)

T Two degrees of freedom are where(n,, +n, —2)S? /02 has ay? distribution withn,, +n,, — 2 degrees of freedof
lost because we use two sampleand is independent ok — Y. From (7.6) and/ (7.7) we can now use a Student’s t
variances.  distribution to set d00(1 — )% confidence interval fot,, — 1, as

(X =Y —ta,(natn, -2\ 1/ne +1/ny, X =Y 4+t (0,10, —2)Sy/ /102 + 1/ny>

(7.9)

Example 7.6. Continuing Example 7.5, suppose that the variances arenowirk,
but are assumed to be equal. Then a 90% interval from (7.9Ys@&yund as follows:

8 From a hand calculator. The sample standard deviatidrewes 4 = 1.73 andsp = 6.03, so the estimate of
the common variance is from (7.8)

o Tx1.73% 46 x6.03
B 7+6

9 A common mistake isto SO’ thats = 4.29. From Table 10 of theNew Cambridge Statistical Tablasth
confuses ands” here. P = 5% andv = 13, t5,3) = 1.771. The 90% confidence interval for the
difference between the means for the two machines is

23.54 — 24.43 £ 1.771 x 4.29v/1/8 + 1/7 = —0.89 + 3.93 = (—4.82,3.04).

s =18.39
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Confidence intervals for proportions

A common application of interval estimation is to measur alecuracy of esti-
mates of population proportions. Opinion polls to discaver proportion of electors
saying that they will vote for a particular party are one egplrof an investigation
of a population proportion. The journalists reporting th@naon poll results rarely
assume that their readers are sophisticated enough tostadean interval estimate.

Interval for a single proportion

We can refer the distribution theory for proportions backh® binomial distribution
on page 2b, and to the application of the central limit therote the binomial distri-
bution on page 57. If the population proportionrisand a random sample of size
has proportion of successgsthen for large it is approximately true that

p—m
m(l—m)/n

has a standard normal distribution. An even rougher appraton says that

p—T
p(1—p)/n

has approximately a standard normal distribution. Thisltés used to give approxi-
mate confidence intervals in a similar way that the earlisulte{7.1) was used to set
intervals for a mean. The approximat@)(1 — «/)% confidence interval for has the

form
pEzaV/p(l —p)/n. (7.10)

Unfortunately, even for large sample sizes such as 100, the coverage probability
of a 95% interval based on (7J10) can be as low as 86#4sfclose to 0 or to 1. One
suggestion to improve the coverage probabilities whenrgjnat a 95% confidence
interval is to use 2.00 instead &f o5 = 1.96 and to ‘add 2 successes and 2 failures’.

In other words, use
pE2y/p(1—p)/n. (7.11)

where forr successes in trials,n = n + 4 andp = (r + 2)/(n + 4).

Example 7.7. A cigarette manufacturing firm finds that in a random sample of
200 smokers there are 42 who smoke Brand A. Give a 95% conédeterval for the
population proportion of smokers who smoke brand A.

Answer

Using (7.10) the interval is

0.21 £ 1.96v/0.0008295 = 0.21 £ 0.056 = (0.154, 0.266).
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Using (7.11) the interval is
0.216 + 2v/0.0008292 = 0.216 £ 0.058 = (0.158,0.273).

These intervals are not very different. Smahlgindp closer to 0 or 1, would lead to
greater divergencdll

Activity 7.4. The results in/(7.10) work only for large, and= not too close to

0 orto 1. Ifn is very small then it becomes more difficult to obtain intésvaith
approximately a 95% confidence. Show thatif= 1, and we use the confidence
interval (0.1, 1) when there is a success, afid0.9) when there is a failure, we attain
confidence oft least90%, though the actual confidence percentage achievedvarie
with the true valuer.

|

Differences between proportions

If we are comparing proportions on the basisrafependentrandom samples, then
another rough and ready approximation is used. Supposehthdtvo samples are
of sizen; andns, with sample proportiong; andp,. Then, if the two population
proportions arer; andms the variance of; — py is w1 (1 — m1)/n1 + m2 (1 — m2) /N2
and one would expect that

p1—p2 — (M1 — m2)
VP11 = p1)/n1 + p2(1 — p2)/n2
would have approximately a standard normal distributiohisTesult can be used to

give an approximate confidence interval for the differeneeveen two proportions.
The100(1 — «)% interval is

T — 2 & 2ay/P1(1 — p1)/n1 + pa(l — p2) /na. (7.12)

Example 7.8. A cigarette manufacturing firm claims that its brand A linegfarettes
outsells its brand B line by 8%. If it is found that 42 of 200 dears buy brand A, and
18 of 150 buy B, compute a 95% confidence interval for the difiee between the
proportions of sales of the two brands. Is the manufacsizaim plausible?

Answer

We assume that the smokers are independent random sangptea farge popu-
lation, so that the formula (7.12) can be used. The samplaoptions are

p1 = 42/200 = 0.21
po = 18/150 = 0.12.

The variances for the sample proportions are estimated by
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p1(1 — p1)/200 = 0.21(0.79)/200 = 0.0008295
p2(1 — ps)/150 = 0.12(0.88) /150 = 0.000704.

The variance of the difference between the sample proparii® therefore esti-
mated by0.0008295+0.000704 = 0.0015335, and the standard deviation k{p.0015335 =
0.03916. The 95% confidence interval for the difference in the pojpaeproportions

IS

0.21 — 0.12 £ 1.96(0.03916) = 0.09 £+ 0.077.

The difference o8% claimed by the manufacturer lies in this 95% interval, se on
can't say it is unreasonable, but the interval for the défexe is again very wide and
includes values much different frog¥so.

Learning outcomes
After working through this chapter you should be able to:

1.
2.

explain the coverage property of a confidence interval

find confidence intervals for means of normal populatiang,for differences of
means of two normal populations, both when variance(s) aogvk and when
they are unknown

. find confidence intervals for proportions and differenafgsroportions

. describe the link between intervals and distributiorotiteand discuss the as-

sumptions made to justify the use of the various intervals.

Sample examination questions
1. Why do we work out a confidence interval for the differenceveen the means

of two populations rather than comparing the separateval®for each popu-
lation mean? (Elements of Statistics 1998 Zone B)

. A random sample of 10 observations from a normal distidbuivith mean:

and variances? gives a sample mean of 1.2. An independent random sam-
ple of size 20 from the same population has sample variarfticeF3nd a 90%
confidence interval for. (Elements of Statistics 1998 Zone B)

Parts of the sample examination questions in Chagter 8 acecalvered in this
chapter, but it may be better to read Chapter 8 before tryiamt
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How to decide if a
Chapter 8 statement about a

population is true.

Hypothesis testing

Essential reading

>

Newbold, P.Statistics for Business and Economig¢tondon: Prentice-Hall, 1995) four
edition [ISBN 0-13-855549-0], chapter 9.

Further reading

wr

Daly, F., D.J. Hand, M.C. Jones, A.D. Lunn and K.J. McConvi&dgments of Statistic
(London: Open University and Addison-Wesley, 1995) [ISBN 0-2@278-6], chapter 8.
Johnson, R.A. and G.K. Bhattacharygatistics: Principles and MethodéNew York: John
Wiley and Sons, 2000) fourth edition [ISBN 0-471-388971], partshaipters 8, 9 and 10.
Mason, R.D., D.A. Lind and W.A. Marchabtatistics; an Introduction(New York: Duxberry
Press, 1998) fifth edition [ISBN 0-534-35379-7], chapters 10 dnd 1
Moore, D.S. and G.P. McCabatroduction to the Practice of Statistic§New York: W.H.
Freeman and Company, 1998) third edition [ISBN 0-7167-3502at}spf chapters 6, 7 and
8.

Triola, M.F. and L.A. FranklirBusiness Statistics: understanding populations and processes
(New York: Addison-Wesley, 1994) [ISBN 0-201-58990-7], cteay¥ and parts of chapter D.
Wonnacott, T.H. and R.J. Wonnacbitroductory StatisticéNew York: John Wiley and Sons
1990) fifth edition [ISBN 0-471-615188], chapter 9.

Introduction

We often need to answer questions about a population sudh the ‘mean of the
population greater than 27, or ‘Is there any differenceveein the performance of two
operatives?’. In statistics we try to base our answer toetly@estions on information
in samples. Since the questions are implicitly or explcitbout populations, we are
here concerned with statistical inference.

Though the theory presented in this chapter has severeatgfies, it is useful as
an introduction to the area, and is still widely used in aggilons. Drawing attention
to the two types of error that can be made when testing hypethmakes an important
contribution to life-skills.
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The theory of tests of hypotheses is necessarily linkedaoftir confidence inter-
vals, but for clarity in understanding it is best to try totaiguish clearly between the
two areas.

Hypotheses

L Think carefully if an exact

84

value like 50% makes any
sense here.

A statement, which may be true or false, about a parameterpaipalation is
called ahypothesis

Example 8.1. Suppose that the population under consideration is thabyd be-
tween 7 and 8 years old in the UK. One hypothesis of intereghtitie that the mean
weight of the population is less than 50kg.

Another hypothesis might be that exac¢t§0% of that population can manage to
add1/3to 1/4 correctly.
|

Activity 8.1. Why does it make no sense to use a hypothesistike2?
[ |

Null and alternative hypotheses

A peculiarity of the classical theory of testing is that wekpbut one hypothesis as
our baseline (this is thBlull HypothesisH) and set up another usually less precise
but more interesting hypothesis as its competitor (thihiésAlternative Hypothesis
H;y). The Null Hypothesis is one that we really don’t want to c¢jehen it is true.
The idea (which may not be altogether realistic) is that & &iternative Hypothesis

is rejected when it is true, that is less important. Thereisverlap between the Null
and Alternative Hypothesis. They cannot both be true.

Example 8.2. Suppose that we have a long-used and well-tested treatrmoent f
stomach ulcers. The average length of treatment to cureotidition using this treat-
ment is known to be 6 months. Ndsicauq Laboratories has a brand-new treatment
that it says is better. A suitable Null Hypothesis might bet the average timg to a
cure for the new treatment is 6 months

Hy: H = 6

whereas the Alternative Hypothesis could be that averageytito a cure for the new
treatment is less than 6 months

Hy: u < 6.

|

One-sided and two-sided alternative hypotheses

For a parametef, and a given valuéy, if H; is of the formé > 6, or of the form
0 < 6y, then it is said to bene-sidedIf H; is of the formd # 6, then it is said to be
two-sided
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Example 8.3. The Alternative Hypothesis that the mean weight of boys betw7
and 8 is less that 50kg is a one-sided hypothesis. The Atieendypothesis that the
Probability of ‘Heads’ is not equal to 0.5 is a two-sided hijEsis.

[ |

Test statistics and critical regions

To carry out a test we calculate from the data the valakatest statistic If the
test statistics falls in theritical region we rejectH, in favour of H;. Otherwise we
do not rejectH (which is retained as our working hypothesis). The critregjion is
often described using &itical valuethat is a percentage point from the distribution
of the test statistic

Example 8.4. Suppose that the Null Hypothesis is that the population mein
5, and the Alternative Hypothesis is thats greater than 5. We could use as the test
statisticT’ = X the sample mean from a sample of sizeédne possible critical region
is all values forT’ = X — 5 greater thar2z, /+/n. The percentage point, is used to
define the critical valu@z,, /sqrtn.

If z — 5 from the sample is greater than, /\/n we would reject, in favour of

Hy; otherwise ifz — 5 < 2z,/+/n we would retainH, as a working hypothesis.
||

One- and two-tailed tests

A critical region that is the upper tail of a distribution, thrat is the lower tail of a
distribution, gives @ne-tailed testA critical region that contains both an upper tail of
a distributionand its lower tail gives awo-tailed test Often, a one-sided Alternative
Hypothesis leads to a one-tailed test and a two-sided At Hypothesis leads to
a two-tailed test, but that pattern is not universal.

Example 8.5. Referring back to Example 8.4, the critical regi®n-5 > 2z,//n
is an upper tail of the distribution of, so this is a one-tailed test.

Another test might have its critical region defined By — 5| > 2z,/,/n. This
critical region contains both an upper tail of the distribatof X — 5 (whereX —5 >
2z,/+/n) as well as a lower tail (wher& — 5 < —2z,//n). It defines a two-tailed
test.
|

Type I and type II errors

If the Null Hypothesis is rejected when it is true, themygoe |error has occurred.
If the Null Hypothesis is not rejected when it is false, théfype llerror has occurred.
It is very important, and it is a significant contribution te&r thought about testing
hypotheses, to realise that there tweo different kinds of error that can be made.
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Level and power

The probability of making a Type | error with a test is callbeé kevel or signifi-
cance levebf the test. It is controlled by the tester to some fixed amatormivention-
2 Be careful not to talk about ally 1%, 5% or 10%. The levélof the test is usually labelled by statisticians. The
a 95% level for atest. probability of making a Type Il error is usually labellgd Its complementl — ()
is called thepower of the test. The tester may obtain a high power by using a large
enough sample size, but power is not directly controlledhattime of testing. Tests
recommended in the textbooks are chosen so that they hakiegtiest power for their
3 The tests suggested by thechosen levetf.

texts are not arbitrary. .. . . .
Activity 8.2. Of 100 clinical trials, 5 have shown that wonder-drug zapeter

than the standard treatment (aspirin). Should we be exbitetese results?

Of the 1000 clinical trials of 1000 different drugs this yé&rtrials found drugs
that seem better than the standard treatments with whighvieee compared. The
television news reports only the results of those 30 ‘susfaéstrials. Should we
believe the television news reports?

A child welfare officer says that she has a test that alwaysalswvhen a child
has been abused, and she suggests it be put into general usis\8ie saying about
Type | and Type |l errors for her test?
|

Testing hypotheses about population means

Suppose that we have a random sample from a normal populatibrmeany
and variancer?. It is a routine application to test hypotheses about theujadion
meany. We may want to test such a hypothesis either wigis known, or when it
is unknown.

Known variance

If the variancer? is known, we can use the result on page 68 that (7.1) has aasthnd
normal distribution. Suppose that the Null Hypothesis is
Ho: = po.
Then whenH| is true, from|(7.1) it follows that

o/v/n
has a standard normal distribution. If the Alternative Hyy@sisH; is thaty > uo,
then for al00a% level test use the critical region

z

> Za, (8.1)
which is a one-tailed test for a one-sided Alternative Hjests.

86



Chapter 8: Hypothesis testing

If the Alternative Hypothesig7; is thaty < ug, then for al00a% level test use
the critical region
X — o
o/Vn
which is again a one-tailed test for a one-sided Alternatiypothesis.
If the Alternative Hypothesigi; is thatu # uo, then for al00a% level test use
the critical region

< —Za, (8.2)

|X—H0|
o/vn

which is a two-tailed test for a two-sided Alternative Hyfpesis.

> Zoz/? (83)

Activity 8.3. You should be able to verify that for each of these criticglaas the
probability of rejectingHy when H is true is100a%.
|

Notice carefully the difference between the one-sided amdsided Alternative
Hypotheses. The critical regions are carefully chosenye bigh power. They will
give as large a probability as possible of rejectiiig when it is false - that is when
Hj is true - for a test of levak.

Activity 8.4. Why don't we use a two-tailed test for a one-sided Alternakiye
pothesis?
|

Example 8.6. Suppose that we have a random sample of size 4 of weights

in g of eating plums from a large population having a normsiriiution with known

variancel. The observations arg7.1,28.1,27.0,28.0 giving a sample meams =

27.55 and a sample standard deviationsof 0.580.% Suppose we want to test 4 Use a hand-calculator.
Hy:p=25

against

Hy:p > 25.

There are not enough observations to give a test with a goagmpdbut if we use a

test at the 5% level, then the critical region is, from (8.1),

X -25
1/v/4

which, using Table 5 of theNew Cambridge Statistical Tabledth P = 5.0 to get
20.05 = 1.6449, is

> 20.05

X -25
1/2
Since the observed value of the test statistic falls in thitgcal region, wereject the
null hypothesis that the population mean is 25.

= 5.1 > 1.6449.

87



Statistics 2

If, instead the Null Hypothesis were to be
Hy: p=27
and the Alternative Hypothesis were to be
Hy:p#27
then from[(8.3) the critical region for a 5% level test takes form

|X — 27

>
1/2 20.025

and, again using Table 5 of thidew Cambridge Statistical Tablesth P = 2.5 to get
20.025 = 1.9600, this is

| X — 27
— > 1.96.
7 > 1.96
Since the observed value of the test statisti ‘;’2‘27‘ = 1.1, which does not

fall into either tail of the critical region, we do not rejabe Null Hypothesis that the
population mean is 27g.
[ |

Example 8.7. A manufacturer has developed a new fishing line that he claims
has a breaking strength of 7kg, with a standard deviation28kg). Assume that the
standard deviation figure is correct. Suppose that we caitr test, at the 5% level,
of the null hypothesis that the mean is 7kg against the atmenthat it is less than
7kg. Find the sample size that is necessary for the test t® $@8% power if the true
breaking strength is 6.95kg.

Answer

Assume that the population is normal with standard dewviafi®@5kg. The test
statistic is, from[(8.2),

(X —7)/(0.25/v/n).
The critical value for a 5% level one-sided test of
Hoy:p=7
against
Hy:p<?7
is taken from Table 5 of theNew Cambridge Statistical Tablesth P = 5.0 with a
change of sign. Itis-1.6449. The probability of rejecting the Null Hypothesis with

the 5% level test is ~
X -7
P|—— < —1.644
[0.25/\/5 <10 9}

which is equivalent to

X —6. — 6.
P{ 6.95 T7-6.95

0.25/vn = 0.25/vn 1'6449}
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The statistic on the left of the inequality has a standardnabrdistribution when
the breaking strength has meé®5 kg, so for a power of 90%, one must have the
right-hand side of the above inequality equal to the uppét point of the standard
normal distribution, which is 1.2816, from Table 5 of tiNew Cambridge Statistical
Tableswith P = 5.0.

So

0.2v/n — 1.6449 = 1.2816
Vvn = 5(1.2816 + 1.6449) = 14.63
n = 14.63% = 214.11.

To be sure of sizes at least as small as those required, wélslsria sample of
size 215. Notice the rather large sample size that is redui@ne of the important
effects of interval estimation, or hypothesis testing tge@ that investigators are
encouraged to use sample sizes large enough to come toalatErisions.
|

Unknown variance

When the variance is not known all the tests are based on tlafuental distribu-
tional result of[(7.4), so that percentage points from Sttide distributions are used
instead of percentage points from normal distributions, the sample standard devi-
ation is used instead of. In all other respects the tests remain the same as those for
unknown variances.

Example 8.8. Continuing Examplé 816 let us now suppose that the populatio
variance is not known. In that caseis estimated by the sample standard deviation
s = 0.580. Suppose again that we want to test

Hy:p=25

against

Hy:p > 25.

If we use a test at the 5% level, then the critical region isT(@.4)

X 25
S/V4

(Using Table 10 of theNew Cambridge Statistical Tablesth P = 5 andv = 3 we
gett.os,3) = 2.353.) The value of the test statistic is

> t()_057(3) == 2353

27.55 — 25

— 879 > 2.353.
0.580/2 -

Since the observed value of the test statistic falls in titecat region, wereject the
null hypothesis that the population mean is 25g.
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If, instead the Null Hypothesis were to be
Hy: p=27
and the Alternative Hypothesis were to be
Hy:p#27
then from[(7.4) the critical region for a 5% level test takes form

|X — 27|
S/2
(using again Table 10 of thaNew Cambridge Statistical Tablesth P = 2.5 and
v = 310 gettg g25,(3) = 3.182). The value of the test statistic is

> t0.025,(3) = 3.182.

27.55 — 27

=1. 182.
0.580/2 90 7 3.18

Since the observed value of the test statistic does notrfadl éither tail of the
critical region, we do not reject the Null Hypothesis that gopulation mean is 27g.
There is no particular reason why the results of this teatishagree with those of
the previous ones in Example 8.6.
|

Link to Confidence Intervals

Two-tailed tests are closely similar to confidence intesvdlo testHy: p = 27
againstd;: p # 27, at the 5% level, we could find a 95% confidence intervalfor
and rejectH if that interval did not include the value 27.

Activity 8.5. There is no obvious link between confidence intervals anetaited
tests. What sort of confidence interval would one need to dafihave such a link?
[ ]

Two-sample tests

Once again, as in Chapter 7, we must distinguish betweerdgammples and
random samples, and between those cases where the vardaadaswn and those
where the variances are unknown. That said, all one needsisatal refer to the basic
distributional results, for instance 7.7 dnd]7.8, and them these as in the last two
sections.

Example 8.9. The weights of a group of five-week-old chickens, reared oigh h
protein diet are 336, 421, 310, 446, 390 and 434 g; the wewftdssecond group of
5 chickens similarly reared except for their low proteintdiee 224, 275, 393, 282
and 365 g. Is there evidence that the additional proteinfasased the weight of the
chickens?

Answer
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We have to imagine that the chickens are random observaifdagge somewhat
hypothetical populations of chickens in which we are indtrd, and that distributions
of weights under the two different diets are normal disttiitms with possibly different
means, but the same variance. The Null Hypothesis is thatwbediets give the
same mean population weight. The Alternative Hypothedisasthe first diet gives a
greater population mean weight.
The sample means are 389.5 and 307.8, and the sample sfaddsi@tions are ® Use a hand-calculator.
55.40 and69.45. The estimate of the common variance is, from|(7.8)

2 _ 5x 55407 + 4 x 69.457

= 62.032
5+4

The critical region for a test at the 5% level is

X-Y
— > ty05
S\1/6+1/5 0
From Table 10 of theNew Cambridge Statistical Tabledsth P = 5 andv = 9 we
getto_057(9) = 1.833.
The value of the test statistic is
389.5 — 307.8
62.03\/1/6 +1/5

=2.17 > 1.833.

The test statistic falls in the critical region, so with attatsthe 5% level we reject the
hypothesis that the mean weights are equal in favour of teenative hypothesis that
the mean weight for the first diet is greater.

|

Activity 8.6. Suppose that we have two independent samples from normat pop
lations with known variances. We want to test the null hypsth that the two popu-
lations have the same mean against the alternative thatehesrare different. One
could use each sample by itself to write down a 95% confidemesval for the cor-
responding population mean. One could rejHgtif those intervals did not overlap.
What would be the significance level of this test?

|

p-values

Some statisticians prefer to calculatealuesvhen carrying out tests. The p-value
is the smallest level of the test for which the Null Hypotlsesbuld be rejected.

Example 8.10. Continuing Examplg 8.9, the value of the test statistiz.1g, to
be checked against a Student’s t distribution Witthegrees of freedom.

Looking in Table 9 of the New Cambridge Statistical Tablesvhich gives the
left-hand tail probabilities of the t distribution with = 9 degrees of freedom, we
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find that the right-hand tail probability at2 is 1 — 0.9723 = 2.77%. There is some
evidence therefore of a difference in weight. This is a ddee p-value because we
are checking to see if the difference between populatiomsisgositive. Calculating
the p-value exactly (not possible from the tables) gives/diee2.9%.

|

Using p-values seems to be closer to what most statistias wset to know. A
very small p-value, say .0012, means that the Null hyposhesiuld be rejected at
the 5% level, or at the 1% level, or indeed at the 0.5% leveltheop-value seems
a less arbitrary way to carry out a test than than to fix on aquéat level such as
5%. However, it is hard to situate the use of p-values coltigremthe framework of
classical testing theory, so one should perhaps be cauti@mphasising them.

Tests for binomial probabilities of success

One- and two-sample tests for population proportieran be based on the ap-
proximate distributions used already for confidence irksnin {7.10) and/ (7.12).
These approximate distributions give rise to the tests $h floe same way as those
for the normal populations that were used before in this whraf-or instance to test
at the100a% level with a random sample of sizethe null hypothesis
Hy. m=mg
against the Alternative Hypothesis
Hi:m 7& uxe
we rejectH if

lp — 7ol
’/To(]. — 7r0)/n

For the two sample tests (which come frdm (7.12)), there igghtgwist that has to
be remembered. The critical region is decided by the digioh of the test statistic
under the Null Hypothesis, so if the Null Hypothesis is that population proportions
m, andrs are equal, the best guess whigp is true of the common proportion is

> 204/2'

_ mp + n2p2
ni + no

where the sample proportions areandp, and the sample sizeg andns. So to test
at the100a% level

HoZ T = T

against the Alternative Hypothesis

Hi:m 7’5 T2

we use the critical region

|P1 —Pz\

Vp(L—p)(1/n1 +1/ny)

Za/2'
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Example 8.11. Suppose that of 200 randomly chosen households in the UK 15%
have cable television, and of 150 randomly chosen houssliith France 6% have
cable television. Is the proportion of UK households withleaelevision different
from that in France?

Answer

Suppose that the population proportion of households vabiectelevision in the
UK is 71, and in Francers. The Null Hypothesis is
Hy: m = mo
and the Alternative Hypothesis is
Hy:m 7é o
The estimate of the common proportion whp is true is

200 x 0.15 + 150 x 0.06

=0.1114.
200 + 150 0
If we test at the 5% level of significance, then the test gtatis
0.15 — 0.06

/0.1114(1 — 0.1114)(1/200 + 1/150)

The critical value i 925 = 1.96, which is exceeded by the observed value of the test
statistic. We therefore reject the hypothesis that the gtags of households with
cable television are the same in the UK and France.

[ ]

Learning outcomes
After working through this chapter you should be able to:

1. define and use the terminology of statistical testing

2. carry out statistical tests of all the types covered ia tihiapter
3. calculate the power of some of the simpler tests
4

. explain the way in which the rejection regions of testtofelfrom the distribu-
tional results, taking into account the level and consitilena of power.

Sample examination questions

1. The table below shows the annual salaries in dollars afaeny selected fac-
ulty in public educational institutions and private edumaal institutions.

Public | 52127 57380 34122 8334 35730 22411 40196
Private | 40807 26448 48970 52411 20223 39421 40102
Public | 28528 10562 33666

Private | 46461 32557
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(a) Find a 90% confidence interval for the difference betwpepulation
mean annual salaries in the public and private institutions

(b) Test the Null Hypothesis that mean salary for the privagtitutions is
1000 dollars more than in the public institutions against éitternative
that the mean for the private institutions is more than 108liacs greater.

(c) State carefully the assumptions you have made in agiairthe test and
confidence interval.

(Elements of Statistics 1999 Zone B)

2. Primary school children with reading problems were ranigadivided into a
control group and a group that received special readinditegcThe results of
a subsequent reading test for all the children are giverwbelo

Control |42 43 55 26 62 37 33 41 19 54 20
85 46 10 17 60 53 42 37 42 55 28 48

24 43 58 71 43 49 61 44 67 49

53 56 59 52 62 54 57 33 46 43 57

Special
Teaching

(a) Find a 99% confidence interval for the difference in sduetween the
controls and the specially taught group.

(b) Testatthe 10% level the null hypothesis that there isifierdnce between
the two groups.

(Elements of Statistics 1998 Zone B)
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Introduction

Analysis of variance (ANOVA) is a popular tool that has an laggbility and
power that we can only start to appreciate in this course. idfiba of analysis of
variance is to investigate how variation in structured data be split into pieces as-
sociated with components of that structure. We look onlyreg-evay and two-way
classifications, providing tests and confidence intervads are widely used in prac-
tice.

One-way analysis of variance

One-way analysis of variance looks to see how much of thetiani in grouped
data comes from differences between the groups, and how myakt random ob-
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servational error. There can be any number of groups, thgtheaf different sizes
(each group with at least two observations). A typical aygtion of one-way analysis
of variance would be to investigate whether three diffetgmes of growing conditions
make any difference to the yield of an agricultural crop, #sd, how great those dif-
ferences are. The observations would be the yields of mdfgrelt experimental
plots, grouped according to the growing condition that egapio them.

To describe analysis of variance accurately one needs d Haitation; it is an-
noying, but worth spending time on. Suppose that we havandom observations
classified intok different groups, so that there arg observations in group for
1 =1,..., k. We shall assume that all the observations are indepenéleath other,

L Subscripts are unattractive, and that the distribution from which those in grougre taken isV(u;, o2). ! Notice
butit's hard to do without  that the population meam; may be different for each group, but that the variance is
them.  the samefor all observations in all groups. Since we assume that bsemwations
are from normal distributions, they are not counts - so apfibn of analysis of vari-
ance to tables of counted data (contingency tables) willusatlly be possible. For
counted data the variance is often proportional to the maad so not the same for
all the counts. Outliers or wild observations also invaidthe assumption of nor-
mal distributions, so one needs to check there are none sé tfior instance a wrong
2 Such errors easily occur recording of 8 instead of 80 ).
during transcription to a We have a collection of independent samples, one from eactk aformal pop-
spreadsheet. ylations. The common feature is the varianée One idea of one-way analysis of
variance is to exploit the knowledge abetitin all & samples to obtain better knowl-
edge about the variability of estimates; g than would be possible from one sample
considered by itself.
3 Two subscripts are even less  Consider the:; observations in group We can label these

attractive than one.
Xi1, Xia, .o, Xin,.-

The sample mean for group X;, is a good estimator of the population meanfor
groupi. The sample variance for groupS?, is a good estimate far?, the common
variance for every group.

We put together the information abowit in all the & groups to form a new esti-
matorS? of o2

n1—1)S7 4+ (ne — 1)S5 + -+ + (ng, — 1)S3
(= 1)+ (na— 1)+ + (g — 1)
(n1 —1)SF + (np — 1S3 + -+ + (np, — DS
= . 9.1)
n—=k
The degrees-of-freedom here are k because we start withobservations giving
n degrees-of-freedom and lose one for each of the group mesakta calculate an
S2. Itis usual in ANOVA to call the positive quantiti — k)S? the Within Groups
4 Sometimes called the Error Sum of SquaresObviously we can write
Sum of Squares.

52:(
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k. n;
(n—k)S*=> "> (Xi; — X))

i=1 j=1
The Within Groups Sum of Squares is an unbiased estimator ofk)o?. TheMean
Within Groups Sum of Squarég is an unbiased estimator of

A very important Null Hypothesis is that there are no differes between the
meansu;. Thatis
Ho: m=p2=--=p.

Suppose that we want to telf) against the very general Alternative Hypothesis

Hy: Not all thep; are equal

If there are no differences between the population groupnsiehen we could take
all the observations from all the groups together as one kaofsizen and get an
estimator ofr? from the sample variancg?. for that large sample, where

k i v
62 Zi:l 2‘7:1(Xij - X)2
=

n—1
and X is the mean of observations in all the groups. The positiantity (n — 1)52
is called theTotal Sum of Square#t has(n — 1) degrees-of-freedom. Itis

k n;
(n—1)87 => > (X — X)*.
i=1 j=1
If all the population group means are equal, the Total Sumgof®es is an unbiased
estimator of(n — 1)o2.

The difference between the Total Sum of Squares and the MW@inoups Sum
of Squares is called thBetween Groups Sum of Squarés — 1)S%. It may also
be obtained by replacing each of the observatiais by its group meanX; and
calculating the total sum of squares for this new collectbm ‘observations’. The
Between Groups Sum of Squares may be written:

k
(k—1)SE =) ni(X; - X)%.

It has(k — 1) degrees-of-freedom; if all the population group means qualkt is an
unbiased estimator ¢k — 1)o2. If the population group means are not all equal, then
(k — 1)S% is an unbiased estimator of

(k= 1)0” + > (ni — p)”

wherey = Ele n;pvi/n. SO when the population group means are not all equal
the Between Groups Sum of Squares is expected to be largeftha 1)o2. The
Mean Between Groups Sum of Squaigk is an unbiased estimator of if all the
population group means are equal.
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Sum of Squares Identity

It was stated above that the Total Sum of Squares was the stiva Between Groups
Sum of squares and the Within Groups Sum of Squares. It isljjese prove this
result with elementary algebra.

k  n; ko n;
Z Z(Xij - X)?= Z Z[(X” - X))+ (X, - X))?

i=1j=1 i=1 j=1
k n; k  n;
= Z Z(Xij - X))+ Z Z(Xi - X)?
i=1 j=1 i=1 j=1
k  n; k
=D D (X =X+ D ni(Xi — X)* 9.2)
i=1 j=1 i=1

The cross-product terms produced by the squaring vaniskulseE;‘;l(Xi - X)is
zero.

This sum of squares identity allows any one of the three Sun8gjoares to be
calculated from the other two.

F-test

Consider again the test that there are no differences batiheaneang;:
Hy: pr=po=-=pu
against the very general Alternative Hypothesis:
H,: Notalltheu; are equal
The suggested test at th@é0«% level of significance is to rejedi if

S2
F= 572 > F(x,k—l,n—lﬁ
where the right-hand side is the upg@0a% point of theF distribution with(k — 1)
degrees-of-freedom for the numerator &nd- k) degrees-of-freedom for the denom-
inator. (You can find a little more information about thedistribution on page 97.)
This test is a one-tailed test, but the Alternative Hypathisanot one-sided.

Example 9.1. Table 9.1 on pade 95 shows the scores for crunchiness of éoor ¢
peting breakfast cereals. Each cereal was assessed oreebgl $esters, but no tester
was used twice because of possible order effects and fatigue

Is there enough evidence to conclude that there are diffeseim crunchiness be-
tween the four cereals?
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Table 9.1: Crunchiness scores

Cereals
1 2 3\ 4
9.3 | 134 | 12.5| 14.0
10.8 | 12.2 | 14.7 | 15.6
841|124 | 129 | 14.1
9.7 12.8 | 11.8
9.5 | 12.2
7.9
9.5

Answer

We will assume that the observations are independent ramt@ervations from
normal populations with means, z12, 3, i14, and with the same varianeé€. There
are no obvious outliers or wild observations that make tesaimption look wrong.

From the whole set of observations, with a calculator, tinega variance is2. =
4.8843, leading to the Total Sum of Squar¢8s3. = 87.9168. Also, one rapidly
obtains:z; = 9.3,y = 12.6,73 = 12.975,7, = 14.5667 ands? = 0.8767, s2 =
0.2600, s3 = 1.5292, 52 = 0.8033 and so from/(9.1) the Mean Within Group Sum of
Squares

2 6 x 0.8767 + 4 x 0.2600 + 3 x 1.5292 + 2 x 0.8033
o 6+44+34+2
= 12.4944/15 = 0.8330.

The Within Groups Sum of Squareis 1552 = 12.4944. It can also be thought of as ® Sums of squares are always
18x the sample variance obtained from the differences of albtheervations from positive. Do not be content
the appropriate group mean. Those differences can be wegtén Tablé 9.2 below: With a negative value.
The difference between these two sums of squares gives the8e Groups Sum
of Squareg4 —1)s% = 87.9168 —12.4944 = 75.4224 and the Mean Between Groups
Sum of Squares% = 75.424/(4 — 1) = 25.1408. One can also obtain the Between
Groups Sum of Squares by findih§x the sample variance of replacement data where
the original observations are replaced by the group meadreseélreplacement data are
shown in Tablé 9.3 below:
We will carry out a test of

Hy:  p1=po=p3 =y
against the alternative

H, : Not all the population group means are equal
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Table 9.2: Differences from group means

Cereals
1 2 3\ 4
0.0 | 0.8 |-0.475 | -0.5667
1.5]|-04 | 1.725 | 1.0333
-0.9 | -0.2 | -0.075 | -0.4667
04| 02| -1.175
02| -0.4
-1.4
0.2

Table 9.3: Group Means for finding BGSS

Cereals
1 2 3\ 4
9.3 | 12.6 | 12.975 | 14.5667
9.3 | 12.6 | 12.975 | 14.5667
9.3 | 12.6 | 12.975 | 14.5667
9.3 | 12.6 | 12.975
9.3 | 12.6
9.3
9.3

at the 5% level of significance. The value of the test statisf’ = 25.1408,/0.8330 =
30.1810. We will reject Hy if this value is greater than the upper 5% palfytos 3,15.
From Table 12(b)rfot 12(e)) of the New Cambridge Statistical Tablesth 14 = 3
andv, = 15 we find Fpp 95,315 = 2.490. So we reject the Null Hypothesis and find
that there is good reason to believe that there are diffeeimccrunchiness between
the cereals.

These results are usually summarised inaaalysis of variance tabjeand one
should always present the results in that form. The tableaga below:

|

Activity 9.1. Think carefully about the last Tables 9.1 t0/9.3. The sum afses

identity (9.2) says that the total sum of squares from allda in the first table is
obtained by adding together the total sums of squares of efatte last two tables.
Also, the entries in the first table are the sums of the coomding entries in the last
two tables. We have broken down the original grouped obsiensinto the last table,
which reflects the group structure, and the second tableshaiias numbers which
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Table 9.4: Analysis of variance table

Source Degrees of | Sums of | Mean Sums | F ratio
Freedom | Squares | of Squares
Between Groups 3| 75.424 25.1408 | 30.1810
Within Groups 15 | 12.4944 0.8330
Total 18 | 87.9168

look randomly distributed around zero. How would thesedaldhange if groups 3
and 4 were put together as one group?
|

The F-Distribution

It seems best to summarise the properties of the F-disimitbfor convenient ref-
erence. If andV are independent random variables with distributions, withy;
andv, degrees-of-freedom respectively, then the ratio

U/l/1
F:
V/I/Q

has an F-distribution withv; degrees-of-freedom for the numerator anddegrees-
of-freedom for the denominator. The distribution has meativ, — 2) for v, > 2.
Pictures of the density functions of some F-distributioresssnown in Figure 9/1.

One can see that the distribution looks more like a normatiligion for large
values of the degrees-of-freedom.

The square of a random variable with a Student’s t distrilmvith » degrees-of-
freedom has an F distribution with = 1 andv, = v, as can be seen from (7.6).
The F-distribution comes into the one-way analysis of vardabecause, when the
Null Hypothesis is true, the Between Group and Within Groums of squares each
divided byo? have independeng? distributions.

Activity 9.2. If you fix v; and letv, become large, the F distribution becomes
close to what distribution?
|
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Figure 9.1: Density functions for F distributions

1.0 15
|

Density Functions

0.5

0.0

Confidence intervals and tests for population group means

Single intervals

Confidence intervals and tests for a population group medoy differences of pop-
ulation group means, can be easily written down as in Ch@ptising the result that

Xi— i
S/

has a Student’s t distribution wittn — k) degrees-of-freedom, and foe£ j

(Xi — X;) = (i — 1)

S\/l/ni + 1/77/‘7‘

has a Student’s t distribution wittn — k) degrees-of-freedom. The last result gener-
alises those in Chapter 7 for two independent random samples

Activity 9.3. Suppose that in a one-way ANOVA you reject the Null Hypotkesi
that all the population group means are equal with a testeabth level. Does it
follow that a 95% confidence interval for the difference begw at least one pair of
population group means will not include 0?

|
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Simultaneous intervals

We may want to think about setting intervals for all possiiidérs of differences be-
tween any twau;s. It would be unwise to use a 95% confidence for each of many
separate intervals and yet look at them all together, sincelypby chance 5 out of
100 such intervals might well not cover the population valu®ne could adjust by
using a larger confidence level. If we ussimultaneous intervals then, for at least a
confidence of00(1 — ) % that they all simultaneously cover the parameter values it
is enough to take each individual interval with0(1 — «/r)% confidence.

Activity 9.4. Check that using00(1 — 0.05/7)% givesr simultaneous intervals
with at least 95% confidence level.
|

There are more specialised ways of obtaining valid setsmfilsaneous confi-
dence intervals in the analysis of variance. One methodtal$zhefé, is to use a
100(1 — «)% set of simultaneous intervals for every contrast betwbepis. These
are simultaneous intervals for every linear combina@f'nz1 difis, Wherer:1 d; =
0. A typical interval in the set is

k
S dXi £S5\ (k— DFosai Y d2/n. 9.3)
=1

In the particular case of a difference in population grougnsg,; — 1, we have all
d; = 0 except ford; = —d; = 1, and the confidence interval is

Xi = X £ 5,/ (k= DFa g n-r(1/ns + 1/n;).
Example 9.2. Continuing Example 9.1, a 95% confidence intervalfor - is

9.3 — 12.6 % 091340 025 15)/1/7 + 1/5

where from Table 10 of theNew Cambridge Statistical Tablesth P = 2.5 and
v = 15 we getty 25 (15) = 2.13 and so the interval is

—-3.3+1.14.

On the other hand if we want a 95% confidence simultaneousf seteovals of the
Schefk type, then the corresponding interval is

9.3 -12.6 + 0.913\/3F0,05,3,15(1/7 +1/5).

From Table 12(b) of theNew Cambridge Statistical Tablesth v; = 3, v, = 15 we
getFp o5,3,15 = 3.287 and so the interval is

—-3.3 £1.68.
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This is longer than the previous one, as it must be to keepahfidence property for
the whole set of confidence intervals for contrasts.
|

Activity 9.5. In Exampld 9.2 use (9.3) to give the interval in the simultarse
set for the contrast witll;, = —0.854953, do = 0.203993, d3 = 0.237256, d4s =
0.413704. Do you notice anything that connects your interval with gmalysis of
variance table on page 977

[ |

Two-way analysis of variance

Suppose we have a two-way table of continuous random vasatithr rows and
¢ columns. Theth row andj’th column meet in the celli, j) that contains the random
variableX;;. The expected value of that random variable is defineB &s; = ;.
We shall suppose that the observations are independenah@ndom variables with
meansy;;, all with the same variance?. Two-way analysis of variance is based on
the further assumption that the cell population means haaalditive structure:

Mij = p+ a; + B (9.4)

Here 1 is the overall mean the row effectse; add to zero, and theolumn effects
B3; add to zero. This additive structure is one of the simplestsia explain the
numbers in a two-way array. It is not certain to be approeriat all applications, for
when there is additivity we mawithout ambiguity talk about differences between
rows and about differences between columns. If we look atlifierences between
population cell means for two cells in the same row and inrwly; and columny,,
when [9.4) holds, that difference is the same whichever redosk at. Similarly for
the difference between two population cell means in the sashemn but in rows;
andi,. Another way to think about the same property is to say thatfty choices
i1,12, j1, j2 theinteraction

Miygy = Mivge — Miggy + Higgo
is zero.

Activity 9.6. In the following table of population means, what is the diigce
between means in column 1 and column 2? What is the differestweelen means in
row 2 and row 3? What is the interaction for the 2table of cells in columns 1 and
2 and rows 2 and 3? Does this table show an additive structunef and column
effects?

1.0 | 2.0 | 10.0
21(31] 43
32(142] 54
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The idea of two-way analysis of variance is to split the wiaamong the obser-
vations.X;; in the table into parts associated with the row effects, diemn effects,
and random error.

Just as with the one-way analysis we can think about sevéfateht ways of
estimatingo?. The jth column has meaX ; = >/, X;;/c which has expected
value

EZX”/C: ZE[X”]/C

= Z[/L—FO(Z' + Bj]/c

i=1

=p+B;

since the sum of the;s isO.
If the column effectg; are all equal td, then the column means all have normal
distributions with mean: and variances?/r. It follows that when thes; are all
zero, the sample variancé?,, calculated for the set of column means is an unbiased
estimator ofo? /r, so thatrS%, called theMean Between Columns Sum of Squéses
an unbiased estimator of. It is usual to call-(c — 1)S% the Between Columns Sum
of Squareslt has(c — 1) degrees-of-freedom.
Similarly, if the row effectsy; are all equal td), thensS?, (the sample variance of
the set of row meang; ) is such thabS,Q% the Mean Between Rows Sum of Squares
is an unbiased estimator of, and theBetween Rows Sum of Squaies(r — 1)5%
with degrees-of-freedorfr — 1).
The Total Sum of Squards defined in the same way as for the one-way analysis
of variance agrc — 1)52., whereS% is the sample variance of all the observations in
the table. It hagrc — 1) degrees-of-freedom.
The difference between the Total Sum of Squares and the sutreddetween
Columns Sum of Squares and the Between Rows Sum of Squdres ig(c —1)52,
the Residual Sum of Squarédt has degrees of freedoir — 1)(c — 1). Itisthe ¢ Also called the Error Sum of
analogue of the Within Groups Sum of Squares in the one-walysis of variance. Squares.
If one divides the Residual Sum of Squares by its degredseetiom one gets?, the
Mean Residual Sum of Squares

Tests for row effects and column effects

One Null Hypothesis of interest is that all the row effegfsi = 1, ..., r are zero.
If that is true the row classification is redundant. We mayteninis Null Hypothesis
as
Hy : a; = 0forall 4,
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7 Abushel is about 36.4 litres.
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and a suitable Alternative Hypothesis is

Hi . Someq; is not zero
WhenH, is true,
cS%
FR — ?

has an F-distribution witljr — 1) degrees-of-freedom for the numerator gmd-
1)(c — 1) degrees-of-freedom for the denominator. The suggdst@d% level test is
to rejectH if

Fr > Fo(r—1),(r—1)(c—1)-

This is a one-tailed test. Large valuestof lead to the Null Hypothesis being rejected.

In the same way, one may want to test the Null Hypothesis thahe column
effectsg; are zero. This is done in a similar way. Wit @a% level test one rejects
the Null Hypothesis

Hy: pj=0forallj

in favour of the Alternative Hypothesis

H,: Somepg; is not zero
if for
rSg,
Fe = <2

Fo Z Fo(c—1),(r—1)(c—1)-

Example 9.3. Three varieties of potatoes are being compared for yielé.eXper-
iment was carried out by assigning each variety at randomunodf twelve equal size
plots, one being chosen in each of four locations. The fatigwields in bushelsper
plot resulted:

Potato
Location| A° B C
1,118 13 12

2120 23 21
3114 12 9
4111 17 10
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Test the hypothesis that there is no difference in the yigldiapabilities of the
three varieties.

Answer

This is a two-way classification, and we will assume that tieédg are normally
distributed with the same population variance. We assumetiie population mean
iz for variety j in locations is of the form

,U/“Fal‘f'ﬁj

Checking for no difference between yielding capabiliti€she varieties is checking
that the effects of Varieties 1, 2 and 3 are all the same. Tassification by loca-
tion helps to improve precision of estimation of varietyeets by removing variation
between locations.

The row means and overall mean are

Z1. = 14.333
T, = 21.333
3. = 11.667
T4, = 12.667
z.. = 15.000.

The estimated row effect$; are the differences between the row means and the overall
mean. So,

a1 = —0.667
b = 6.333

a3 = —3.333
0y = —2.333.

A hand calculator routine will soon calculate from the rowams the sample vari-
ances% = 19.037, leading to the Mean Between Rows Sum of Squasgs= 3 x
19.037 = 57.111, and the Between Rows Sum of Squafes 1)cs% = 3 x57.111 =
171.333. The Between Rows Sum of Squares is also the sum of the sopfattes
estimated row effect&; multiplied byc.

The column means and overall mean are

z1 =15.75
T =16.25
.3 = 13.00
z.. = 15.00
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The estimated column effect are the differences between the column means and
the overall mean. So,

B = 0.75
By =1.25
B3 = —2.00.

A hand calculator routine will soon calculate from the columeans the sample
variances? = 3.0625, leading to the Mean Between Columns Sum of Squares
rsZ = 4 x 3.0625 = 12.25, and the Between Columns Sum of Squdres 1)rs% =
2 x 12.25 = 24.5. The Between Columns Sum of Squares is also the sum of the
squares of the estimated column eﬁe@}smultiplied byr.

The sample variance of all the observationsZis= 21.6364, leading to the Total
Sum of Squares agc — 1)s% = 11 x 21.6364 = 238.000. Subtracting the Sums
of Squares Between Columns and Between Rows gives the RéSdm of Squares
238.000 — 24.5 — 171.333 = 42.167, and the Mean Residual Sum of Squares is
§2 = 42.167/[(r — 1)(c — 1)] = 42.167/[3 x 2] = 42.167/6 = 7.028.

The test statistic to test the Null Hypothesis (that theetgireffects are all zero)
against the Alternative Hypothesis (that the variety effece not all zero) is

T52
Fo = T?C =12.25/7.028 = 1.74.

From Table 12(b) of theNew Cambridge Statistical Tablewith v; = (¢ — 1) = 2
andv, = (r —1)(c—1) = 6, we getF o5 2. ¢ = 5.14. Since the observed value for the
test statistic does not exceed this critical value we do ejetct the Null Hypothesis
with a test at the 5% level of significance. There is no evidari@ difference between
the varieties.

The ANOVA table is

Source| Sum of Squares d.f. | Mean Sum of Squares F
Between
Locations 171.33 3 57.11 | 8.12
Between
Varieties 24.50 2 12.25 | 1.74
Residual 42171 6 7.03

Total 238.00 | 11
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Confidence intervals
Single intervals

The principal interest for a two-way analysis is in the péevdifferences between
row effects or column effects. Confidence intervals forati#ihces of population row
effects can be easily written down as in Chapter 7, usingeheltrthat fori  j

(X, — X)) — (i — )
S\/2/c

has a Student’s t distribution wittr — 1)(c — 1) degrees-of-freedom. The last result
generalises those in Chapter 7 for two matched samplesedtsig to set intervals for
differences in column effects in a symmetric fashion, jus¢ichanging the roles of
rows and columns.

Simultaneous intervals

We may want to think about setting intervals for all possiiérs of differences be-
tween any tway;s.

We can again use Schéf method. AL00(1 — «)% set of simultaneous intervals
for every linear combinatioh."_, d;a;, whereX""_, d; = 0, is given by

k
Z dez + S\/(T - ]-)Fa,r—l,(r—l)(c—l) Z d?/C
i=1

In the particular case of a difference in population grou@ansey; — «; we have all
d; = 0 except ford; = —d; = 1, and the confidence interval is

X, —X; + 5’\/(7" — DFy o1, (r—1)(e=1)(2/0).
In a symmetric way one can set intervals for differences afron effectss;.
Example 9.4. Continuing Example 9.3, a 95% confidence interval@pr- 3, is
15.75 — 16.25 £ V/7.03t0 05 (6) v/ 2/4

where from Table 10 of theNew Cambridge Statistical Tabledth P = 2.5 and
v = 6 we gett, g25,(6) = 2.447. So the interval is

—0.5 £ 4.69.

On the other hand, if we want a 95% confidence simultaneousf sefervals of the
Schefk type, then the corresponding interval is

15.75 — 16.25 £ V/7.03y/2Fy.05.2.6(2/4).
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From Table 12(b) of theNew Cambridge Statistical Tabledth v; = 2, 5 = 6 we
getFo 05,2,6 = 5.143 and so the interval is

—0.5£6.01.

This is longer than the previous one, and since there arelor@dg pairwise differences
to look at, perhaps one does not need the Séhe#ithod here. Since we did not reject
at the 5% level of significance the Null Hypothesis of no difece between variety
effects in Example 9.3, we expect to see that 95% confiderieeval of the Sche#f
type always include zero.

|

Fitted values and residuals

In this section we briefly consider for two-way ANOVA how toesehether the
model fits the data by directly comparing the observatiorth wie estimated cell
means. The model for two-way ANOVA postulates that the meartHe cell in the
ith column and thégth row is

w4 oy + B

where the sum of the row effecats and of the column effects; is zero. The overall
population meap is estimated by the average of all the observations in tHe.téBor
a simple notation, we will put ‘hats’ on a parameter to denote its estimator.)

p=X.=> > Xi/(re).
i=1 j=1
The estimator ofy; is
di = Xi. - X = ZXij/C_ X
j=1

Notice that) , &; = 0. The estimator ofy; is

Bj = X_j 7)7( = ZXU/T 7X
=1

Notice that) B3; = 0. The estimator of the cell mean; is

=X —|—X_j —X (9.5)

The difference;; = X;; — fi;; is called theresidual It shows how far the observed
value in cell(ij) is away from the estimated cell mean. A very large valueéfpr
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might show that the observation in céllj) was not consistent with the model for the

two-way analysis.
We have

G =Xij—Xi —X,;+X..

and one can see that sums to zero overand over;.

Example 9.5. Continuing Example 9.4, the fitted values from (9.5) are

Variety of Potato

Location
1

2
3
4

A
15.08
22.08
12.42
13.42

B
15.58
22.58
12.92
13.92

C
12.33
19.33

9.67
10.67

For instance, the fitted value for variety B in location 2 is
Overall mean + Effect for Variety B + Effect for Location 2

— 15.00 + (16.25 — 15) + (21.33 — 15) = 22.58.

The residuals are found by taking the fitted values from thgireal observations to

give

Variety of Potato

Location
1

2
3
4

A
2.92
—2.08
1.58
—2.42

B
—2.58
0.42
—0.92
3.08

C
—0.33
1.67
—0.67
—0.67

Notice that, within rounding errors, the rows and the colamfthe residual table
sum to0. The sum of the squared residualsiis17, which is alsé the Residual ® One would hope so.
Sum of Squares in the analysis of variance table. There isanticplar pattern or
spectacularly large residual in the table here.

We can display the structure of the table of yields that westiaund by fitting the
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two-way model. We have

118 13 12 150 150 150
2 20 23 21| | 150 150 15.0
3 14 12 9| | 150 150 150
4 11 17 10 150 150 150
F_0.67 —0.67 —0.67]

6.33 633  6.33

333 —333 —3.33

233 —2.33 —2.33]

075 1.25 —2.00]

075 125 —2.00

oo 125 —2.00

075 125 —2.00]

F 202 —258 —0.33]

208 042 167

Tl 158 —092 —067

242 3.08 —0.67]

The original table of observations is displayed as the suamafverall mean plus row
effects plus column effects plus residuals.
[ |

Sum of squares identity

The fact that the sum of squared residuals is the Residual@@8quares in the
ANOVA table implies a sum of squares identity. We can prow thirectly as follows:

ZZ(Xij — )’ = ZZ(@‘ + 0+ &)

i=1 j=1 i=1 j=1

(After squaring all the cross-product terms sum to zero.)s Bam of squares iden-
tity shows the addition property for the sums of squares énahalysis of variance

table. One can think of the Between Rows Sum of Squaresyas , a7, the Be-
tween Columns Sum of Square:m;\g:;:1 ﬁf and the Residual Sum of Squares as

Z::l Z;:l ggj'
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Activity 9.7. What happens to all the sums of squares if one entry in a ddtg tab
for instance the data table in Example]9.3 on gage 102, imetido become very
large? This is the effect of a gross error in recording tha.dat

|

Learning outcomes
After working through this chapter you should be able to:

1. explain the purpose of analysis of variance

2. write down and interpret the models for one-way and twg-amalysis of vari-
ance

3. carry out small examples of one-way and two-way analysignance with a
hand calculator, presenting the results in an ANOVA table

4. carry out tests of hypotheses, and to write down confiderteevals as in this
chapter

5. explain how to look at residuals from a two-way analysigarfance

6. derive sums of squares identities for one-way and forwag-analysis of vari-
ance.

Sample examination questions

1. (a) Explain and discuss the difference between one-wdyvam-way analy-
sis of variance.

(b) Explain qualitatively why in a one-way analysis of varia one rejects the
null hypothesis of no differences between group means iftban sum
of squares between groups is large compared to the mean ssoparfes
within groups.

(c) The table below shows measurements of sections takem five Euro-
pean larch trees of the same age. Each section gives rise tadune-
ments of the trachoid length from each of the four aspectshiN&@outh,
East and West.
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Aspect
Tree | East South West North
1 3.4 35 3.1 3.5
2 2.8 3.1 3.0 3.0
3 3.0 3.2 3.3 3.3
4 3.0 3.0 25 2.8
5 3.3 3.5 3.7 3.6

i. Give the analysis of variance table for a two-way analg$igariance
for these data, using the classification by aspects and éyntrmber.

ii. Test the hypothesis that there is no difference betwaentriachoid
lengths from different aspects.

(Elements of Statistics 2001, Zone A)

2. (a) Sometimes it is suggested that one carries out anssalfyvariance on
the logarithms of the original data. Why might this be a sdadifansfor-
mation?

(b) The table below shows the percentage vote for the Dertio&arty in US
presidential elections of several different campaignglffierent counties
of Connecticut.

Lich Fairf Middx Toll
1920 325 30.9 33.1 31.0
1924 30.0 245 299 30.3
1928 36.0 43.7 39.7 39.6
1932 419 471 46.3 46.0

i. Give the analysis of variance table for a two-way analg$igariance
for these data, using the classification by counties and hysye

ii. Are some year effects significantly different from 0?
ii. Are these data suitable for this form of analysis?
(Elements of Statistics 2001, Zone B)

3. (a) Give a model for the two-way analysis of variance, gpieg the distri-
bution of any random variables included in your model.
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(b) Explain what is meant by interaction in a two-way analyafivariance.

(c) The table below shows the values of price index numberglsshouse
fruit and vegetables (with base January 1969 at 100).

Jan Feb March Aprii May
1970 261 276 193 160 147
1971 214 239 193 2210 138
1972 332 248 208 164 128
1973 173 232 199 211 145
1974 328 314 259 209 121

i. Give the analysis of variance table for a two-way analg$igariance
for these data, using the classification by years and by rsonth

ii. Give a set of 90% simultaneous confidence intervals fer dtfer-
ences between the first three years.

(Elements of Statistics 2000, Zone A)
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Least squares

Essential reading

>

Newbold, P.Statistics for Business and Economi¢tondon: Prentice-Hall, 1995) four
edition [ISBN 0-13-855549-0], parts of chapter 12.

Further reading

Daly, F., D.J. Hand, M.C. Jones, A.D. Lunn and K.J. McConiEdgments of Statistic
(London: Open University and Addison-Wesley, 1995) [ISBN 0-2@278-6], parts of chay
ter 10.

Johnson, R.A. and G.K. Bhattacharygtatistics: Principles and MethodéNew York: John
Wiley and Sons, 2000) fourth edition [ISBN 0-471-388971], partshaipter 11.

Mason, R.D., D.A. Lind and W.A. Marchabtatistics; an Introduction(New York: Duxberry
Press, 1998) fifth edition [ISBN 0-534-35379-7], parts of chapfer 1

Moore, D.S. and G.P. McCalatroduction to the Practice of Statistic§New York: W.H.
Freeman and Company, 1998) third edition [ISBN 0-7167-3502-8],24, parts of chapte
10.
Triola, M.F. and L.A. FranklirBusiness Statistics: understanding populations and procgsses
(New York: Addison-Wesley, 1994) [ISBN 0-201-58990-7], patshapter 12.
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Introduction

This chapter deals with fitting a straight line to a scattet py using the principle
of least squares. There is some algebra to think about. Isgastres is a principle
linked to the normal distribution, and lies behind almoktls methodology taught in
first year undergraduate statistics courses, though thigysobvious in the treatments
of regression.
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Response variable and explanatory variable

In some simple applications we are concerned to model thamMmalr of one vari-
1 Also called the dependent, able, theresponsevariablé for fixed values of another variable, tagplanatory vari-
endogenous oy variable.  able. One wants to predict or forecast or explain the valfi¢seoresponse variable
2 Also called the independent, from the values of the explanatory variable. One might fetance want to explain the
exogenous, regressor ar  amount of Local Government expenditure in a region by thegrion of poor house-
variable.  holds living there, or one might want to explain a measuraunglfunction for each
of a collection of individuals by their ages. It is usual tbéhthe response variablé
and the explanatory variable A simple model for a continuous measuremgnin a
random individual chosen at random from those with explanyatariable valuer is
that

Y =a+ Gz +e, (10.1)

3 We do not use an upper case wheree is a random errdrof measurement. This model says that the Y values for a
Roman letter for this random particular choicer will be scattered above and below the straight line o+ 8z. We
variable for historical reasons. will have for our investigation measurements, Y, ..., Y, of Y on* n individuals
4 Notice the number of with corresponding knowm valuesz,, xs, . . . , £, and completely unknown errors
observation isz, not2n.  of measurementy, e, ..., €,. The simplest assumptions are that ¢éeeare random
variables all with mean zero, the same variaméeand uncorrelated. All these simple
assumptions may be incorrect for a particular applicateenye shall discuss later.
With these assumptions thés are random variables with meamst 3x;, variance
5 The assumption ofa o2 and uncorrelated
common variance has been  Equation|(10.1) is called the population regression lirtee parametet is called
seen before.  theinterceptof the population regression line, and the paramgtsrcalled theslope
6 The word ‘regression’is  of the population regression lifeFigure 10.1 shows a population regression line and
used for historical reasons. nine examples of a sample of 15 observatignat the same chosen values From
Figure 10.1 you can get some idea of how the observationarfallnd a population
regression line.

Activity 10.1. Looking at Figure 10.1, would you expect that estimates ef th
regression based purely on the observed points would be tddase population line,
or far away?

|

There is in the whole of regression methodology an asymniietiyween the roles
of the response and explanatory variables which is not lseagparent from such
scatter diagrams alone.

Estimation of « and [

We do not know the population regression line, and must eséint from(z;, ;)

7 BothA andB arerandom fori =1,2,...,n. One very useful idea is to find the intercépt and slopeB such
variables.
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Figure 10.1: Nine examples of 15 random observations from the pop-

ulation with the population regression line shown.
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that

(Y- A= Bxi)? < (Vi — a— Bz;)?, (10.2)

=1 =1

for all possiblea, 3. The liney = A + Bz is theleast squares fibf the regression
model. The line is chosen so that the sum of the squared desanf they; from their
estimated mean valuds = A + Bz; is as small as possible, because it does at least
as well as every one of the other possible lipes: o + Sz on the right hand side

of (10.2). We used as a point estimate af and B as a point estimate g8. The
estimated mean valués are called thditted values

Activity 10.2. Figures 10.2 on page 116 and 10.3 on gage 117 show the same
set of 15 points fitted by a variety of straight lines. In thetfiigure the lines go
through the centre of gravity but have varying slopes. Ingbeond figure the lines
have something not too far off the right slope, but they dali’go through the centre

of gravity of the observations. The line that fits best acomrdo the least squares
principal is the one that minimises the sum of the squaregtihenof the little black
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vertical lines that join the observations to the fitted valué&/orking by eye, choose
the best line among those in Figlire 10.2 and then among thdsgtire 10.3.

Figure 10.2: Scatter plots for Activity|10.2
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We now look at two special cases of regression models, ubimdetist squares
principle of (10.2) to find estimates.

Example 10.1. A very special case of the regression model is wher= 0 for

all .. Theng plays no part in the model, which just says that Yhe are uncorrelated
random observations with meanand variances2. The least squares fit is obtained
by choosingA so that

Do (Yi— AP <3 (Vi—a)

i=1
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Figure 10.3: Scatter plots for Activity|10.2
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S i-a) = Y- V) - (V- )P
=) (Vi =Y+ (Y -a)?
2 n (}/Z - }7>27
=1

(the cross-products on squaring vanish after summingplltivis thatA = Y. The
least squares estimator af which for this model is the population mean of thigs,
is the sample mea¥.

|

Example 10.2. Another very special case of the regression model is when we
know thatoe = 0. Then the model is a straight line through the origin

Y, =pzi + €.
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and the least squares fit choogeso that

n

> (¥ - Bx;)* < Z(Yi — Ba;)?

i=1

for all possibles.
If we make sure that

which is true if

then

n n

> (Yi—Bw:)* = [(Yi — B;) — (B — )il

1

i=1 i

[(Y; — Bz;)? + (B — 8)*x} + 22;(Y; — Bx;)(B — 3)]

-

©
Il
A

[(Y; = Bxy)* + (B — §)*a]]

I
s H'M:
I

> (Y; — Bx;)*.

«
Il
-

because the cross-products on squaring vanish after signihfollows that the least
squares estimator gf, the slope of the straight line through the origin is

B— ZZ;I z; Y5
Z?:l (1712

One might wonder if there is anything intuitive about thitiraator. To some extent
there is, because an observation in the scatter diagrai;) lies on a line through
the origin with slop&’; /z;. The estimatoB is just a weighted average of these slopes
for all the observationér;, Y;) with weightsz?,

, Y;
>ici %2;
Z?:l (1712
It is not so obvious why one should use those weigfitghough it's clear that obser-

vations with larger give better information about slope than points with small
Amusingly, if we choose:; = 1 for all i we get back to Example 10.1.
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Activity 10.3. Suppose thatin Example 10.2 we miss out the observétigry; ),
and recalculate the slope estimd@e Find a formula for the difference between the
old and new slope estimates. Check it works#pe= 1, all .

[ |

Finding A and B in the general case

Looking to the general model (10.1), we now find the least szpiastimatorsi and
B in the general case.

Theresidual¢; at z; is the difference between the observatignand the fitted
valueY; = A + Bx;. We will use these notations in what follows:

& =Y, — Y.

The least squares estimatotsand B must be chosen so that (10.2) holds. Suppose
we have choserd andB so that

d é=0 (10.3)
i=1
=1
Then we can find a sums of squares identity for the regressioce
(¥ —a—fr)? =S ((Yi - Vi) + (Vi — a — fy))?
=1 =1
=D [E+(A—a)+(B-pal
i=1
=D [+ {(A- )+ (B- Bz}
=1
=Y @+ [Vi—a— ) (10.5)

because from the assumptions (10.3) and (10.4) the sum®sé-products vanish
after squaring. We have found a sums of squares identityefpession, which is true
for all choices ofc, 3 provided A and B satisfy (10.8) and (10.4). It follows from
(10.5) that when those conditions are satisfied

n n

Y Yi—a-pr)=> &

i=1 i=1
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for all «, 3, and soA and B are least squares estimators of the regression parameters
a, (3.
Equations[(10.3) and (10.4) can be written

n

S (Y- A-Bz;) =0

i=1
=1
The first reduces to
Y—-A—-Bz=0 (10.6)
which is
A=Y — Bz. (10.7)

Substituting forA in the second equation

> ai(Yi =Y + Bx — Bx;) =0

i=1

Y ai(Yi-Y)=BY wzi(x; - I)
i=1 i=1
PV, —-Y
p=Zm@llizY) (10.8)
> iz iz — )
Very often one rewrite$ (10.8) as

i (zi —2)(Yi = Y)

B = n — s
Zi:1 (z; — 2)?

(10.9)

or as .
Do (@i — f)Yi_
Yoy (i — T)?

Activity 10.4. Show thaty ) z;(V; - Y) = 31" (z; — 2)(Y; — Y) and that

Yo wi(ws — &) = Y00 (o — T)%
]

B =

Notice that[(10.6) says that the fitted lipe= A 4+ Bz goes through the point
(X,Y). The result[(10.9) shows that one can thinkidfas a weighted average of
estimators of the slope formed from each gair—z, Y; — Y') with weights(x; — 7)2,

where ~
5 Sile -2y
Z?:l(xi —2)?
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The intuitive content of this is that we have decided thataimated regression line
will go through the point X,Y), and so each paiiz; — 7,Y; — Y) will suggest a
slope of ~

Y,-Y

T, — T
The final estimate of slope is a weighted combination of athete, with more weight
being given to those points far frofX, Y') because they give more accurate informa-
tion about the slope.

Fortunately, most calculators will compute and B if the observations are en-
tered, so one need not bother with complicated calculabassd on (10]7) and (10.8).
Those formulae help to understand the properties of themasts, but are not needed
for calculation.

Sums of squares identity
We found in (10.5) that foall values ofa, 5 we have an identity

n

S0t = 3+ S -
=1 i=1

=1

Choosinga = Y andj = 0 and using/(10.6) we get a useful special case.

:iéeri[AJerl A — Bz)?

f+BQZ

This shows a Total Sum of Squar®s;_, (Y; — Y)? = (n — 1)S2 (whereS? is the
sample variance of all thg;s) broken into a Sum of Squares for the Slope

S5 =B? zn:(a: -
i=1

=(n—1)B% (10.10)

x

wheres? is the sample variance of thes, and the Residual Sum of Squares

n

(n—2)8>=Y"¢.

i=1

The Mean Residual Sum of Squaress and the Mean Sum of Squares for the slope
is the same as the Sum of Squares for the Slope.
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8 |t is fairly easy to get the
response variable and the
explanatory variable confused
when calculating.

126

With a hand calculator the Residual Sum of Squares can belfitam

(n—2)8%=(n—1)S; — (n—1)B*s; = (n — 1)[S; — B*s3]. (10.11)
Example 10.3. The following table shows the proportions of non-manualkeos
and the Labour share of the vote in the 1970 General Electipodnstituencies in
Kent (excluding the area transferred to Greater London).

Constituency % of non-manual workers % Labour share of vote
Ashford* 28.9 32.8
Canterbury* 25.3 41.0
Dartford* 45.0 36.6
Dover 48.6 32.4
Faversham 46.6 26.6
Folkestone & Hythe  32.8 39.6
Gillingham 41.2 33.9
Gravesend* 45.0 32.4
Isle of Thanet* 33.7 39.0
Maidstone 30.3 38.8
Rochester & Chatham 45.2 22.9
Sevenoaks* 25.5 44.4
Tonbridge* 29.9 45.5

Note * Denotes a Liberal candidate in the constituency.

Source Butler & Pinto-Duchinsky The British General Election @70

Plot a scatter diagram and then fit a straight line by leasaragy treating the %
Labour vote as the response variable and the % non-manukérgaas the regressor
variable.

Answer

Entering the data into a calculator operating in Regredeiode will quickly lead
to the estimates

a = 56.86

and
b= —0.5717.

This gives the fitted lin&
Labour % share of vote= 56.86 — 0.5717 % of non-manual workers

Figure 10.4 shows the observations plotted along with tttidfiine. Notice how
the observations lie on either side of the line, which goesuth the centre of gravity
of the points. The slope is negative, since the more non-alamarkers in a con-
stituency, the smaller is the percentage Labour vote.
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Figure 10.4: A scatter plot for Example|10.3, and the fitted line
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One might consider whether the assumptions that make lgaatess appropriate
are true for this application. One assumption is that theamaes are the same for each
observation of the Labour percentage share of vote. If sditfgegpercentages were
too extreme, say close to 100% or to 0%, then this assumptiold dardly be true.
Intuitively, a very high or a very low percentage has lessalality than one towards
50%. However, the percentages here are not too extreme.

Are the percentages in any way random values of uncorretatetbm variables?
Itis a bit hard to think of the % Labour votes as being subjecahdom measurement
error. As in many practical applications of regression, ttieoretical framework is
idealised.
|

Sample covariance and sample correlation

We have so far thought of the explanatory variable as havahges that are fixed.
Sometimes this is more a matter of convenience than truththi® values of the
explanatory variables may themselves come from measutsroarindividuals ran-
domly chosen without regard to the value of the explanatamnjable. This fluidity
in the origins of observations to which lines are fitted letmlinks with the ideas
of covariance and correlation between two random variaibl€hapter 5. On page
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[46 the covariance of two random variabl&sandY was defined. There is a similar
quantity defined for a sample afpairs of observation§X,;,Y;),i = 1,2,...,nina
random sample. We define teample covariancas

(X - X) (Y -Y
Sey = Zim (X — X)X - Y) (10.12)
(n—1)
Thesample correlation coefficieid defined as
Szy
R,y = 5.5, (10.13)

Like its population counterpart, a sample correlation fioeht lies between-1 and
+1. The sample covariance and correlation coefficient havéaimterpretations to
those for the population analogues.

Using these definitions, one can recast (10.10) for the sisyusres for the slope
as

n

S;=B*> (X;-X)*=(n-1)R2,S:

Y~y
1=1
The Residual Sum of Squares|in (10.11) can be written
(n—2)8%=(n—-1)S2(1-R2,). (10.14)

Itis (10.14) that allows the easiest calculation of the Basli Sum of Squares, because
the regression routine on a hand calculator will supply thleier,, of the sample
correlation coefficient at the same time as the interaegptd the slopé.

Example 10.4. Continuing Example 10.3, let us write down the values in the s
of squares identity. The Total Sum of Squaregis- 1)s? = (13 — 1) x 6.5585% =
516.167. The Correlation coefficient is,,, = —0.75391, so that the Residual Sum of
Squares i$16.167[1 — (—0.75391)?] = 222.787. The Sum of Squares for the slope
is
2 _ 2.2 2 2 _

53 = (n— 1)b%s2 = (13 — 1)(—0.57174)?8.6482% = 293.380.

One can see thatl6.167 = 222.787 + 293.380. The Mean Residual Sum of Squares

is 222.787/(13 — 2) = 20.253. This is an estimate of the error variance
]

Learning outcomes

After working through this chapter you should be able to:
1. explain the difference between a response variable apd@anatory variable

2. discuss the idea of minimising sums of squared residwalsbtain a fitted
straight line
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3. derive the algebraic formulae far and B from first principles, and prove that
the sums of squares identities hold

4. fit a simple linear regression with a hand-calculator, famdi the residual sum
of squares

5. give the definitions of sample covariance and correladioh show how to use
them in regression.

Sample examination questions
1. (a) Derive from first principles the least squares estimat slope for a sim-
ple linear regression.

(b) The table below shows the population of England and Walesillions
for years in the 19th century.

Year | 1801 1811 1821 1831 1841 1851 1861 1871
Popn.| 8.89 10.16 12.00 13.90 15.91 17.93 20.07 22.71
i. Find the least squares fit of a regression model for respuagable
population and explanatory variable year. Give the inferaad slope
of the fitted line.

ii. Should you fit a straight line through (0,0) to these datther than
allowing an arbitrary intercept?

iii. How would your fitted regression line change if the pagtidn were
measured in thousands?

(Part of a question from Elements of Statistics 2001, Zone B)

2. (a) Find from first principles the least squares estimfatothe slope of a line
through the origin fitted ta pairs of valuegz;, Y;).

(b) The table below shows Regional Manufacturing CapitatBtEstimates
in millions of pounds sterling at 1970 prices in the Wales mrithe Scot-

land.

Year 1950 1951 1952 1953 1954 1955 1956 1957 1958
Wales 1116 1162 1219 1256 1316 1381 1426 1500 1563
Scotland| 1746 1815 1868 1918 1958 2011 2066 2110 2153
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i. Find the least squares fit of a regression model for respuasgable
Scotland Capital Stock and explanatory variable Walest@bpiock.

ii. Interpret your regression line.
(Part of a question from Elements of Statistics 2000, Zone A)

3. (a) Derive from first principles the least squares estimsadf intercept and
slope for a simple linear regression model.

(b) The following table shows the proportions of part-timemaen employees
in Great Britain according to the New Earnings Survey (NEeats of
Statistics) and the Labour Force Survey (LFS), over sevecant years.

Year | NES LFS
1985 | 32.6 44.6
1986 | 32.9 45.0
1987 | 32.6 45.0
1988 | 32.6 445
1989 | 31.9 43.7
1990 | 32.8 43.3
1991 | 33.0 434
1992 | 33.9 43.8
1993 | 34.7 43.7

i. Make a scatter diagram for these data.

ii. Fit a regression model with response variable the LFSeq@ages,
and explanatory variable the NES percentages.

iii. Is your fitted model sensible?

(Part of a question from Elements of Statistics 1999, Zone A)
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Tests and confidence
Chapter 11 intervals for regression
models.

Simple linear regression

Essential reading

>

Newbold, P.Statistics for Business and Economig¢tondon: Prentice-Hall, 1995) four
edition [ISBN 0-13-855549-0], chapter 12.

Further reading

Daly, F., D.J. Hand, M.C. Jones, A.D. Lunn and K.J. McConvizdgments of Statistic
(London: Open University and Addison-Wesley, 1995) [ISBN 0-2@278-6], chapter 10.
Johnson, R.A. and G.K. Bhattacharygatistics: Principles and MethodéNew York: John
Wiley and Sons, 2000) fourth edition [ISBN 0-471-388971], chapier 1
Mason, R.D., D.A. Lind and W.A. Marchabtatistics; an Introduction(New York: Duxberry
Press, 1998) fifth edition [ISBN 0-534-35379-7], chapter 14.

Moore, D.S. and G.P. McCabatroduction to the Practice of Statistic§New York: W.H.
Freeman and Company, 1998) third edition [ISBN 0-7167-350281], &nd 10.2.
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(New York: Addison-Wesley, 1994) [ISBN 0-201-58990-7], 1213.4, 12.5.
Wonnacott, T.H. and R.J. Wonnac#itroductory Statistic§New York: John Wiley and Sons
1990) fifth edition [ISBN 0-471-615188], chapter 12.

ur

Introduction

We carry through the ideas of least squares fitting, usintpéurassumptions that
allow the use of confidence intervals and tests.

The model for linear regression

As in Chaptef 10 we have observationg’, Ys,...,Y, on a response variable
y. Each observatiorY; is associated with a value; of the explanatory variable
x. We now assume that the observatidnsare independent, and with distribution
N(a + Bx;,0?). The additional assumptions over those in Chapter 10 anedireal
distributions for, and independence of, tHe rather than just their zero correlation.
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The point estimators far and3 are, as before, the least squares estimators

A=Y - Bz, (11.1)

Means and variances of A and B
The expected value d8 under repeated sampling Bfs for the same fixed;s is

>ici (@i — ) E[Y]]
Z?:l(xi —)?

_ Yoy (@ — &) (a + f;)

> (@i —2)?

_ B Doy (@ — &)

(- 1)?

_ 52?:1(551 — )

a Z?:l(wi —z)?

-y

So B is an unbiased estimator gf The variance oB is

Doy (wi — 7)? var[Y]]
Doisi (@i — 2)?)?
_ S (z — 7)%0?
Do (z: — 7)?]?
o2
> i (zi — )2

= o*/[(n - 1)s2].

E[B] =

var[B] =

The expected value of under repeated sampling for fixegs is
E[A] = E[Y] - E[B)z
=a+ 0T — (%
= Q.
So A is an unbiased estimator of The variance ofA under repeated sampling for
fixedz;s is

72
var[A] = o2 [le + (n_lmgj . (11.2)

We shall not prove the last result.
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Activity 11.1. Find the mean and variance of the estimator of slope for thdeio

of a regression line through the origin, as in Example 10.page 117.
|

If one knew the variance? then these results would be enough to allow the con-
struction of confidence intervals and tests using the stanmuarmal distribution, be-
cause with the assumptions of this chapter, béthnd B have normal distributions.
For instance, one could write down a 95% confidence inteorab fas

B +1.96v/02/[(n — 1)s2]. (11.3)

In practice we will not knows2, and will estimate this by the Mean Residual Sum of
SquaresS? from (10.11). It is in fact true than — 2)5? /02 has ay? distribution
with (n — 2) degrees-of-freedom, and that it is independenfiaind of B. These
distributional results, not proved here, allow the forrmatof tests and intervals using
Student’s t distribution. For instance, instead of (11.8)get

B :l: t0.05,(n—2) 32/[(71 — 1)83] (1 1.4)

There is no need to give much further detail on confidencevale and tests,
since they all use Student’s t distribution and follow thé&gxas seen before in other
chapters.

Example 11.1. Continuing Example 1014 on palge 124, a 90% confidence iriterva
for 3 is given from[(11.4) as

—0.5717 £ t0.05,(11)1/20.253/(12 x 8.64822)

where from Table 10 of thé&lew Cambridge Statistical Tablesth v = 11 andP = 5,
t0.05,(11) = 1.796. The 90% interval is

—0.5717 £ 1.796 x 0.1502

which is
—0.5717 £ 0.270.
[ ]

Interval estimates for fitted values

The fitted valuel” for a valuez of the explanatory variable is the best estimate of
the mean of the response variabldor that valuez. It is given by

Y = A + Brz.
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This quantity can usually be found directly with a regressioutine on a hand-
calculator for any giverr without any need to type id and B. The expected value
of Yis

E[A] + E[B]z = a + 3z,

which is the expected value &f atz. SoY is an unbiased estimator of the expected
value ofY atz. The variance ot is

e {1+W]. (11.5)

n  (n—1)s2

SinceY has a normal distribution, and is independent of the RebBlua of Squares
(n—2)S?2, we can form confidence intervals far+ Sz using Student’s t distribution.

Activity 11.2. Why is (11.5) the same ds (11.2) wher= 0?

|

Activity 11.3. Find the variance of” for the model in in Example 10.2 on page
117.

|

Example 11.2. Continuing Example 11.1 we can find an 80% confidence interval
for the expected percentage Labour vote if the percentagemimanual workers is
z = 35%.

The fitted value is

56.86 — 0.5717 x 35 = 36.85.

The estimated standard deviation is, from (11.5),

1 (35— 36.769)2
20.253 | — + o | 1 .976.
\/ 0.253 {13 * 12 x 8.64822) 76

The upper 10% point of the Student’s t distribution with 1hmdes-of-freedom is
from Table 10 of theNew Cambridge Statistical Tablesth » = 11 and P = 10,
to.1,(11) = 1.363. The 80% confidence interval for the mean percentage Lakater v
when the percentage of non-manual workers is 35% is

36.85 £ 1.363 x 1.276

which is
36.85 + 1.739.
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Chapter 11: Simple linear regression

Sometimes one wants to find an interval not for the mean ofakeanse variable
for a givenx as in Examplé 11.2, but which covers a new observatioat thatz-
value. This is more variable than, and so the interval that covers it (usually called a
predictioninterval) is longer. The variance in (11.5) is increased to

1 _ 7\2
S PO Gkl (11.6)
n  (n—1)s2
Example 11.3. If we want to cover the percentage Labour vote in another con-
stituency, not included in the original regression, witheagentage of non-manual
workers of 35%, an 80% interval becomes

1 (35— 36.769)2
36.85 4 1.363 \/ 20.203 [1 T3 (12 x 864822 ]

which is
36.85 & 6.376.
[ ]

We can show the prediction intervals and the confidencevialefor the mean
values on the scatter diagram. They both get wider as the valnoves away from
the mearz. Figure 11.1 shows 95% intervals on the scatter diagramxantple 11.3.

Figure 11.1: Scatter plot, fitted line and intervals for Example[11.3
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Spotting difficulties

The scatter diagram will allow us to see if the model is noglijkto be correct.
One should check:

e That the points lie roughly on a straight line (not a curvayuiFe 11.2 shows a
case where a quadratic curve would fit much better than thahktrline.

Figure 11.2: Scatter plot with fitted regression; quadratic curve needed

200 —

150 —

50 —

e That the scatter of points around the fitted line does not simwobvious pat-
tern such as alternating above and below, or wider scattidr increasinge.
Figurel 11.3 shows the scatter around the line becomingrlasgeincreases.

e That there is no ‘wild’ outlying point far from the others,dnot following the
same regression line. Such a point can distort the leastes)iting. Figure
11.4 shows how the fitted line can be thrown out by a single ad/observa-
tion.

Activity 11.4. Which assumptions go wrong in each of the cases just menttoned
[ ]
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Figure 11.3: Scatter plot with fitted regression; variation increasing
with x

55 —

45 —|

35 —

Example 11.4. The number of pages and the price in dollars of 15 books readew
in the February 1982 issue of the jourf@chnometricgsire given below:

Pages 302 425 526 532 145 556 426 359 465 246
Price 30 24 35 42 25 27 64 59 55 25
Pages 143 557 372 320 178
Price 15 29 30 25 26

Fit a straight line to these data using price as the resparsghle and number of
pages as the regressor variable. Test the hypothesis thpogiulation slope is zero
against the alternative that it is greater than zero. Fin8% 8onfidence interval for
the population slope. Find a 90% confidence interval for tlamprice of a book
with 250 pages, and a 90% prediction interval for the prica bbok with 250 pages.

Answer

The first thing to do is to look at a scatter plot, to get soma iofevhat one should
find. This gives Figure 11/5.

It is evident that there is no very close relation betweemitlmaber of pages and
the price. The three most expensive books seem to lie awaytfre line that best fits
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Figure 11.4: Scatter plot with fitted regression; showing one very bad
observation
500 —

400 —

100 —

Figure 11.5: Scatter plot for page numbers and prices
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Chapter 11: Simple linear regression

the others, so there is good reason to think that a simplarliregression model may
not best describe these data. If all the data are includede teems to be a positive
slope in the scatter diagram, though the association daeseem strong. There is
a lot of variation around the best fitting line. Most statigns would see little point
in fitting a straight line to these data, and would expect #seilts to be of very little

use! L Think where one can see in
A calculator regression routine will, after inputting the= 15 pairs of observa- the model-fitting carried out
tions, give below that the model is not
very good.
a =19.399
b = 0.03963
sy = 145.6448
s, = 14.4047
Ty = 0.40069
z = 370.133.

The regression line is
Price = 19.399 + 0.03963 x Number of Pages
The estimate of the residual variance is

2 _ 2 2 _ 2 2
s?=(n—1)s3(1—72,)/(n — 2) = 14(14.4047)*(1 — 0.40069%) /13
= 187.5 = 13.69°.

The Null Hypothesis is

Hy: ﬁ =0

and the Alternative Hypothesis is

Hi:3>0

The estimated standard deviation®fis 13.69/(145.6448+/14) = 0.02511. The test
statistic is

B-0
estimated standard deviation

which has value 0.03063
. = 1.578.

0.02511
The Null Hypothesis will be rejected at the 5% level of sigrafice if the value of the
test statistic is greater thag s (13). From Table 10 of theNew Cambridge Statistical
Tableswith v = 13 and P = 5, t.05,(13) = 1.771.
The Null Hypothesis tha = 0 is not rejected at the 5% level of significance.
This is a one-tailed test for a one-sided Alternative Hypsis.
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The 95% confidence interval for the sloges, from (11.4)

0.03963 =+ £ 025, (13)13.69/(1/(14)145.6448)

ie 0.03963 & 2.16 x 13.69/(+/(14)145.6448)
ie 0.03963 = 2.16 x 0.02511
ie 0.03963 = 0.0543.

The value2.16 is from Table 10 of the New Cambridge Statistical Tablés
v =13andP = 2.5.

Notice that this interval includes negative values, so w&t@ven be sure that
the relation between number of pages and price is in the dgattion. We should
also think carefully whether the intercept= 19.399 is needed for this model. It
would correspond to a fixed charge for each book irrespedtives length, though

2 Itis not plausible for a book such a charge is not entirely plausiBl&ince the slope of the line is so imprecisely
of 0 pages available, the confidence intervals for fitted values andptfegliction intervals are
likely also to be very wide.

The estimated mean price of a book with 250 pages is

19.399 + 0.03963 x 250 = 29.31.

The estimated standard error of this fitted value is,[se&)11.

13.691/1/15 + (250 — 370.133)2/(14 x 145.6448?)

= 13.69 x 0.3395
= 4.65.

The 90% confidence interval for the mean price of a 250 pagk isoo
29.31 £1.771 x 4.65 = 29.31 4+ 8.23.

This interval is perhaps a bit shorter than we might have &gk but only a few
cheap and a few expensive books in the original data aredeutsiThe figurel.771
is from Table 10 of theNew Cambridge Statistical Tablesth P = 5 andv = 13.

The 90% prediction interval for an individual price of a boaith 250 pages
follows from (11.6). The estimated standard error is now

13.694/1 + 1/15 + (250 — 370.133)2 /(14 x 145.64482) = 13.69 x 1.056 = 14.46
The 90% prediction interval is
29.31 £ 1.771 x 14.46 = 29.31 + 25.60.

An interval this long is of very little use, and reflects thegka variation in the data.
Routine use of statistical methods avoids overly optiristierpretation of data, though
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Chapter 11: Simple linear regression

it does not lead to good relations between a statisticiaraanalver-eager client. The
underlying problem is that there is too much variation india¢a for a model to give
good predictions.

[ |

Learning outcomes
After working through this chapter you should be able to:

1. derive from first principles the means 4fand B and the variance aB

2. explain how to set confidence intervals and carry out stsitc and 3 from
a small collection of data

3. demonstrate how to set confidence intervaldfpand know how to calculate a
prediction interval and explain the difference betweentti

4. discuss ways in which the regression model may not be pppte, and how to
spot them.

Sample examination questions

1. (a) Derive from first principles the least squares estimet slope for a sim-
ple linear regression.

(b) The table below shows the population of England and Walesillions
for years in the 19th century.

Year | 1801 1811 1821 1831 1841 1851 1861 1871
Popn.| 8.89 10.16 12.00 1390 1591 17.93 20.07 2271

i. Test the null hypothesis that the population regressliopesis 0.21.

(Part of a question from Elements of Statistics 2001, Zone B)

2. (a) Show that the least squares estimators of intercelps$lape are unbiased
estimators of the corresponding population parameters.

(b) The table below shows heights in cm of male children oir foerth and
fifth birthdays.
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Child 1 2 3 4 5
Fourth Birthday| 100.0 95.1 103.3 98.2 98.8
Fifth Birthday | 105.5 101.5 110.0 1045 104.8
Child 6 7 8 9 10
Fourth Birthday| 103.0 986 975 953 97.7
Fifth Birthday | 109.0 105.5 102.5 100.4 103.6

i. Find the least squares fit (ie intercept and slope) of aassgon model
for response variable height at fifth birthday and explaryatariable
height at fourth birthday, and interpret your fitted line.

ii. Give a 90% confidence interval for the mean height on thb bfrth-
day for a height on fourth birthday of 98 cm.

iii. Testthe null hypothesis that the population regressiompe is 0.1.

3. (&) Derive from first principles the variance of the estionaof slope for a
simple linear regression.

(b) The table below shows Regional Manufacturing CapitatEtEstimates
in millions of pounds sterling at 1970 prices in the West Mitls and in
the East Midlands.

Year 1950 1951 1952 1953 1954 1955 1956 1957

1958

West Midlands| 2649 2742 2834 2918 3001 3114 3246 3385
East Midlands | 1748 1810 1854 1903 1944 1982 1991 2012

3495
2028

i. Find the least squares fit of a regression model for respuagable
East Midlands Capital Stock and explanatory variable Wadtdavids
Capital Stock.

ii. Give the analysis of variance table for this regression.
iii. Testthe null hypothesis that the population regressiompe is 0.

iv. Are the usual assumptions for inference on a regressiotefrsatis-
fied in this case?

(Elements of Statistics 2000, Zone B)
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Correlation

Essential reading

>

Newbold, P.Statistics for Business and Economigtondon: Prentice-Hall, 1995) four
edition [ISBN 0-13-855549-0], chapter 12.

Further reading

Daly, F., D.J. Hand, M.C. Jones, A.D. Lunn and K.J. McConvi&dgments of Statistic
(London: Open University and Addison-Wesley, 1995) [ISBN 0-2@278-6], sections 11.
11.2.

Johnson, R.A. and G.K. Bhattacharygatistics: Principles and MethodéNew York: John
Wiley and Sons, 2000) fourth edition [ISBN 0-471-388971], 3.5, 8tapter 11.

Mason, R.D., D.A. Lind and W.A. Marchabtatistics; an Introduction(New York: Duxberry
Press, 1998) fifth edition [ISBN 0-534-35379-7], chapter 13.

Moore, D.S. and G.P. McCaHatroduction to the Practice of Statistic§New York: W.H.
Freeman and Company, 1998) third edition [ISBN 0-7167-3502h#pter 2.

o

How to measure
association between
two continuous random
variables.

Triola, M.F. and L.A. FranklirBusiness Statistics: understanding populations and procgsses

(New York: Addison-Wesley, 1994) [ISBN 0-201-58990-7], secti®.6.
Wonnacott, T.H. and R.J. Wonnacbitroductory Statistic§New York: John Wiley and Sons,
1990) fifth edition [ISBN 0-471-615188], chapter 15.

Introduction

This chapter follows on from the work on regression in chepi®] 11 and allows
the understanding of some alternative ways of presentiagehults. A connection
between regression and analysis of variance becomes app@wmrelations are very

important for all work with many variables.

Correlation between two random variables

We saw on page 46 how to define the covariance between twomamddables
X andY by using

cov(X,Y) = E[(X — E(X))(Y — E(Y)] = E[XY] — E[X]E[Y],
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L Association is not meant to

144

be precisely defined

and that the correlation coefficient &f andY as
Pay = cov(X,Y)/Vvar X varY.

For a random sample afpairs of observations from a joint distribution(©f, V),
we can define,,,, the sample covariance &f andY” where, as in (10.12),

S (X = X) (Y - V)

Sev = 1)
Thesample correlation coefficiend defined as in (10.13) by
S,
Ry = L.
Y S,

The sample covariance and the sample correlation coeffiaienused as estimators
of the population covariance and correlation.
Notice that we can write the sample covarianceRass,S,. As is the case for
Pay, iLis true that
~1< Ry < 1.

This is easy to see, for since
n

D (Xi = X) = 8oy (Vi = Y)/S7]?/(n = 1) 2 0, (12.1)

i=1

on expanding the squared term we get
Sy —282,/S)+52,/5: >0

so that
SZ1—2R2, + R2)] = S2[1—R2,] > 0.

Ty

It follows that R2, < 1, which implies—1 < R, < 1.
In fact, the extreme values of -1, +1 can only be reach¢djf Y;) all lie exactly

on a straight line with negative or positive slope respedtyiv

Activity 12.1. Show, by changing (12.1) to an equality, thatny = 1, then
(X, Y;) all lie exactly on a straight line.
|

This strongly suggests that the correlation coefficientsuess the degree to which
(X;,Y;) lie on a straight line. Other types of associationay not give a correlation
coefficient much different from.

Figures 12.1], 12]2 and 12.3 show some random samplestieaniate normal
distributions with different population correlation cbeients. In each case the sample
correlation coefficient is also given.
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Figure 12.1: Scatter plot to show correlations
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Figure 12.2: Scatter plot to show correlations
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Figure 12.3: Scatter plot to show correlations
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It will be seen from these diagrams that there can be quite ldifferences between
a population correlation coefficient and the sample catimiecoefficient of a fairly
large random sample from that population. It is also cleat there may not be an
enormous difference between the samples from a populatitnoarrelation coeffi-
cient0.5 and one with correlation coefficiefit2. You will find a little about formal
tests ofp = 0 towards the end of this chapter. Caution is needed whenngdhi as-
2 One must also beware of the sociation because of sample variatfofhe bivariate normal distribution is a popula-
effect of the scales of the axes.tion that is often used when the distributions of batlandY are normal distributions,
A correlation coefficientis and they are correlated.
scale-free, but it does not
always seem so to the eye.
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Regression and the coefficient of determination R’
It is fairly common for the results of a regression fit to be suamised in an anal-

ysis of variance tablé.The form of the table is 3 Don't be confused by
ANOVA reappearing in
Source of Degrees of Sumsof Mean Sums of regression.
variation freedom Squares Squares F-ratio
Explained by slope 1 S5 S5 S3/5?
Residual n—2 (n —2)52 S?
Total n—1 (n-1)S;

The ratioR* = S3/[(n — 1)S;] is called thecoefficient of determinatiorit gives
an intuitive guide to the proportion of variation Bfaround its mean that is explained
by variations inX. Itis also the squared sample correlation coefficient betwkey;s
andz;s, which is defined as?, in (10.13). It is also the squared sample correlation

Ty

coefficient between thg;s andy;s.

Activity 12.2. Why is the squared sample correlation coefficient between;the
andz;s the same as the squared sample correlation coefficieneéetthey;s and
4;S? No algebra is needed for this.

|

One can test the Null Hypothesi#: 8 = 0 against the alternativel;: 8 #~ 0 at
the 1007% level by rejecting the null hypothesis if the F-ratio

S3/S% > Fy 1o (12.2)

This test is equivalent to a Student’s t testif:3 = 0 against the alternativél;:

8 # 0 at thel007% level because the distribution of the square of a randoimblar
with a Student’s t distribution witly degrees of freedom has an F distribution with 1
degree of freedom for the numerator antbr the denominator. Notice that this is a
one-tailed test for a two-sided Alternative Hypothesis.

Example 12.1. Continuing Examplé 1114 on page 133, the analysis of vagianc
table for the regression of price of books on pages is:

Source of Degrees of Sumsof Mean Sums of
Variation freedom Squares Squares F-ratio
Explained by slope 1 467.2 467.2 2.49
Residual 13 2437.7 187.5
Total 14 2904.9

Notice that the degrees of freedom add to the total, as douims ®f squares. The
upper 5% point of the F distribution with 1 degree of freedomtiie numerator and 13
for the denominator is from Table 12(b) of tidew Cambridge Statistical Tablesth
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vy = landvy, = 13, Fg51,13 = 4.667. The observed ratio i8.49, which is not
greater thanl.667. So we do not reject the hypothesis tizat= 0 at the 5% level of
significance. Notice that the tabular vallé67 is the square of the upper 2.5% point
of the Student’s t distribution, which from Table 10 of tihew Cambridge Statistical
Tableswith P = 2.5 andv = 13 is 2.160.

|

Testing p = 0 for a bivariate normal distribution

If you are given a random sample ofpairs of observationgX;, Y;) from a bi-
variate normal distribution with correlatign then you can, by a happy coincidence,
use the test suggested in (12.2) to test the Null HypothEsisp = 0 against the
Alternative Hypothesig?;: p # 0. In a similar way one can think of the Student’s t
test of Hy:8 = 0 against the alternativel;: 5 > 0 as a test of{y:p = 0 against the
alternativeH;: p > 0. An analogous comment may be made about the test against the
alternativeH: p < 0.

Learning outcomes
After working through this chapter you should be able to:

1. define the sample correlation coefficient and link it todppearance of scatter
diagrams

2. construct and use an analysis of variance table for assigre including the
F-testforg =0

3. show that a correlation coefficient is between -1 and +1.

Sample examination question

1. Suppose that we have 10 random observationg;), i = 1,...,10 of random
variables(X,Y’) that have a bivariate normal distribution.

x; | 0.33] 1.01| -041| 2.10| -0.29 | -1.27| -0.48 | 0.31 | -1.56 | -0.81
y; | 1.60| 1.47| -1.82| 2.50| 0.34| -1.37| -0.09| 0.20 | -1.16 | -2.16

(a) Find the sample correlation coefficient betweééandY .

(b) Test the null hypothesis that the population corretatioefficient is equal
to zero against the alternative that it is greater than zero.
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Regression with more
Chapter 13 than one explanatory
variable.

Multiple Regression

Essential reading

=y

Newbold, P.Statistics for Business and Economig¢tondon: Prentice-Hall, 1995) four
edition [ISBN 0-13-855549-0], chapter 13.

Further reading

Daly, F., D.J. Hand, M.C. Jones, A.D. Lunn and K.J. McConvizdgments of Statistic
(London: Open University and Addison-Wesley, 1995) [ISBN 0-2Q278-6], 14.6.
Johnson, R.A. and G.K. Bhattacharygatistics: Principles and MethodéNew York: John
Wiley and Sons, 2000) fourth edition [ISBN 0-471-388971], chapger 1
Mason, R.D., D.A. Lind and W.A. Marchabtatistics; an Introduction(New York: Duxberry
Press, 1998) fifth edition [ISBN 0-534-35379-7], chapter 15.

Moore, D.S. and G.P. McCaHatroduction to the Practice of Statistic§New York: W.H.
Freeman and Company, 1998) third edition [ISBN 0-7167-3502h8pter 11.

Triola, M.F. and L.A. FranklirBusiness Statistics: understanding populations and procgsses
(New York: Addison-Wesley, 1994) [ISBN 0-201-58990-7], cteafdl 3.
Wonnacott, T.H. and R.J. Wonnacbitroductory Statistic§New York: John Wiley and Sons
1990) fifth edition [ISBN 0-471-615188], chapter 13.

wr

Introduction

In practical application of regression models, there isasfiralways more than
one explanatory variable. In this course we can only givéragge of the several new
important matters that arise with such models, which arertbst used in the whole
of statistics.

The model for linear regression

As in Chapter 11 we haveobservationsY;, Ys, ..., Y,, on aresponse variabje
Each observatiofy; is associated with the fixed valugs, . . . , z;, of p explanatory
variableszy, ..., z,. We assume that the observatidnsare independent, and have
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normal distributions with means
p
Q+Zﬁj$ij, (131)
j=1

and in each case a variangé.

We usually make sure thatis substantially less tham. There are now slope
parameters’; and an interceptv to estimate from the: observations, so we must
certainly haver > p + 1. The interpretation of the slope parameteiis that it shows
the change int” for a unit change inz; given that all other explanatory variables
Zi,...,Tj—1,%j+1,-..,%p are held constant.

Least squares fitting

The usual method of estimation is by least squares. The dgasires estimators
(A, By,...,B,) satisfy

n

p n p
D Yi-A=Y Biwy)?<Yy (Yi—a-) fiy)
Jj=1 i=1 j=1

=1
for all possible choices dfx, 51, . . ., 3,). The fitted values are
. p
Yi=A+ Z Bjxi;
j=1
and the residuals are .
Q‘ = Y; _A_ZBjxij-

j=1
The estimators are found by solving the- 1 least squares equations

n
Y e =0,
i1
n
E zi1€; = 0,
i=1

D @i =0. (13.2)
=1
Notice that the first of these equations implies tfét z1, ..., 7,) lies on the fitted

regression

Y:A‘FiBJ:Z}J

j=1
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Activity 13.1. Justify the last statement.
|

Sum of squares identity

In just the same way as we obtain the sum of squares identip)bn page
[119, we can obtain, using (13.2), the more general iderititg forany choice of
«, 617 e 7ﬁp
Z(Yi —a— [z — - *ﬁpxz‘p)2 = ng JrZ[Y, —a— [z — - *5;7%:;7]2
=1 =1 =1

(13.3)

Equation[(13.3) shows that solving the equations (13.2)ris ® give the least squares
estimators.

Activity 13.2. Prove[(13.3.)
|

By choosing in[(13.3) to take = Y and; = 32 = --- = 3, = 0, we obtain the
simpler sum of squares identity

n

PRERSEED SRS i E s

i=1

=3 &+ [Bi(zir — 1) + Ba(win — Ta) + -+ + Bp(ip — Tp)*.
=1 i=1

This shows a Total Sum of Squargs;_, (Y; — Y)? = (n — 1)S2 (whereS? is the

sample variance of all thg;s) broken into a Sum of Squares for the Slopes

pSé = Z[Bl(l'zl — Cfl) + BQ(:I:»L‘Q — ZZ'Q) —+ -4 Bp(xip — fp)]z (134)

i=1

and a Residual Sum of Squares— p — 1)S? = 3" | ¢2. The Mean Residual Sum
of Squares is5?, and the Mean Sum of Squares for the slop&3s

Coefficient of Determination
One can measure how well the model succeeds in explaininggtiigtion in the
response by th€oefficient of Determinatio®?, which is defined by the ratio of the
Sum of squares for the slopes to the Total sum of squares.
o _ PS5

S (n—1)S¥
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L In peculiar cases it might

152

stay the same

R? is usually thought of as the proportion of the variation ie tlesponse variable
explained by the regression. Often, one would look&3rover 60% before thinking
that a model was useful, but in social science applicationsis often content with
much less.R? is the square of the correlation coefficient between theegahf the
response variable and the fitted values from the model.

If the number of explanatory variables is increased, tRéralways decreasés
So if one wants to choose how many explanatory variablesdode in the model,
one can’'t depend entirely aR?, because that would always suggest putting in every
explanatory variable available. One should look also ati&ttis t values for the es-
timated slopes, or perhaps at thdjusted Coefficient of Determinatiomhich makes
an attempt to correct for the number of explanatory vargbiged. Most packages
give an F-test for the Null Hypothesis that the populatioalague ofR? is 0 against
the alternative that it is greater than 0. This is a test oftivethere is any point in
fitting the regression at all.

Computation

There is little point in trying to fit a regression with moreathone explanatory
variable using a hand calculator, though the more expewpsigs can do it; a software
package on a computer is better for this purpose. We shaéiftive concentrate here
on the interpretation of regression models, and on probtbatsarise from their use.

Example 13.1. We shall use data on the taste of cheese, suggesketiaduction

to the Practice of Statisticey D.S. Moore and G.P. McCabe, published in 1998 by
Freeman, another good textbook for some parts of this subjée data give scores
for the taste of a cheese (Taste) from 30 different formaitetivhich caused variation
in the concentration in the cheese of acetic acid (Acetigiirdgen sulphide (k5)
and lactic acid (Lactic). One would wish to model the dep&icdenf the taste score
on the concentrations of those three constituents, using th 30 observations that
are given in Table 13.1 on page 149. A first check is to look atstatter plots of
the response variable ‘Taste’ against each of the explgne#wiables. The plots are
shown in Figuré 13]1 on page 150.

The plots show that the taste score tends to increase witicegsise in acetic acid,
hydrogen sulphide or lactic acid. A more precise interpi@taof the first plot, for
instance) is that the taste score tends to increase if amgticoncentration increases,
if oneignoresall other sources of variability including that in hydrogauphide and
lactic acid.

If the model

Taste = o + S1Acetic+ B2H, S+ BsLactic
is fitted by least squares, the fitted model is:

Taste = —28.9 + 0.33Acetic+ 3.91H,S + 19.67Lactic
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Table 13.1: Taste of cheese Data
Case Taste Acetic H>,S Lactic
01 12.3 4.543 3.135 0.86
02 209 b5.159 5.043 1.53
03 39.0 5.366 5.438 1.57
04 479 5.759 7.496 1.81
05 5.6 4.663 3.807 0.99
06 259 5.697 7.601 1.09
07 37.3 5.892 8.726 1.29
08 21.9 6.078 7.966 1.78
09 18.1 4.898 3.850 1.29
10 21.0 5.242 4.174 1.58
11 34.9 5.740 6.142 1.68
12 57.2 6.446 7.908 1.90
13 0.7 4.477 2.996 1.06
14 259 5.236 4.942 1.30
15 54.9 6.151 6.752 1.52
16 40.9 6.365 9.588 1.74
17 159 4.787 3.912 1.16
18 6.4 5.412 4.700 1.49
19 18.0 5.247 6.174 1.63
20 38.9 5.438 9.064 1.99
21 14.0 4.564 4.949 1.15
22 15.2 5.298 5.220 1.33
23 32.0 b5.455 9.242 1.44
24 56.7 5.855 10.199 2.01
25 16.8 5.366 3.664 1.31
26 11.6 6.043 3.219 1.46
27 26.5 6.458 6.962 1.72
28 0.7 5.328 3.912 1.25
29 13.4 5.802 6.685 1.08
30 55 6.176 4.787 1.25

This shows that we estimate that the Taste score increaseswincrease in each
of the explanatory variabld®lding the other two explanatory variables fixed.For

instance, each increase of one unit in the concentratioaaticl acid is estimated
to lead to an increase of 19.67 in the score for taste, if we kimd concentration
of acetic acid and hydrogen sulphide fixed. It may, of coubseyery difficult when

cheese making to increase Acetic acid concentration whittilg Hydrogen sulphide
and Lactic acid at fixed levels of concentration, so one masvdyy careful when
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13.1: Scatter plots for Taste against explanatory variables
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implementing policy changes using the fitted model.

We can check if all three explanatory variables are impaoritathe fitted model
by looking at the Student’s t values for each of the slopefmenfts. We have, from
the software package,

Value Std. Error t value p- val ue

(I'ntercept) -28.8768 19.7354 -1.4632 0. 1554
Acetic 0. 3277 4.4598 0.0735 0. 9420

H2S  3.9118 1. 2484 3.1334 0. 0042

Lactic 19.6705 8. 6291 2.2796 0. 0311

The small t-value, corresponding to a large p-value, fotia@eid suggests that this
explanatory variable is of no importance when the modeLidet hydrogen sulphide
and lactic acid. The package also give$ = 0.6518, so that the model might be
reasonably useful. The F-test for the population valu&bdfs given by the package
as

F-statistic: 16.22 on 3 and 26 degrees of freedom the p-value is
3. 81e-006

The large F-statistic, and the small p-value show that itagtivfitting the model.
If we drop acetic acid from the model, and refit, the fitted nideomes:

Taste = —27.6 + 3.95H>S + 19.89Lactic

which gives slopes for 5 and Lactic only slightly different from before. In this
model, we are not attempting to correct for acetic acid. Retance, the effect of
an increase of one unit in lactic acid is estimated to give fisa change of 19.89 in
the taste score, when hydrogen sulphide is held constanaeetit acid is ignored
altogether. So, the interpretation of the 19.89 in this nhagldifferent from that of
the 19.61 in the previous model. Now, the Student’s t values a
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Value Std. Error t value p- val ue

(Intercept) -27.5918  8.9818 -3.0720 0.0048
H2S 3. 9463 1.1357 3.4748 0. 0017
Lactic 19.8872 7.9590 2.4987 0.0188

All the explanatory variables now have small p-values, s@awmenot tempted to drop
any of them. Notice that the intercept now also has a smadlpev It had a large
value before because Acetic acid acted very much like arciepe term as wellR? is
0.6517 for this model, so it provides an explanation almratty as good as the one
with three explanatory variables. The F-test for the pojuriavalue ofR? is given by
the package as

F-statistic: 25.26 on 2 and 27 degrees of freedom the p-value is
6. 551e -007

The large F-statistic, and the small p-value show that it astlvfitting the model.
As an alternative to the Student’s t values, one can casethéts into an analysis of
variance table.

Response: Taste

Ternms added sequentially (first to |ast)
Df Sumof Sq Mean Sq F Val ue Pr(F)
H2S 1 4376.746 4376.746 44.27639 0.00000039
Lactic 1 617.175 617.175 6.24352 0.01884987
Resi dual s 27 2668.965  98.851

This table shows? = 98.81 and S3 = TETOEHLIT — 2496.96. Notice that
the F-statistic given above %196.96/98.81 = 25.26 (apart from rounding errors).
The degrees-of-freedom for the residual sum of squaresare—1=30—-2—-1=
27. The terms are added sequentially, so 4376.746 is the iarigt the taste scores
explained by hydrogen sulphide (ignoring lactic acid aretiaacid). Then 617.175 is
the variation in the taste scores left after fitting hydrogelphide that is removed by
fitting lactic acid (still ignoring acetic acid). The 6173.i& sometimes called the sum
of squares for lactic aciddjusted for hydrogen sulphide. If we fit the explanatory
variables in the other order then the analysis of varianceres
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Response: Taste

Terms added sequentially (first to last)
Df Sumof Sq Mean Sg F Val ue Pr(F)
Lactic 1 3800.398 3800.398 38.44589 0.000001250
H2S 1 1193.523 1193.523 12. 07402 0.001742869
Resi dual s 27 2668. 965 98. 851

This shows that lactic acid on its own does not explain as nagdiiydrogen sulphide
on its own, because 3800.398 is smaller than 4376.746.
|

Extrapolation

It is generally unwise to use a regression model to prediciegof the response
for explanatory variable values dissimilar from those usefit the model. There is
no guarantee that the model will fit outside the ranges ofesfor the explanatory
variables that have been used to construct it (see Example fdge 136). When
there are several explanatory variables it becomes much difficult to see which
values for the explanatory variables are close to those tesétithe model, and so
one should pay careful attention to the length of the confidentervals for the fitted
values.

Example 13.2. Continuing Example 13.1, we can ask for the fitted model
Taste = —27.6 + 3.95H,S + 19.89Lactic

what would be the fitted value for hydrogen sulphide at 20dlantic acid at 6.0. A
quick glance at the data will show that these values aremetré he software package
will give the fitted valuel 70.7 and the 95% confidence interval for the expected value
of the response a421.7,219.7). The very long interval suggests that extrapolation

is taking place.
|

Collinearity

What happens if we make the values of two of the explanatongbi@s exactly
the same (though they have different names)? Then some sbftware packages
break down, while some will produce rather different estesdrom each other. From
an intuitive point of view, the problem is that if there is nifference between two
explanatory variables then it's hard to say how one of theéfectdf the response when
the other is held fixed, that being what a fitted model produSeghe results become
fairly arbitrary.

Even worse, suppose that two variables, while not takingtekthe same values,
have very similar values. Then one may well find some of theesaroblems. When-
ever any one of the explanatory variables has values thabeamedicted well from
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those of the others, the slope coefficients in the model kedylio be ill-defined and
hard to interpret. This is called the problemanflinearity. It arises because there are
many different estimators of the parameters that give dgbé same minimum sum
of squared residuals.

Activity 13.3. Suppose that = 4 the values fop = 3 explanatory variables are
in the columns

Variables
i Va2 W
1 2 3
2 3 5
3 4 7
4 5 9
Show that fitted value®; + V5 + V5 are the same as fitted valu®sV; +0.5V5+1.5V3.

Diagnostic Plots

Most statistics packages provide several plots designedldw identification of
problems in the model. Itis not so easy to use the simple plofsage 132 when there
are several explanatory variables, but there are othergdimabe tried. One can plot
the fitted values against the responses, or the residudtssagze fitted values. Both
these plots might show up outliers or the need to change tmdimear model. One
can also plot the residuals against each of the explanasoigbles to check whether
the error variance changes with the values of the explanatoiables.

Activity 13.4. If the model fits, then the fitted values and the residuals filoen
model are independent of each other. What do you expect tbtheemodel fits when
you plot residuals against fitted values?

|

Example 13.3. Continuing Example 13]1, we look at some diagnostic plots. |
Figure[13.2, the first diagram shows a plot of the residuadsnag the fitted values.
No unusual structure is present. The points are scattepethdrevenly around the
line for zero residuals. The second diagram shows obsenledsof taste against the
fitted values. The diagram shows a points scattered aroutndigh line through the
points with exactly equal values for taste and the fittedesfior taste. The third dia-
gram shows &Normal Plotof ordered values of the residuals against standard normal
guantiles. The roughly straight line plot suggests thatetta#e no obvious outliers,
and that the measurement errors have approximately a ndistabution.

To see what happens if there is a very wild outlier, let us geathe hydrogen
sulphide reading on case 12 from 7.91 to 79.1, as might elaapypen by error. This
changes the fitted model very greatly:
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Figure 13.2: Diagnostic Plots
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Coefficients:
Value Std. Error t value Pr(>|t])

(I'ntercept) -25.0166 10.4983 -2.3829 0. 0245
H2S 0. 3064 0. 1670 1. 8352 0.0775
Lactic 32.5952 7.4441 4.3787 0. 0002

Resi dual standard error: 11.28 on 27 degrees of freedom Multiple
R-Squared: 0.5519 F-statistic: 16.62 on 2 and 27 degrees of
freedom the p-value is 0.00001969

The R? value of 55% is not quite as good as before, but one might vedibe from
this output alone that one had a good model, and never ndticavild observation
that has distorted it. None of the diagnostic plots we usedealshow much wrong
either. This wild observation has pulled the whole modeltowtards it, and more
sophisticated diagnostic plots (or perhaps the simplekshide those in Figure 13.1)
are needed to detect the probleih.

Learning outcomes
After working through this chapter you should be able to:

1. write down the model for linear regression with severgllaxatory variables,
and explain its interpretation

2. give the assumptions on which the model is based

3. write down the least squares equations and obtain from the sum of squares
identity; use the sum of squares identity to establish tiasolution of the least
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squares equations is indeed a least squares estimator
. interpret typical output from a computer package fittifhg cegression model
. understand the use of the coefficient of determination

. describe the nature of problems of collinearity and etsli

N o o b~

. interpret simple diagnostic plots.

Sample examination question

1. (a) Write down a sum of squares identity for a multiple regien model, and
show how it implies that the solution of the least squaresagquos is a
least squares estimator.

(b) The following output is from a regression of record timeshours for
Scottish Hill Races on the explanatory variables of distamum in miles
and height climbed in feet. These were discussed by A.C.nAth in a
paper inStatistical Sciencan 1986.

Coefficients:
Value Std. Error t value Pr(>|t])

(I'ntercept) -8.9920 4.3027 -2.0898 0. 0447
di st 6.2180 0.6011 10. 3435 0. 0000
clinb 0. 0110 0. 0021 5. 3869 0. 0000

Resi dual standard error: 14.68 on 32 degrees of freedom Miultiple
R-Squared: 0.9191 F-statistic: 181.7 on 2 and 32 degrees of
freedom the p-value is O

Anal ysis of Variance Table
Response: tine

Terns added sequentially (first to |ast)
Df Sumof Sq Mean Sq F Val ue Pr(F)
dist 1 71996.89 71996.89 334.2926 0.000000e+000
clim 1 6249. 74 6249.74 29.0185 6.445183e-006
Resi dual s 32 6891. 87 215. 37
i. What is the fitted model? Interpret the model.
ii. What is the estimated value of the record time in hours foe Goat-
fell Hill Race which has distance 8.0 miles and height clichB866
feet?
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iii. How would you interpret the value ak??
iv. What diagnostic plots would you suggest for these data?
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Seeing if counted data
Chapter 14 are consistent with a
distribution.

Tests for goodness-of-fit

Essential reading

>

Newbold, P.Statistics for Business and Economig¢tondon: Prentice-Hall, 1995) four
edition [ISBN 0-13-855549-0], chapter 11.

Further reading

Daly, F., D.J. Hand, M.C. Jones, A.D. Lunn and K.J. McCon&#ments of Statistic§Lon-
don: Open University and Addison-Wesley, 1995) [ISBN 0-2017828], a small amount in
11.4.

Johnson, R.A. and G.K. Bhattacharygtatistics: Principles and Method§New York: John
Wiley and Sons, 2000) fourth edition [ISBN 0-471-388971], chapger 1

Mason, R.D., D.A. Lind and W.A. Marchabtatistics; an Introduction(New York: Duxberry
Press, 1998) fifth edition [ISBN 0-534-35379-7], chapter 16.

Moore, D.S. and G.P. McCahatroduction to the Practice of Statistic§New York: W.H.
Freeman and Company, 1998) third edition [ISBN 0-7167-3502k&pter 9.

Triola, M.F. and L.A. FranklirBusiness Statistics: understanding populations and procgsses
(New York: Addison-Wesley, 1994) [ISBN 0-201-58990-7], cteadl 0.

Wonnacott, T.H. and R.J. Wonnac#itroductory Statistic§New York: John Wiley and Son
1990) fifth edition [ISBN 0-471-615188], chapter 17.

w

Introduction

Tests of goodness-of-fit are very often used in applicatiang all statisticians
must know when they can be applied, and what their limitatiare. These tests are
not concerned with the fit of a straight line to data, but witluted data. They are
used when one wants to check whether a sample comes from gpenaftpopulation,
or when one wants to check that two samples are from the samegion.

Basic counting model

The model underlying all the applications in this chaptehat of amultinomial
distribution. There aré different classes indexed hy= 1,...,k, with associated
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probabilitiesw;. There aren independent trials\,, for s = 1,2,...,n. Each trial
results in a choice of one of the classes, whef&; = i] = =, is the probability that
1 There is no overlap of classi is chosen. This is a generalisation of the binomial distiiiuon page 25.
classes. Each trial results in For instance, suppose that we count the number of peoplevératborn on each
allocation to one class only. day of the week in a random sample of sizérom a large human population. Here
there would bek = 7 distinct classes, Sunday to Saturday, and each person in the
sample would have been born on one of those days. After filagsihe sample, we
will know the number of people in the sample born on Sunday,nihmber born on
Monday, and so on. One might think that the probabilitiesvould in this case be
equal, but that is not necessarily true. Even if there werelegroportions in the
population born on each day of the week, so thatratire equal td /7, the sample
would not usually show equal frequencies because of saggdiriation.
We will use the notatio®; for the number of the trialX,, s = 1, ..., n for which
X, = i. From the sample we will have the set of frequencies

()1702,...,()167

where), O; = n. The joint distribution 0i01, O, . . ., Oy, is the multinomial distri-
bution.

Since for fixed choice of, O; has a binomial distribution Binomiat, r;), we
can see from pagde 57 thatO;] = nm; andvar[O;] = nm;(1 — ;). As a rough
approximation, particularly ifr; is small, one could take

Oi — N
nmw;

as having mean zero and variance something like 1.

A goodness-of-fit statistic

One measure of the difference between the observed freigsanc and their
meansr; is the X2 statistic

=y (0i — Wz‘)Q.

nm;

Writing E; = n;, the usual way for the(? statistic to be written in the textbooks is

ooy OBl

Another form offering fewer insights into the reasons fdcatating it is
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Activity 14.1. Show that the two forms fak? are equivalent.
|

The X2 statistic gives an overall measure of how close the obsefreggiencies
are to their expected values. If the probabilities for thesses were actually different
from ther;s, one would expect that? would be found to take a larger value than
when the probabilities for the classes were the. For this reasork? is called a
goodness-of-fit statisticlt has expected valug: — 1) when the Null Hypothesis is
true.

Activity 14.2. Show from results for the binomial distribution th&afX? = k — 1.
This is exactly the mean of)a(zk_l) distribution.

|
For largen, the distributiod of X? is approximaterX%k_l). This is used as the 2 The approximation is poor if
basis of a test of goodness-of-fit. To test any E; are too small.
Hy: The class probabilities arg , 7a, . . ., Tk

against the alternative
H;: the class probabilities are not, 7o, . .., 7
with a test at thé 00a% level, reject the Null Hypothesis if
X2 > Xi,(k:—l)'
This is a one-tailed test for a two-sided Alternative Hyssis.

Example 14.1. Twenty-five machine operators produce items that are somasti
defective. Random samples of the production of each opegate the number of
defective items each produces out of 10 items sampled. Theabers are as below:

20 01 0 01 0 01
110 0 3 0 1 2 0 O
1 3 1 2 0

Do these results give enough evidence to show that the apgidd not all have a 10%
rate of producing defective items?

Answer

We suppose that each operator is independent of the othedghat items are
produced independently of each other, and that the rateasfuption of defective
items is constant for each operator. The Null Hypothesisasthe rate of production
of defective items is 10% for each operator. Then each of tiebers in the table
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above is a value for a binomial random variable with numbetriafs n = 10 and
probability of ‘successir = 0.1.

We can classify each of the 25 operators by the number of tikedeitems pro-
duced. This gives a table of frequencies:

Class numbei 1 2 3 4 5
Number of defectiveitems 0 1 2 3 >4
FrequencyO, 12 8 3 2 0

We need to use a goodness-of-fit test to check if this tableegiuencies is con-
sistent with the Null Hypothesis. On the Null Hypothesis thess probabilities are
those for a binomial distribution with = 10 and probability of ‘successt = 0.1,
which can be found from Table 1 of thidew Cambridge Statistical Tablea page 9,
with n = 10 andp = 0.10. The numbers given in that table are left-tail probabitie
so some differencing is necessary. The probabilities atbdartable below, with the
expected frequencids; obtained by multiplying the probabilities by= 25.

Number of defective items 0 1 >2
Probability; 0.3487  0.3874  0.2639
Expected frequencg; = nm; | 8.71696 9.68551 6.59775

Notice that the last class of 2 defective items has been put in so that the class

probabilities sum to 1, and to make sure all figare greater than 3. Otherwise the
X? statistics would not have a distribution approximated ke th distribution.

We have now constructed all the quantities for calculafifig There arek = 3
classes, and th@; andE; are as below:

1 1 2 3
O, 12 8 5
E; | 8.71696 9.68551 6.59775

Notice that the sum of th&; is the same as the sum of tBk and both are equal to
25, the numberm of operators classified for this example by the number ofdiie
items they produced.

We have

2 (12-87196)  (8—9.68551)7 (5 — 6.59775)°
T 87196 9.68551 6.59775
— 1.2341 + 0.2933 + 0.3869

= 1.9144.

For a test at the 5% level of significance we use the upper 5%t pbithe 2 dis-
tribution withk — 1 = 3 — 1 = 2 degrees-of-freedom. From Table 8 of thi¢ew
Cambridge Statistical Tablegith P = 5 andv = 2 we getxg_ok,)’@) = 5.991. Since
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our observed value oX? is 2 = 1.9144, which is lower thar5.991, we do not at the
5% level of significance reject the hypothesis that the raf@aduction of defective
items is equal to 10% for all the operators.

[ |

Testing when there are unknown parameters

Sometimes the Null Hypothesis for a goodness-of-fit tesisdua completely
specify the probabilities; for the classes, because some parameters are not known,
but must be estimated from the observed frequer@iedf m distinct parameters are
estimated from th&;s in an efficient way, then the test using tRé statistic stays
the same, but with degrees-of-freedém m — 1 instead oft — 1.

Example 14.2. Let us think of a set-up as for Example 14.1, but with 100 maehi
operators. The frequencies are those in the table below

Class numbet 1 2 3 4 5 6 7
Number of defective items 0 1 2 3 4 5 6
FrequencyO; 14 21 36 20 5 2 2

Let us now suppose that the null hypothesis is that the rgpeanfuction of defective
items is the same for all the operators busiknown. If that null hypothesis is true,
the usual efficient estimator of that rate is the total nunabéailures,195, divided by
the total number of items tested, which is 1000. The estid@iéure rate is therefore
0.195. We get the estimated class probabilitigfrom the binomial distribution with
10 trials and probability of a defective itefn195. The statistical tables are not much
use, so from a hand calculator we get

Number of defective items 0 1 2 3 >4
Probability7; 0.1143 0.2768 0.3018 0.1949 0.1122
Expected freqyE; 1143 27.68 30.18 19.49  11.22

The table below shows the observed and expected frequentiesre arek = 5
classes with one parameter (the rate of defective itemish&tstd from the data.

1 1 2 3 4 5
O; 14 21 36 20 9
E; | 114277 27.6820 30.1751 19.4920 11.2230

The goodness-of-fit statistic takes the value
o (14 —11.4277)2 (21 —27.6820)% (36 — 30.1751)% (20 — 19.4920)?

11.4277 27.6820 301751 | 10.4920
(9 — 11.2230)2
T 11.2230
= 0.5790 + 1.4481 + 1.1244 + .01324 + 0.4403
= 3.6051.
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To test the Null Hypothesis at the 10% level, we check to se®i larger tham?11(3),
which from Table 8 of theNew Cambridge Statistical Tablegth P = 10 andv = 3
is 6.251. There are 3 degrees-of-freedom becakise 5 andm = 1 parameter is
estimated givingg — 1 — 1 = 3 degrees-of-freedom. Since the obsery&ds not
greater thar$.251, we do not reject the hypothesis that all machine operats the
same failure rate.

The test helps to put in perspective the wide variation fram®in the number of
defective items produced by the 100 operators. There lis éttidence here that this
variation is not simply sampling variation from equal pagidn rates of defective
items. The p-value is

P[x{3) > 3.6051] = 0.3074.

which can be approximately found from Table 7 of tNew Cambridge Statistical Ta-
bleswith » = 3, = 3.6 giving the approximate complementary probabilitg920.
This is a fairly large p-value. It suggests th&f would be at least as large as the
value3.6051 in over 30% of repeated observations on the 100 operatags, iethey
all have the same rate of producing defective items.

|

Testing for association in two-way tables

One specialised use for the goodness-of-fit test is to check whether there is
evidence of association between the row and column clasiiits of a two-way table
of counts (often called eontingency table

In this application we have a rectangular table of countk wibws and: columns.

In order to see association in a two-way table it is howevst togpresent the table as a
collection of row profiles or a collection of column profileather than as a collection
of counts. Each of the trials now specifies a cell in a particular row and column.
The Null Hypothesis is that information about the row clisation of a trial gives
no information about its column classification. That is, khdl Hypothesis says that
the probabilityr;; of being classified into cells, j) in row i and columnj is the
product ofmew; andmee j, Which are the probabilities of being in classified in row
and columry respectively. The observed data are the coaiidn cells (z, 7).

This Null Hypothesis does not specififow; Or 7col j, SO they must be estimated
from the data, and the degrees-of-freedom for the test egtiftom one less than the
total number of classdsc— 1) by the number of distinct parameters estimated. Since
both themqy; and there ; add to 1, we havér — 1) + (¢ — 1) distinct parameters to
estimate, so the degrees-of-freedomfate-1— (r —1) — (¢ —1)] = (r—1)(c—1).

A suitable estimator ofroy; is #; = cO;. /n, which is the sample proportion
of trials classified into théth row. (We use the same notation here as in analysis of
variance, sa);. is the average frequency of raivandcO;. is the total frequency in
row :.) Similarly, a suitable estimator of. ; is 7.; = rOj/n, which is the sample
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proportion of trials classified into thith column. These lead to the estimatepgf
when the Null Hypothesis is true of
" COI‘A TO_]‘

Dij =
J n n’

giving expected frequencies
’I"Oi. CO.]‘

n n
=nrc0; 0 /n?
= rc@ivo_j/n.

The test is carried out just as before.

Eij:n

Example 14.3. In a survey the samples from five towns were examined for the
number of partly skilled or unskilled workers. The data ardable 14.1: Does the

Table 14.1: Numbers of workers

Town | Partly skilled and Other workers
unskilled workers

A 80 184

B 58 147

C 114 276

D 55 196

E 83 229

population proportion of partly skilled and other workeesywwith the area?

Answer

In order to see any association in the table, one can looleatdtumn percentages
(i.e. the column profiles). These are in Tdble 14.2.

The association thahight be there is seen as a difference in the percentages as
one moves from the column f&artly skilled and unskilled workets the column for
Other workers If there were no association, the percentages would beatme $n
each column. The null hypothesis of no association saydhiegiercentages in each
column in the population are the same.

Thex? test will help to decide if the differences in the percensage see in Table
are just due to random variation or are showing reatiffces in the population
between the two profiles.

In Tablg 14.3 expected counts are shown in parenthesis lddsarved counts.

The expected valueB);; are easily found from the row and column totals. For
instance, for the bottom right-hand corner of the table gtkpgected value is

312 x 1032/1422 = 226 4.

167



Statistics 2

Table 14.2: Column Profiles

Town | Partly skilled and Other workers
unskilled workers

A 20.5% 17.8%

B 14.9% 14.2%

C 29.2% 26.7%

D 14.1% 19.0%

E 21.3% 22.2%

Table 14.3: Expected and observed counts

Town Partly skilled and Other workers Row total
unskilled workers
A 80.0 184.0 264
(72.4) (191.6)
B 58.0 147.0 205
(56.2) (148.8)
C 114.0 276.0 390
(107.0) (283.0)
D 55.0 196.0 251
(68.8) (0182.2)
E 83.0 229.0 312
(85.6) (226.4)
Column total 390 1032 1422

The value of theX? statistic is

2? = (80 — 72.4)?/72.4 + (184 — 191.6)*/191.6 + ...

—0.797 + 0.301+
0.056 + 0.021+
0.463 + 0.175+
2.782 + 1.051+
0.077 + 0.029 = 5.753
with df = (5 - 1)(2 - 1) = 4.

The Null Hypothesis is that the population proportion oftfyaskilled and un-
skilled workers does not vary with area. We will test this bdipesis at the 10% level
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of significance. Looking in Table 8 of théNew Cambridge Statistical Tablesth
P =10 andv = 4 we getxg , ) = 7.779. Since the observed valug = 5.753
is less than this, we do not reject the hypothesis that tisame variation with area of
the population proportion of partly skilled and unskillednkers. From Table 7 of the
with v = 4 andx = 5.5, z = 6.0 we get a p-value betweén2 and(0.24 (more exactly
0.2184). One can see that the main contribution to the valtiés from area D, so,
to the extent that there is a difference between areas,kslas if area D is different
from the others in its proportion of partly skilled and urigd workers.

|

Learning outcomes
After working through this chapter you should be able to:
1. discuss the model that underlies all the work withgoodness-of-fit tests
2. carry out tests for small tables with or without paramettimation

3. explain the idea of association in two-way tables, anddbe @ carry out tests
of it for small tables.

Sample examination questions

1. (a) Why are the degrees of freedom for a test of independsmoey and col-
umn classifications in an x ¢ contingency table equal {@ — 1)(c — 1)?

(b) The table below shows the number of units sold by threessaperatives
for three different products.

Product
Sales Operative A B C
Alpha 14 12 4
Beta 21 16 8
Gamma 15 5 10

i. Is there any difference in the patterns of sales for déffieiSales Op-
eratives?

ii. Display the information in the table in column profile for and com-
ment on any association displayed.

(Elements of Statistics 2001 Zone B)
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2. (a) Why would it usually be unwise to carry out both a chizgal test for
independence of the row and column classifications of a tatndea two-

way analysis of variance for the same table.

(b) The table below shows the numbers of piston ring failimesach of three
legs of four compressors.

Compressor legs
Compressor North Centre  South
1 17 17 12
2 11 9 13
3 11 8 19
4 14 7 28

i. Isthere any difference in the pattern of failures ovefedint legs for
different compressors?

ii. By looking at the contributions tq?, or profiles, give a qualitative
description of any difference that you find.

(Elements of Statistics 2001 Zone A)

3. (a) Explain why the fitted values fory& test of association in a two-way ta-
ble take the form that they do.

(b) The table below shows the number of employees of a manuéacof
animal feeds and soap classified by gender, year of entranddéength of
service in months before resignation. Only those employétslengths
of service of less than 15 months are included.

1950 Entrants 1951 Entrants
Length of service| Male Female Male Female
<3 182 25 147 38
>3,<6 103 26 54 29
>6,<9 60 22 47 15
>9,< 12 29 13 21 9
>12,< 15 31 15 12 5

i. Is there any difference in the patterns of length of servger the
different columns of the table?

ii. Would there be more or less association in the table ifrdsailts for
female employees were excluded completely? Explain yosiwean
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Sample examination paper

UNIVERSITY OF LONDON 279 0007ZH
996 D007ZH
990 0007ZH

BSc degrees in Economics, Management, Finance and the Social Sciences, the
Diploma in Economics and Access Route for Students in the External Pro-
gramme

Statistics 2 (Half-unit)

Wednesday, ?th May 200?: 10.00am to 12.00pm

Candidates should answer THREE of the following FIVE questions: QUESTION 1
of Section A (40 marks in total) and TWO questions from Section B (30 marks each).
Candidates are strongly advised to divide their time accordingly

A list of formulae is given at the end of the paper.

Graph paper is provided If this is used it must be securely fastened inside the answer
book.

New Cambridge Statistical Tables (second edition) are provided.
A hand held non-programmable calculator may be used when answering questions on this

paper. The make and type of machine must be stated clearly on the front of the answer
book.
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SECTION A

Answer all parts of Question 1 (40 marks).

1.

(a) For each of i to iv below, say whether the statement is true or false and briefly

()

give your reasons:

i. An event of probability 0 can never happen.

il. 4cov(X,Y) =var(X +Y) —var(X - Y).
iii. It is always better to have a shorter confidence interval for a parameter.
iv. One should always use an unbiased estimator.

(8 marks)
Write brief notes on each of the topics below. Explain in what way each topic
is part of statistics, and why it is important.
i. The Central Limit theorem
ii. The Poisson distribution.
iii. Error Sum of Squares.
iv. Coefficient of Determination.

(6 marks)
Tt is reported that one kg of fishmeal will provide 200g of fish protein, with a
standard deviation of 4g.

Two independent samples of 1kg of fishmeal are tested for protein content. The
sample protein content is 195g for one sample and 192g for the other. Are these
results consistent with the reported fish protein content of 200g? (5 marks)

X is a random variable with expected value zero and P(X = 1) = 0.3 and
P(X =2)=0.5. X takes just one other value besides 1 and 2.

i. What is the probability that X is negative?

ii. What is the other value that X takes?
iii. What is the variance of X7

(4 marks)
i. From your tables find the probability that there are more than 5 successes
for the binomial distribution with 10 trials and probability of success 0.1.

ii. From your tables find the probability that X < 5 when X has a Poisson
distribution with mean 10.

(4 marks)

A box has 3 red balls and 2 green balls. One ball is taken out of the box at
random. If it is red, then two red balls are put back in the box. If the green

©University of London 20
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ball is taken out, then no ball is put back in. Another ball is then taken at
random from the box. What is the probability that the first ball taken was red
if the second ball taken is red?
(5 marks)
(h) i 100 observations are thought to be independent realisations z of a Poisson
random variable X with mean 15. They are tabulated below:
<9 |9<2x<14|1ld4<2<19|19<2<24|xz>24
10 33 42 12 3
Test the hypothesis that the observation on X are from a Poisson distri-
bution with mean 15.

(8 marks)

3 PLEASE TURN OVER

©University of London 20
UL /10

173



Statistics 2

174

SECTION B Answer two questions from this section (30 marks each).

2. (a) Mathematicians A, B and C are discussing the proof of a new theorem by one
of their colleagues. A will say the proof is false if and only if either B or C say
they have found a mistake in the proof. Neither of B, C have had time to read
the proof, but B will randomly with a 50% probability say that he has found a
mistake. C will wait to hear what B says, but if B does not say he has found a
mistake, then C will randomly with a 10% probability say that he has found a
mistake in the proof. What is the probability that B said he found a mistake
if A says the proof is false? (12 marks)

(b) X is a random variable with density function
Sx(x) = 32°

over the range (0,1). Using calculus, find the mean and the variance of X.
(18 marks)

3. (a) What is an unbiased estimator? How is mean squared error related to bias and
variance?
(5 marks)

(b) The mean of a Poisson distribution is known to be either 1 or 2. One random
observation X is available from the Poisson distribution. Estimators S and T’
are defined as below:

X=0 X=1 X>2
S 1 1.5 2
T 0 1 2

i. What are the mean and variance for each of S and 7?7 (Remember to work
with both possible parameter values.)

ii. Which of S, T' is the best estimator?
(12 marks)
(¢) Twenty-four hospitals are randomly divided into two groups of 12. A different

expert rates the performance of each group of hospitals on a scale between 50
and 100.

(©University of London 20
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Expert
1 2
56.79 68.34
62.70 71.50
58.83  72.20
59.03 65.53
61.93 70.13
58.87 69.37
62.65 67.52
58.25 68.06
56.60 67.41
57.16 68.98
61.59 67.63

59.50 69.11

i. Find a 90% confidence interval for the difference between mean ratings for
the two experts.
(9 marks)
ii. Test the null hypothesis that Expert 2 gives ratings that are on average 8
greater than Expert 1.
(4 marks)

4. (a) Derive the sum of squares identity for a two-way analysis of variance.
(8 marks)

(b) Suppose that the numbers in the cells of a two-way table are each the mean of
several observations appropriate for that cell. If the numbers of observations
for each mean are different, is it still appropriate to use a two-way analysis of
variance of the means?

(6 marks)

(c) The table below shows scores of four types used for constructing an index of
deprivation in a few small areas of England (Wards).

Types of Score—

Wards Employment Health Education Housing
Ampthill 3.80  -1.11 -0.54 -0.77
Arlesey 4.60  -0.90 -0.10 -0.23
Aspley 297 -1.56 -0.39 -1.23
Biggleswade Ivel 6.10 -0.58 0.45 0.38
Biggleswade Stratton 4.11 -0.87 0.40 -1.49
Blunham 425  -0.86 -0.36 -0.38

i. Give a two-way analysis of variance table for these data.
(10 marks)
5 PLEASE TURN OVER

(©University of London 20
UL /10

175



Statistics 2

176

iii.

. Is there significant evidence that Ward effects are different from zero?

(4 marks)

Does this look like a table suitable for analysis of variance?
(2 mark)

. Derive the least squares estimator of slope for a regression model for a line

through the origin.
(6 marks)

. Show that the slope estimator for the regression through the origin is un-

biased.
(6 marks)

(b) The table below shows the relative risk of lung cancer (adjusted for age and
sex) in several areas of Cornwall and Devon, and the mean concentration of
radon gas (Bq m™) for those areas.

i

iii.

Area Relative Risk Radon
Penrith 1.21 107
Kerrier 1.11 159
Restormel 1.06 89
Carrick 1.04 94
Caradon 0.82 72
North Cornwall 0.82 58
West Devon 0.88 69

Fit a straight line to these data using relative risk of lung cancer as the
response variable and mean concentration of radon gas as the explanatory
variable.

(6 marks)

. Give an 85% confidence interval for the expected value of the relative risk

of lung cancer if the mean radon value is 95.

(6 marks)
It would be possible to try to improve the regression model by using an
additional explanatory variable equal to the square of the radon concen-
tration for each area. Make a scatter plot of these data, and use it to say
whether you think it would be better to fit this quadratic term in the re-
gression in addition to the linear one. Sketch on your scatter plot a rough
estimate of the fitted curve you would get from such a model.

(6 marks)
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Formulae for Statistics

Discrete Distributions

Binomial Distribution

Poisson Distribution

Hypergeometric Distribution

(©University of London 20
UL /10

The probability of  successes in n trials is

( " ) (1 — )

for z = 0,1,...,n The mean number of successes is nm
and the variance is nmw(1 — 7).

The probability of x is
et
z!

The mean number of successes is p and the variance is
1L

The probability of = successes in a sample of size n from
a population of size N with M successes is

()G

The mean number of successes is nM /N and the variance
is
n(M/N)(1— M/N)(N —n)/(N —1).

N-—-M
n—x

7 PLEASE TURN OVER
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Sample Quantities

Sample Variance 2= (zi—2)*/(n—-1) = (X 2? —na?)/(n—1)

Sample Covariance Y (z; — z)(yi — y)/(n — 1) = (3 zy; — nzy)/(n — 1)

Sample Correlation (Y z;y; — nzy)/

T A )

(©University of London 2003
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Inference

Variance of Sample Mean

One-sample t statistic

Two-sample t statistic

Variances for differences
of binomial proportions

Pooled

Separate

Least Squares

Chi-squared Statistic

©University of London 20
UL /10

o%/n

Vn(z — p)/s with (n — 1) degrees of freedom

(@1 — 2) — (1 — o)

VI + 1nal{[(n — 1)s? + (np — 1)s3]/(n1 + na — 2)}

ny - ng

[(Thpl +n2p2)] [1 _ (up +n2P2)] [ 1 1 }

(n1 + n2) (n1 + ny) ny

p1(1 = p1)/n1 + p2(1 — p2)/no

Estimates for y = o + Sz fitted to (y;, ;) for i =
1,2,...,n are a = §y — bz and

b= (@i -2y -9/ Y (@27

The estimate of variance is

D wi—-9?-8> (@i -2/ (n-2).

The variance of b is 02/ Y (z; — z)?

> (Observed — Expected)?/Expected, with degrees of
freedom depending on the hypothesis tested.

END OF PAPER
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Postscript

Statistics is a rewarding subject which needs powers ofatisteasoning, profound
knowledge of the field of application and unflagging attemtio detail. Few who
study this introductory course will ever need to call thelvese statisticians, but you
should have obtained, by this point, some impression of¢cbpesand importance of a
statistician’s work. Look at a newspaper, and you will plaigasee several examples
of downright foolish conclusions based on data. One shayltbtavoid joining the
ignorant.
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