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1 Introduction

Spatial econometrics focus on models which allow for cross-sectional interactions among units under study.

As it is easy to obtain panel data nowadays, the study of spatial econometrics is becoming more impor-

tant. Since |Cli (|_L9_Zd), economists have investigated cross-sectional models, especially spatial

autoregressive (SAR), or spatial lag models. |Ansghw_aﬂ dZDDé) defined four types of spatial dynamic
models. The first type is “pure space recursive” if only a spatial time lag is included. The second type is
“time-space recursive” if both an individual time lag and a spatial time lag are included. The third type is
“time-space simultaneous” if an individual time lag and a contemporaneous spatial lag are specified. And
finally, “time-space dynamic” if all forms of lags are included. ) considered a dynamic panel
data model in spatial disturbance. t&umi_Y;J (IZQMJ) established asymptotic properties of quasi-maximum
likelihood estimators for SAR panel data models with fixed effects and SAR disturbances. Based on these

labour economics in

developments, spatial dynamic panel models can be used in regional markets in [Keller and Shmgl (|201)_’Z|
Iﬁ m or public economics in [F} ), to name but a few

areas.

However, many estimation methods rely on the assumption that the spatial weight matrix, which mea-
sures the strength of interactions among units, is known. Applied researchers may specify a spatial weight
matrix based on certain distance measures, for instance the contiguity of units. Overall, the choice of
the spatial weight matrix very much depends on individual specifications. Even for a simple distance r
between two units, we can specify an entry in the spatial weight matrix using 7—!, =2 or r—3. There
are actually infinite possibilities, and it may be that certain such specifications are important while the
others are not (see our real data analysis in Section [6] for instance). Because of this, spatial economet-
rics is often criticized, like that in mmmmgmﬂ dZDid) Recently, h@ﬂmm&nm' (IZQﬁ) has

provided an error upper bound for the spatial regression parameter estimators in a spatial lag model,

showing that misspecification of the spatial weight matrix can indeed introduce large bias in the final

estimates. To avoid such misspecification, non-parametric models are considered in past researches, see

Y. i (|L9_9ji) and Mmﬂ_aﬂ dZM) for instance. The Nadaraya-Watson kernel estimator
is frequently used for nonparametric regression in econometrics. m) established consistency
and asymptotic distribution theory for the Nadaraya-Watson estimator in a framework designed for various
kinds of spatial data. Mmms_ud (IZQﬁ) improved estimation accuracy by applying a nonparametric

two-stage least squares estimation method. More specifically, the second—stei estimator of the unknown

functional coefficients are estimated by local linear regression. However, ) shows that it can

lead to reduced efficiency of the estimators when the sample size is small.

With these drawbacks in mind, wmm dZDlé) proposes to estimate such a spatial

weight matrix with a symmetric assumption, while ) proposes to estimate the block

pattern in such a matrix. With the development of high dimensional statistics,
) considers a two-step lasso estimation, which is based on the sparsity assumption of the spatial weight
matrix. Meanwhile, adaptive lasso is used in |L_amm_&mz@| dZDld) to estimate a sparse spatial weight

matrix together with fixed effects in the spatial lag model. All these models do not consider time-lagged

effects, however. The difficulty certainly lies in the fact that more than one spatial weight matrices have
to be considered when time lags are added in the model, and hence such a time-space dynamic form has

attracted little attentions so far.



Motivated by the evidence in our data example, our model includes pure dynamic effects and time lags
simultaneously, while each spatial weight matrix involved in the model is estimated by a linear combination
of user-specified spatial weight matrices. It helps avoid the risk of misspecification of the spatial weight
matrices, while maintaining the overall parsimony of the model. As for the innate endogeneity in our
dynamic spatial lag model, the direct least square estimation will result in inconsistent estimators. To
overcome this difficulty, we introduce instrumental-like variables. In the particular case when the covariates
are exogenous, they themselves can act as these instrumental-like variables. We estimate the “best” linear
combination for each required spatial weight matrix, highlighting the relative contributions of each specified
one. Asymptotic normality of all estimators are presented under the functional dependence measure of
time series variables inlﬂ (@) orlﬂ (|ﬁ|)7 allowing both the sample size T" and the panel size N grow
to infinity together. With the input of different specified spatial weight matrices, the scope of applications
of our model is expanded since there are many applications where there are numerous ways to specify a

spatial weight matrix. See our theoretical results in Section [3.3

The rest of the paper is organized as follows. Section 2 introduces our methodology, including the model
and the estimation method. Properties of our estimators, including asymptotic normality are presented in
Section 3. Simulation results and real data analysis are reported, respectively, in Section 4 and 5. All the

technical proofs are relegated to the Appendix.

2 Methodology

2.1 The Model

Consider the following dynamic spatial lag model
Yt:u+WOYt+WLYt71+"'+WPYt7p+Xt/6+Eta t:]-a"'aTa (21)

where v, = (yi1, Y2, -, yen)? is an N x 1 vector of observed time series variables. The data starts from
Y1_p, and hence the true sample size is 7'+ p. It does not affect our asymptotic analysis since p is finite
in this paper. Hereafter when we talk about the sample size, we use T instead of T'+ p for simplicity. For
7 =0,1,...,p, W; is an N x N spatial weight matrix with 0 on the main diagonal, and p is an N x 1
constant vector. The N x K matrix of covariates X can contain y, ; for j = 1,...,p in its columns on top
of other covariates, while 3 is the K x 1 vector of regression coefficients. The series {€;} is an innovation

process with mean 0 and covariance matrix ..

In many applied spatial econometrics applications, W is assumed known and there are no lagged terms
Wy, for j =1,...,p. Instead of assuming all the spatial weight matrices are known, in this paper we
assume that there are M specified spatial weight matrices W;, i = 1,..., M, such that each spatial weight
matrix is a linear combination of the M specified ones. This is motivated by the fact that there are often
more than one measures of spatial interactions. For instance, for the geographical distance r alone between

L r=2 and r—3, creating three specified

two specific locations, we can specify three different entries r—
spatial weight matrices. These are indeed our distance specifications included in our data application in

Section[Gl Spatial contiguity is also another popular choice in spatial econometrics. The linear combination



for each W ; is written as
M

W;=> 6;W,

i=1

where 0j; fori =1,...,M, j =0,...,p are unknown coefficients in the linear combinations.

On top of allowing for estimating the spatial weight matrices from pre-specified ones, our model also
includes time-lagged spatial effects. In a differently specified spatial lag model, ) includes
one lag to reflect such effects. We generalize this to p time-lagged effects, with p to be determined by
data driven methods as described in Section @ The pure dynamic effects are captured by the term X3,
since we can allocate {y;_1,... ,yt_p} to be the columns in X, so that then K > p, and K = p if no
other covariates are present. Not counting the parameters in p, there are K + M (p + 1) parameters to be

estimated in total.

With p, the spatial fixed effects of the model is then (I y — W)~ p. For identifiability of such, we assume
without loss of generality that E(X;) = 0. If not, we can write

XiB+p=(X:—E(X1))B+ (1 +E(X)B)

so that the spatial fixed effects are now captured by p + E(X )3 rather than u, and the covariates are of

mean 0.

To present our model more neatly, we rewrite (Z1]) as

y=p®1ly + ZoVodog+Z1 Vb +---+ ZpV05p + XBVGC(IN) + €,
where y = vec(yy,...,yr)", € = vec(er,...,er), Z; = IN®(y1_js- - ,yT_j)T and 8; = (§;1,052,...,0;m)7
for j=0,1,....p, Xg=In@(I7r @B )(X1,...,X7)T, and Vi = (vec(W(,),...,vec(W(,,)). The no-

tation ® is the Kronecker product, and 17 defines a vector of ones with size T'. Simplifying, we have
y=plp+ZV3i+ Xgvec(In) + €, (2.2)

where Z = (Zq,...,2Z,), 8 = (65,...,6,)7, and V =T, @ V.

2.2 Profiled least square estimation

Note that p is of size N, while B and § together have K + p(M + 1) parameters which is potentially
much smaller than N. To estimate 3 and § more efficiently while overcoming the problem of endogeneity
contributed from Zg in model (Z2]), we assume that there are variables By of size N x K such that they
are correlated with X; but independent of €; for each t = 1,...,T. In particular, if X; is exogenous, we
can set B; = X ;. Define

B=T"'*N"“*B,-B,) =T '*N"*Iy @ {(Ir ®~v")(B, — B,..., By — B)"},

where B =T"1 Zthl B, and v = K~ '1x. The value of a is not important in practice, and we set a = 1
in our algorithms. It is there only to adjust the order of eigenvalues of some constructs involving B in

the proof of our theorems. See the technical assumptions in Section [ for more details. The value of ~ is



not the only choice, and we will introduce a way to choose a data driven one in Section We naturally

assumes B; takes on different values so that B; is different from B in general.

To utilize B, multiplying B on both sides of 22), we arrive at the augmented model
BTy =B"ZVé + B" Xgvec(Iy) + B'e. (2.3)

The constant term disappears since B” (u ® 17) = 0. Removing the N-dimensional constant term makes
estimation much easier, while the error term BTe is now weaker in correlations with the design matrix
BT ZV , so that least square estimation becomes viable again. This way, B serves a similar function as an

instrumental variable.

In order to profile out 3 and estimate §, we rewrite the augmented model ([Z1]) as

p
B’UT v BU 2502 Oz 0 + B’UT Z Z%Woz y] + B’UTXﬁ + B’UT ’U

Jj=1 =1

where y; = (le_j, . ,y%:fj)T for j=0,1,...,p,€" = (e],...,eN)T, B" = ((B1 - B)T,...,(Br— B)")T,
X = (XlT7 . .,X;)T and Wg% =Ir Wy fori=1,...,M. Assuming ¢ is known, we can estimate 3
by the least squared method, resulting in

M P M
B(5) = (XTB”B”TX)*XTB”B”T{(ITN S sWis - > 5]-Z-Wg3;)y§}. (2.4)
i=1 j=1 i=1

This formula provides a basis for a profile least square estimator for . We can show that by substituting

the above into the augmented model (Z3)) (proof omitted), the profile least square estimator for § is
={(H-B"zv)"(H-B"zVv)}"'(H - B"zV)"(Ky} — BTy), (2.5)

where

T
K = T*l/QNfa/Q(Z X, ® (Bt - _B),,)/)(‘XTBvaT)()fl‘XTBﬂquT7
t=1

H=K[W§, . . Wi lIuoy,Iy@y, ... . Iu®y,).
With this, the profile least square estimator of 3 is given by

p M
B=p0)=(X"B'B"X)" lXTB”B”T{ (Irn — Zéo,W® - Z&iw?)yg}. (2.6)

i=1 Jj=1 i=1
Finally, to estimate u, we can use
P

— ( Z W]) — X8, where ﬁ\/j = igjiwoi-

=0 i=1

The corresponding spatial fixed effects estimator is then given by (In — ﬁ\/’o)*l "



2.3 Selection of specified spatial weight matrices

Since 4 is a least square-type estimator, each element in it is not estimated to be exactly 0 in general. This
hinders the selection of the specified spatial weight matrices, which is important for us to see which one
contributes to the overall spatial weight matrices and which one does not. To ameliorate this, we can find

a penalized profile least square estimator d for & , with

~ 1
d = arg;ninﬁHBTyf BTZV5 - BT)(B((s)VeC(IN)||2 + ’}/TUT|(5|, (2.7)
where u = (|§0,1|_17 ey |307M|7 9, a7t 1o, wm|™HT, and || represents the same vector § with all

its entries taken absolute value. A more direct penalized least square formulation is given by
~ 1
6= argminﬁHBTyf (B"ZV — H)é — g + yru”|8], where
s

T
g= T—I/QN—G/Q(Z Xt ® (Bt _ B)’Y)(XTB’UBUTX)_IXTB’UB’UT.}/U.
t=1
The tuning parameter vy can be found in Assumption R6 in the Appendix. For choosing an appropriate

~r in practice, see Section

3 Theoretical Properties

To present the theoretical properties of our estimators, we first present the notations used hereafter and

introduce the measure of time dependence of all the time series variables involved.

Denote {b;} = {vec(B¢)} and {x;} = {vec(X )} the vectorized processes for {B;} and { X} respectively,
both with length NK. Fort =1,...,T, we assume that

xe = {fj(F) hi<jeni, be ={9j(Gt) h<j<ni, € = {h(He) h<i<n,

where the f;(-), g;(-) and hy;(-) are measurable functions defined on the real line, and F; = (..., ez ¢—1, €x.¢),
Gt = (o, epi—1,6pt) and Hy = (.,eci-1,€ct) are definde by independent and identically distributed
processes {e; 1}, {ep} and {ec+} respectively, with {e;} independent of {e. .} but correlated with {e; ¢}

We use the functional dependence measure introduced in Iﬂ M) for gauging the serial dependence of
a process. For d > 0, define
1/d

Hg,d,j = [|ze; — ngHd = (E|zy; — I;jld)
00 a5 = bt — bislla = (Elby — i),
0; 41 = llew — eylla = (Elea — ey|)M,

where j = 1,..., NK,l =1,...,N and z3; = f;(F}), F{ = (.-, €x,—1, €} 0, €215 -+, €x 1), With €}, o independent
of all other e ;’s. Hence acgj is a coupled version of x;; with e, o replaced by an independent and identically
distributed copy e;,o. Intuitively, a large 07 ; ; means that serial correlation is strong at least for variables

at most time ¢ apart. Finally, we have similar definitions for b;]. and €};.



3.1 Main assumptions
We present the main assumptions of the paper in this section.

M1. The elements in all W,;’s can be negative and W itself can be asymmetric. Moreover, defining

S={s=1,...,K|The sth column of X; contains y, ;, [ =1,...,p}, we assume 3" |do;] < 1 and
M
?:1 Doim1 1056l + 2ges Bs] < 1.

M2. The processes {B:}, {X:} and {e:} are second-order stationary, with {X;} and {€;} having zero
means, and {B;} independent of {€;}. The tail condition P(|Z| > v) < D; exp(—Dyv?) is satisfied

for the variables By ji, X¢ ji and € ; by the same constants Dy, D> and q.

M3. Define
(o) oo o0
or .= max 6F ., OV = max 6° . ©° = max 0, ..
m,a 1<j<NK t,a,j° m,a 1<j<NK t,a,j° m,a 1<j<N t,a,j
=m t=m =
Then we assume that for some w > 2, O7, 5, @mew, 2w < Cm™% with o, C > 0 being constants

that can depend on w.

M4. (Identification condition) Assume that the two sets of parameters (6, 3") and (§°, 3%) both satisfy
the proposed model [Z2). Write d = (d¢)1<s<pm(p+1), and define the set H to be

H={{:0; #0 or §7 #0}.

Then the identification condition is that the matrix OT O has all its eigenvalues uniformly bounded

away from 0, where

O = (T '?E(BTZVy), T~ '/*E(BT X)), and

T
X:(:13171,...,mTyl,...,:BLN,...,mTyN) .

The notation Ay means that the matrix A has columns restricted to the set H, while ij is the jth

row of X ;.

Assumption M1 ensures that our model has a reduced form
Yt:HH’+HW1Y1571+"'+HWPYt7p+HXtﬁ+HEt; H:(IN7W)717 t:]-a"'aT'

The matrix IT exists with the assumption S [6o;| < 1. The condition Py SV 165+ YoseglBsl <1
implies that each HWJHoo < Zf\il |5ji|HWOiHOO < 1 since row-standardization means HWOiHOO =1. At

the same time, without loss of generality assuming S = ¢ and writing the model as
®(L)y, =MIp+1IX,3+1le, ®(L)=Iny-HOW,L—--- —IIW ,LP),

where L is the lag operator, then stationarity is ensured if det(®(z)) = 0 has all roots lying outside the
unit circle. This is ensured by the condition Z§:1 Zf\il 107i] + > scg1Bsl < 1, which is thus a sufficient

condition for stationarity. In practice, we implement these restrictions when finding § in Section



The independence between {B;} and {€;} in M2 ensures that {B;} serves a function similar to an instru-
ment for model ([2Z). The tail condition in M2 implies that all the random variables involved are with

sub-exponential tails, which is a relaxation to strict normality.

x

The assumption Oy, 5,

< Cm™“ essentially means that the strongest serial dependence for the x4;’s with
at least m time units apart is decaying polynomially as m increases. It allows for the application of a

Nagaev-type inequality in Lemma 1 in the Appendix for our results to hold.

3.2 Identification of the model

To prove that the parameters 3 and § in model ([22)) are identified, we assume that we have two sets
of parameters (3*,8") and (3°,6°) that satisfy model ([2.2)), as stated in the identification condition M4.
Then

0=B"zZVy (8 — %)+ B" Xg-_govec(Iy).

But we can write
_ T T * o
! Zt:l(Bt - B)'YXtTJ(/@ - B°%)
T-V2BTX 5. _govec(Iy) = N~ ;
T-1Y (B — B)yx! y (8" - B°)
T ETX (5 - )

so that
—1/2 T -1/2 T 0y — 0%
T B ' ZVyg T B* X] N . =0
B -8
Hence taking expectation and multiplying O on both sides and then (OTO)_l, we have shown that
u =0% and B = 3°.

Note that the matrix O has size N? x (|H|+ K). Since |[H| < M(p+ 1) and K are finite and N? is much

larger than |H| + K, assuming O has full rank is reasonable.

3.3 Main results

Define the rate A\ = cT_1/210g1/2(T V N), where ¢ > 0 is a constant. In all the theorems presented
here, we assume that & > 1/2 — 1/w in Assumption M3, which is part of the further assumptions listed

in Theorem [B] in the Appendix. See the Appendix for more details on the technical assumptions for this

paper.

Theorem 1. Let the assumptions in Section [31] and in Theorem [A hold. Then defining the Ly norm
lall1 = Zivzl |a;| for a vector a, the estimators & in (Z2) and B in (ZB) satisfy

18 — 8]y = Op(Ar N~V/2H1/20) = |3 — g,

Since w > 2 is assumed in M3, the above immediately implies ||3 — 8]|1, |6 — 8]l1 — 0 in probability. This

certainly makes sense as T' — oo. It also makes perfect sense as N — oo since we are accumulating more



information cross-sectionally for the finite-sized parameters § and 8 as N goes to infinity. We present the

asymptotic normality of B and & in the following two theorems.

Theorem 2. Let the assumptions in Section [31] and in Theorem [ hold. Moreover, define the predictive

dependence measures
PG (Brgr) = E(Brgr|Go) — E(Brgk|G-1),  Pflerqr) = Eler.qe|Ho) — EergrH_1),
where Gy and H; are defined in Section[d. Assume

P} (B, < Z Py( < 0.
>~ mo, s PGl oo 3 o, PGl < o

Then we have
TV (B - B) B N(0,Ik),

where X1 = M1 Y., E(B] e:€l, . Biyr)M7 , with M1 = (E(X| By)E(B{ X)) 'E(X{ By).

Theorem 3. Let the assumptions in Section [31 and in Theorem [A hold. Assume that the predictive
dependence measures P5(Bygx) and Pf(eqr) are as defined in Theorem [ with the same assumptions
applied. Then

725,128 - 8) B N(0, Insipi1)),

where Bo = Mo(S1 + Sz — S3 — ST)M3, and

Sl = Z E(MB?+T€,5+7—€$B$MT),

TEL

S: =Y [E(erely,) @ E(Biyy" BL,)"]
TEL

S3 =Y E(MB, €, (vec(Biye))"),
TEL

M2 - {(H20 - HIO)T(H20 - HIO)}il(H20 - HIO)Ta with

Hy=[Iy®E(By— B)vy{),....In®E((B,— B 'VY?p

Hy = ME((B; — B)Tmet), L E(By - B)"Wouy,), ...,
E(B: — B)"Woy,_), -, E(B: — B) Woumy,_,)l;

_ —1
where M = E(X; @ (B, — B)~) [E(XtTBt)E(BtTXt) E(XTB,).

These two theorems are the main ones we use, since they provide the tools for practical data analysis such
as hypothesis testing and confidence intervals construction. For calculating 31 and 35, we calculate all
expectations by replacing them with the corresponding sample means. For the infinite summations in 7
in S; to S3, we check if the matrix at a particular 7 has very small elements overall. If so, we discard the
whole matrix and all the matrices beyond this particular 7. In the real data analysis in Section [6 we find
that we always discard those with 7 > 5. See Section FLT] for further treatments regarding the estimation

of the matrices S; to Ss.

Theorem 4. (Oracle property for 3) Let the assumptions in Section [31] and in Theorem & hold. Then as



T, N — oo, with probability approaching 1,
sign(gH) = sign(éH), SHC =0,

where H = {€ : 0p # 0} and £ = 1,...,M(p + 1). Moreover, let the predictive dependence measures
P} (Bigr) and Pi(e; ) be as defined in Theorem [ with the same assumptions applied. Then

T2, (65 — 61) = N(0, 1)),
where 23 = M3(81 + SQ — S3 — Sg)Mg, G/Ild M3 = {(Hgo — Hlo)g(Hgo — Hlo)H}il(Hgo — Hlo)g

With Theorem [, we can carry out the selection of the importance of the specified spatial weight matrices
by the penalized estimator g, and the usual inferences on the non-zero elements in 8. The practical

performances of these estimators and the asymptotic normality results are presented in Section

4 Practical Implementation

4.1 Regularized estimation of ¥, and X3 in Theorem [3] and 4

In Theorem [ the definitions of S; to S3 involve some high dimensional matrices to be estimated. Since

S; to S; are in fact all N x N, in this paper we regularize S; and S; by banding them directly (see

Bickel and Levina (IZDDA) for more details). In simulations and real data analysis, we find that retaining
only two off-diagonals (two upper and two lower, while setting 0 in all other off-diagonals) when 7 = 0,
and retaining only one when |7| > 1 in the infinite summations in Sy, Sy and Ss achieves good results
when N is moderate to large. Again similar to the discussion after Theorem Bl when || > 5, we set the
matrices inside the summations in the definitions of S; to S to exactly zero. For Sy, there are two N x IV
matrices E(etetT+T) and E(Bt'y’yTB,a_T). We band them separately, again retaining only two off-diagonals
each when 7 = 0, and only one when |7| > 1. We make these suggestions because in both simulations and
real data analysis, using the 5-fold cross-validation procedure suggested in|ngkd_and_L_exin_a| dZDDé), these

are the banding numbers chosen for |7| < 5.

4.2 Choice of the number of time lags p, and

In our analysis, we assume that p in model (ZI)) is fixed. For practical data analysis, we choose p by

minimizing the following BIC criterion:

BIC(p) = log(N~Y||B"y - BTZV§ — B" X gvec(In)|?) + plo%Tlog(logT), (4.8)

This BIC criterion follows the one in [Wang et alJ (IZDQd), and proves to work well in practice. Note that in
the definition of B, there is a rate a which is unknown. However, because of the logarithmic operation in

the first term in BIC(p), the value of a does not change where the minimum of BIC(p) is achieved.

For the choice of vy, we use the BIC criterion above, but with ] replaced by 5, so that we are effectively

choosing p and ~p together.

10



4.3 Choice of v in B

We have set v = K 'l as fixed in the definition of B in Section In fact this can be estimated
to provide maximal correlation between B and the response variable y, through two-stage least squares.
Consider the model

Vi = a+ By + vy,

where a is an IV x 1 vector of unknown coefficients, and ~ is the K x 1 vector of coefficients we want to

estimate. To get 4, we can consider the problem
T
min » ||y, — o — Byl*,
oy

with solution
T

5= (> (B~ B)'(B. - B))

t=1 t

1 T _
(B: — B)" (v, — ¥)-

=1

Implementing this does not change our proofs, since it is easy to show that H'AYH1 = Op(1), which substitutes

||777|| , = lin all of our proofs. We have tried this in our simulations and real data analysis, and the practical

differences between using this and v = K ~'1x is negligible.

5 Simulation Experiments

5.1 Setting and results

To generate y, through model (1), we generate X; by using vec(X;) = 0.2 1x ® € + €X with K = 3,
where €; ~ N(0, Iy) is the innovation series for model ([2.]), with the €;’s being independent of each other.

The €X’s are independent of each other and of other variables, with €X ~ N(0,Xx), and

2Iny 051N 051y
x=| 05Iy 2Iny 05y
05Iy 05INn 21y

Since X; depends on €;, we set B; to be such that vec(B;) = 0.7¢X + €2, where the €P’s are drawn

independently from the same distribution as €%, and they are independent of all other variables.

We set M = 3 and p = 2 for the model. Each element of 3 and § is generated independently from the
uniform distribution U(0, 1). Elements in § are then randomly chosen to be 0 while maintaining p = 2.
To make sure the stationarity of {y,}, every element in 3 and 9§ is then divided by 1.1 times the absolute

sum of all elements in (3 and d respectively.

For the M = 3 specified spatial weight matrices, to facilitate stationarity of the model, we construct each
W, such that only the first three off-diagonals (upper and lower) have non-zero elements. This way, as N
increases, we can still control the eigenvalues of W, to be less than 1 in magnitude. In another setting,
we generate an orthogonal matrix V; and a diagonal matrix D; with all values in D; to be less than 1 in
magnitude, such that W, = ViDiViT. Ultimately, both settings achieves very similar results, and hence

we only show the results of the former setting.
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We repeat our simulations for 500 times, and report the averaged Li-error for B and & (i.e., respectively,
||,CA§ - BH1/3 = Zle |B; — Bi|/3 and Hg - 5||1/9) in Figure [l which illustrates the convergence of 3 and &
respectively as IN,T" or both gets larger.

Next we consider the asymptotic normality of B and 8. We choose Bl and 3\1,3 with (N, T) = (80,80) as
examples for illustration. For each simulation, we construct 31 and 3173, and standardize them according
to the asymptotic results in Theorem [2] and Theorem [3] respectively. Figure [2 shows histograms and
normal probability plots of the standardized estimators. They both show good fit for a standard normal
distribution. It means that the asymptotic variance formulae in Theorem 2 and [3] are reliable for inference,
and the way that we estimate any high dimensional covariance matrices mentioned in Section 1] helps in
achieving an accurate estimation of the covariance matrices for [A? and 8. We actually get very similar good
fits for the non-zero components of 5, showing the asymptotic normality in Theorem Ml is reliable as well.

The results are omitted here to save space.

On top of asymptotic normality, § also enjoys sign consistency as shown in Theorem [l We illustrate the
selection consistency of § in practice by calculating the specificity (i.e., proportion of correctly identified
zeros) and the sensitivity (i.e., proportion of correctly identified non-zeros) of 5. Table [ shows that at
various combinations of (N, T'), the sensitivity and specificity are all 100%, showing perfect identifications

of zeros and non-zeros. The table also shows the decreasing error for 8 and § as N or T increases.

T =40 T = 80 T = 120
IB—8l1  9.06(3.58) 6.26(1.04) 3.16(0.58)
N=60 [|6d—5|h 0.13(0.05)  0.05(0.04)  0.02(0.02)

5 Specificity ~ 100%(0)  100%(0)  100%(0)

& Sensitivity  100%(0) 100%(0) 100%(0)

N =40 N=280  N=120

IB=8li  7.60(0.89) 6.24(0.77) 3.51(0.65)

T =60 16 — &l 0.02(0.01)  0.01(0.00)  0.00(0.00)
& Specificity  100%(0) 100%(0) 100%(0)

& Sensitivity ~ 100%(0)  100%(0)  100%(0)

Table 1: Mean L; error for ﬂ and 8. Standard deviations are shown in | brackets. Sensitivity and specificity
of § are also shown for various combinations of T, N. The values of || ,8 B ||1 are multiplied by 10%.

5.2 Performance of BIC for choosing p

To examiner the performance of the BIC defined in ([£8]), we run our simulations 100 times for each
particular (N,T) combination using the same setting as before, except that each time p is randomly
generated from 1 to 7. With each simulation, we construct the positive selection rate (PSR) and the false
discovery rate (FDR), defined as

100 100
PSR — Z |5 N 507]|, FDR — Zj:l |5; n 58,j|

ZIOO 50,41
where sq ; represents the index set for all d;. that should be included in the model at the jth repetition.
Since we do not set d;- to be exactly 0 in this experiment, we have |sqg ;| = pM = 3p, where p is in fact
different for different j. The set s is the index set for all Z;\ifr estimated when p is estimated as p*. Clearly,

if p* < p, then [s} N so;| = |s}| and [s} N s§ ;| = 0, meaning we may not be having the whole true set
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50,; but we do not falsely “discover” something that is not in sp ;. On the other hand, if p* > p, then
|s7 N'so,5] = [s0,;] and [s} N s ;| > 0, meaning we have included all that are in sq ;, but we have falsely
“discovered” something outside of s ;. Hence in a sense, PSR measures an average number of times where
we do not underestimate p, while FDR measures an average number of times we overestimate p. Ideally,
we want PSR=100% while FDR = 0%. These two measures are also used in M&‘hﬁﬂ dZM) and
Chen and glhgd

12) in different contexts.

T =40 T =50 T =60

N =50 PSR 100.00% 100.00%  98.00%
FDR 2.00% 0.00% 0.00%

N =40 N =50 N =60

T =50 PSR 98.00% 100.00%  100.00%
FDR 0.00% 0.00% 2.00%

Table 2: Positive selection rate (PSR) and false discovery rate (FDR) for the choice of p using BIC defined

in ([@F)).

Table 2l shows the results. Our BIC definitely performs very well with PSR almost always equal 100% and
FDR 0% in various (N, T') combinations.

6 Analysis of Stock Return Data

Spatial lag model has been widely applied to economic or geographic data, yet financial data is rarely
analyzed using spatial econometrics tools. We illustrate the performance of our model using the daily
log-returns of some important stocks in the Euro Stoxx 50 and S&P 500 in 2015. Our aim is to analyze the
spatial interactions of these stocks and to see how different macroeconomic and financial indicators affect

the dynamics of the returns.

The table below shows all the stocks we use:

France Alstom, Total, BNP, Scociete,
Sanofi, Carrefour, LVMH, Vivendi
Germany Daimler, Allianz, Deutsche Bank
Ttaly ENEL, ENI, Intesa, Unicredit, Tele Italy
Spain Repsol, Banco, Telefonica

US GM, PG, Nextera, American Express,

Citi, Wells Frago, Amgen, Gilead,
Johnson, Costco, Home, Centurylink, Verizon
Energy Alstom, Total, ENEL, ENI, Repsol, PG, Nextera

Finance BNP, Scociete, Allianz, Deutsche Bank,
Intesa, Unicredit, Banco, American Express,
Citi, Wells Fargo
Pharmacy Sanofi, Amgen, Gilead, Johnson
Retails Carrefour, LVMH, Costco, Home
Telecom Vivendi, Tele Italy, Telefonica, Centurylink, Verizon
Auto Daimler, GM

Arnold et alJ (IZM) illustrates, with the help of a spatial lag model, that the stocks belonging to the same
country or the same industry are more related to each other, in the sense that spatial interactions of the log-
returns are stronger. They analyze the Euro Stoxx 50 stock returns using a combination of three adjacency
matrices as an estimator for the spatial weight matrix in their model. The first one being the weight of the

stocks in Euro Stoxx 50, and the second and third ones being the adjacency matrices corresponding to the
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same industry and to the same country, respectively. They found that all these matrices contribute to the
final spatial weight matrix in their model, and improves risk estimation in a portfolio allocation exercise.

However, no inferences on the estimated parameters are performed due to the lack of asymptotic results.

To fill in this gap and generalize on their model, we include four types of spatial weight matrix specifications
instead of only three matrices as in |Arnold et alJ 12!!15). The first type is on the physical distance d;;

between city 7 and j where the headquarters of the stocks’ associated companies are built. Three specified

spatial weight matrices with elements 1/d,;,1/ d?j and 1/ dfj are included for selection. The second to fourth

types coincide with the three adjacency matrices specified in |Amdd_e$_al.| (|2_Qlj) Namely, one contains
the weights of stocks in Euro Stoxx 50 or S&P 500, and the remaining two having (i, j)th element equal
to 1 if the corresponding stocks belong to the same industry or country respectively. This way, we have
M = 6 specified spatial weight matrices for selection in our model. We have done row standardization on

all of these six matrices.

As for the covariates X, we use the Fama-French three factors (excess return = market return - risk free
rate, SMB = Small (market capitalization) Minus Big, HML = High (book-to-market ratio) Minus Low),
national stock index (S&P 500, CAC40, DAX, IBEX or MIB) and the corresponding European or US
industry index for each stock. Hence K = 5, and we are treating these as exogenous covariates, so we set
B; = X, the same as the covariates. Minimizing the BIC defined in (L) results in p = 1.

1/d 1/d? 1/d3 Stock weight Country Industry
doi  -0.0052 0.0811 -0.3880 0 0.0001 0.3122
(0.0015)  (0.0036)  (0.0497) (—) (1079) (0.0346)
81 0 0 -0.0612 0 2.22 x 1075 0.0610
(—) (—) (0.0062) (—) (6.1 x 107%)  (0.0051)
Market excess return SMB HML National Index  Industry Index
B 1.516(0.616) —4.884(2.662)  1.869(0.841) 14.788(5.563) 19.746(10.274)

Table 3: The values of & and B, where p =1 and yr = 1.6438 are chosen by minimizing the BIC defined
in [£J). Estimated standard deviations are in brackets. All values associate with 3 are multiplied by 106.

Table Bl shows the values of . Clearly, stock weights in their respective market indices do not contribute to
the two spatial weight matrices Wy and W . However, the adjacency matrices for country and industry
do contribute to both of the spatial weight matrices. For physical distance, clearly, a traditional approach
where one chooses a distance 1/d, 1/d? or 1/d® for the spatial weight matrix would fail, since it is clear
that all three specified spatial weight matrices are significant and cannot be omitted for W. Only the
one for 1/d? is significant to W though. In the same table, we can see that all factors in X; are at least
marginally significant, with national and industry indices play a more important role practically than the

Fama-French three factors.

Figure [ shows the heat map of the spatial weight matrices Wy and W ;. It is clear that there are
some block patterns in these matrices, which mainly represent stocks in the same country or industry.
Meanwhile, they are related strongly with each other in general if they are all from Europe or US, with
France and Italy showing strong connections. It is interesting to note that the ninth stock Daimler, and
the twentieth stock GM, are related to each other (two bright yellow dots on both W and W), although
they belong to Germany and US auto-industry respectively. Since Daimler owns part of GM by spin-offs,

the relation itself is not surprising. However, it means that our method of taking linear combination of
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different specified spatial weight matrices can indeed reflect a general pattern of spatial interactions. In

W, we can also find some blocks for stocks in Germany and Spain.
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7 Appendix

7.1 Technical assumptions

We present and explain the more technical assumptions of the paper in this section. Most of these assump-

tions are extended from |L_a.m_a.nd_ngng (|2_Q15|)

R1. The column vectors vec(W(,) in Vg are linearly independent to each other, such that there exists a

constant u > 0 with 032,(V) > u > 0 uniformly as N — oo, where o;(A) is the ith largest singular
value of a matrix A. Moreover, maxi<i<as ||[Woill1 < ¢ < 1 uniformly as N — oo for some constant

c> 0.
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R2.

R3.

RA4.

R5.

R6.

R7.

Write €; = X1/2€f, where X, is the covariance matrix for €;. Then the elements in X, are all less
2

max

than o uniformly as N — oo. Same for the variance of the elements in B;. We also assume
22| < S. < oo uniformly as N — oo, with {ef jh1<j<n being a martingale difference with
respect to the filtration generated by o (€} 1, ..., €; ;). The tail condition P(|Z| > v) < Dy exp(—D2v?)

is also satisfied by € ;.

All singular values of E(X] B;) are uniformly larger than Nu for some constant u > 0, while the
maximum singular value is also of order N. Individual entries in the matrix E(mtbf) are uniformly

bounded away from infinity.

For the same constant a, we have for each N

N

T
max E g by ;x;_
1<i<N 4 H ( i®iq5)
=1 q>0

J

N
max Z HIE(Z bt,imtT_q,j)H < CpN®
i=1

) ;
’max 1<j<N max
q>0

where Cy, > 0 is a constant and by ;, «; ; are the column vectors for the ith row of B; and jth row
of X, respectively. At the same time, assume also that E(X; ® Byy) has all singular values of order
Nita,

Assume 0 < b < 1. For fixed = 1,..., K, the eigenvalues of N~bvar(B; ) and var(er) are uniformly
bounded away from 0 and infinity, and respectively dominates the singular values of the sum of
N~cov(Byirk, Bi ) over 7 # 0 and the sum of E(etetTJrT) over T # 0. Also, for each i =1,..., N,

we assume that

Z(n (N*bcov(BtJrr,k,Bt,k)) < 00, Zo’i (E(€t€t+r)) < 0o,

-
Define A\p = cT*I/Qlogl/2 (T' vV N) for some constant ¢ > 0. The tuning parameter v is such that
yr = CAr for some constant C' > 0.

In all the assumptions above, we assume that as N,T — oo, A\rN1=% = o(1), N“”‘b_l/“’log*l(T \Y
N) =o(1), log(T V N)N*/*=b = o(1) and N*~% = o(T \r).

Assumption R1 essentially requires that each specification W, is different from one another to a certain

extent. This is intuitive, since if W; and W, are too similar to each other, the coefficients 6;; and dj;

are not well defined, and this will have anegative impact on the performance of our estimators.

The assumptions on 3. in R2 is mainly for the convenience of proofs, while the martingale difference

assumption for €; is a relaxation to independence.

Assumptions R3 and R4 are closely related. They paint a picture of how the exogenous variables in By

are correlated with X;_,. Assumption R3 essentially says that the covariance between a variable in By

and one in X, is finite uniformly as N — oo. Then for k = 1,..., K, considering the kth diagonal entry
of E(XtTBt) is Z;VZI E(Xy,jx By i) with each E(X, i By i) being finite, it is indeed reasonable to assume
that each diagonal entry in the matrix is of order N. This assumption is needed for the estimator 3 = 3(9)
to be well-defined.
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Assumption R4 essentially describes how each row of variables in B; are correlated with different rows of
variables in X ;. With this, we can actually derive easily that |E(X; ® Byvy)||1 has order at most N1T¢.

Hence the assumption of having all the singular values of E(X; ® By7y) of order N1 is reasonable.

Assumption R5 assumes a rate for the singular values of var(By i) essentially, which is important in certain
asymptotic normality results. The rate N°, possibly differing from N¢, is reasonable as well since the way
that B; and X, are correlated do not directly indicate how the variables in B; itself are correlated, unless
of course when B; = X; where X itself is exogenous, in which case a = b. The variance-covariance matrix
being dominating the lag 7 auto-covariances is for the ease of presentation of rates of convergence in the

asymptotic normality results in this paper.

7.2 Proof of theorems

The followings are Lemma 1 and 2 of [Lam and San;J 2!!15) respectively.
xr

Lemma 1. For a zero mean time series process x; = f(F) with dependence measure 6y 4, defined in

Section [3, assume @fma < Cm™® as in Assumption MS. Then there exists constants Cy, Cy and Cs

independent of v, T and the index j such that

T ClTw(l/Q—&) 3 5
P(|1/Tziﬂt,j| >v) < W +Cs eXP(*CSTﬂU )
t=1

where & = a A (1/2 — 1/w), and B = (3 + 2aw)/(1 + w).

Furthermore, assume another zero mean time series process z: (can be the same process x:) with both

G < Cm~%, as in Assumption M3. Then provided max; ||xij||2w, max; ||zill2w < co < 00

xr
m,2w’ m,2w — =

where ¢ is o constant, the above Nagaev-type inequality holds for the product process {xijzy — E(x¢j2u)}.

Lemma 2. For any N x N matrizc H = (hy,...,hn)T and any N x K matriz M, define

I ®hy
V=
Ig®hy

Then we have
HM = (Iy ®VecT(M))VH.

We first present an Theorem Bl which states that a set M is such that P(M) — 1 as T, N — o0, and

our estimators enjoy nice properties on M. This theorem is in fact exactly the same as Theorem S.1 of

|Lam.an.d.Smma| (|2Q]_ﬂ).
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Denote By ;; and X, ;; the (4,7) entry of B, and X, respectively, and define M = ﬂzzlAi, where

1<z k<N 1<4I<K —

T
A = { max [T [BrijXiw — B(Brij X )| < )\T} ;

T
Ay = max max [T~ ZBt,ijGt,k| < )\T},

1<i, k<N 1<j<K —

T N
Az =< max [T~ 1ZZBt5keté|<)\TN1/2+1/2“’},

t=1 s=1

<N 1<j<K

As

max |€ ;| < )\T}
1<j<N

max max |X ;| < A
1<i<N 1<j<K

Ag =

Ay = { max | max |B_ij — E(Byi;)| < AT}?
{
{

.A7 = {1235{1( | Zl B~,ské.,s| < 21/2)\TN1/210g1/2(T V N)Se(lrlléli].X |E(Bt,”)| + )\T)} .
Theorem 5. Let Assumptions M1-Mj in Section [31] and RI1-R7 in Section [71] hold. Suppose o >
1/2 — 1/w in Assumption M3, and for the application of the Nagaev-type inequality in Lemma [ for the
processes defined in Ay to Az, suppose the constants Cy, Cy and Cs are the same. Then with ¢ > /3/Cj
where ¢ is the constant defined in Ay = ¢T~1/2log"*(T V N), we have

N? 8C,K2N? 2K
Tw/2-1og"/>(Tv N) T3VN3 TVN’

P(M)>1—8C,K?(Cs/3)"/?

It approaches 1 if we assume further that N = o(T®/4=1/210g™/4(T)).

Proof of Theorem [1]

From (Z4) and that

M p M
=1 =1 =1
M ’ M
:(ITN_Z(SOiWOz) (Z(ZdﬂWQZ)yJ‘i‘X’@—i—e +1T®N),
i=1 j=1 =1

it is easy to get, since B"Y (17 ® ) = 0, that

,@(6) _ ,@ _ (XTB’UBWTX)leTBﬂB’UTE’U.
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Moreover,

Za _ ﬂ(g) _ (XTB’UBUTX)_IXTBUB'UT [(ITN — EM:SMW?)%))/ zp: (Z@zW?ﬁ)yj}

i=1 J=1 i=1

— (XTB'B'"X)"'X"B"B"T [(ITN - i%iwm) Zp: (Z 5JZWOZ)yJ

i=1 J=1
+ f:((sm —30) )W oye + Z (Z gi ”)Wg%)y]}
i=1 j=1 =1

_ ﬁ(&) + (XTBUB’UTX)fleBUBUT

[i(amamw yO+Z(Z i 0 W)y

1=1 1=
Using the above, we can decompose
[3—,32104-]1 + Is + I3 + Iy + I5, where

Io = (B(X{ B)E(B{ X)) (E(X{ B)E(B{ X;) - T°X"B"B""X)(B - 8),
L = (EXIB)EBIX,) 'T>X"B"B""¢"

I = (B(XTB)EBT X)) 'T2X"B"B*T(S " (60; — 00:) WE)IT® X 3,

©-

<,
Il
_

(00; — EOi)W?;)HQ@Ev’

WE

I = (E(XIB)EBI'X,) 'T2Xx"B"B""(

.
Il
-

I, = (E(X]B)E(B! X)) 'T2X"B"B""(

=p

s
Il
—

(60i — 501 oI ( Z Z5ng01 ¥i);

j=11

M=
=

I
—

I; = (E(X{ B)E(B{ X,))'T X "B"B"" (3 (3 (6; — 60 W),

<.
Il
—

3

with II® = Iy — Zi\il 501-Wg%)*1. We need to find the rate of convergence of Iy I, Is, I3, I and I5.
To this end, using Assumption R3 in Section [Z.T]

K1/2 K1/2
< )
Amin(B(X] BO)E(BY X)) ~— N?u?

IE(XY BOE(B, Xo) ™' <

DefineU = IN®T ! Zthl vec(B;—B)vecT (X ;) and Uy = I yQE(bxz]), then we can write T"' X7 BY =
Vi UV, and E(X{By) =V} U¢Vr,. Also, denote W¢,B, ; and X ; the jth column of W, B, and
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X respectively, and let 7TJT be the jth row of II. Then on M,
1ol < [[(BE(X{ BoE(BY X+)) " 1| (B(X{ B)E(B{ X)) —T*X"B"B"" X)(8 - 8)|x

K1/2 N
< 55 [V W0 = O VL VE Ul + [VE UV VE U0 = Ui | [V, (B=B)ll
K1/2
NE

+(EKIIVI, (U = U0)" Viyllmax + K[VI,Ug Vi lmax) - K|U0—U|max] -N|IB - Bl

< |:K||U0_UHmax'N'K'UO'maX

§ K1/2(2>\T0bx(1 + Hb,max + )\T) + )\%(1 + b, max + >\T)2)||B - /g”l
= OB - Blh).

At the same time, on M,

where Hb,max = ||E(bt)

max’

K1/2 T .
[l < WIIT”X BY|1[|T~"'B"" €|y
K1/2 .
< N7 2||‘/ (U Uo)V1N+V U, VINHl
(KApNY2HY20 L KA NY2og(T V N)S 1ty maz + A1)
K1/2
< NTUQN(AT(]- + Hb,max + )\T) + Ub:n)

C(BAp N0 4 BR AR NY2log(T V N)Se (b max + Ar))
_ O()\TN_I/2+1/2w).

Recall that W; = Zf‘il 0,; Wi, and denoting ﬁ\/j = sz\i1 gjiWOi for j=0,1,...,p, then on M,

KY2 - T - .
12l < S5 11T 'XTB 1|77 (B — B)T(Wo — Wo)TIX, |1 8]1

t=1

IN

K2 > g S \Tp—1 d I T
2o (K max | S (W, — W, ,) T Z(Bty,ﬂqu,ﬂ)Xtﬁrij
J=1

N2y?2 1<r<K —

1)

N
Z )\T ]-+,Ufb max+)\T)+O—bz)||Wc
j=1

< O(NTY (N80 — doll1) = O(||d0 — do]l1)-

Similarly, on M,

K1/2 T _ _
[FEYRS W|\T_1XTB”||1HT_1 > (Bi— B)" (W, — W)e|;
t=1
K1/2 N . T
= NQUQO( (K1r<11732xK 21 WOJ (T ; (Bir = )7‘-] )
= —

<ON=)- O mis [, mas, (W5, —~ Wi ],) = 00 0 — 8ol
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For bounding ||I4||1 and ||I5||17 recall that from Section Bl we can express y, as

=@ (DI(n+XiB+e)=> W+ X, B+ e y), (7.9)
q>0

where ¥, is N x N such that Zq>0 H\Iquoo < o0 because of stationarity. Then we can decompose

K/ o )
Il < S X B 12 Be= B)T(Wo = Woll ) W8 (DX + )|
=
=O(N™ (HI41||1+ [[L42[]1)), where
P
|l = |7 12 (Bi—B)"(Wo— Wl ). W&~ (LILX ;6 .
j=1
p
| Laz), = HT 12 (B.— B)" (W~ Wo)IIY W& (L)Het,jul.
j=1
On M, we have
ol < mae #1181 | 3 {7 1ZBw T(Wo— WoTIW, %, I1X )
q=
= O(Now [Wo = Wol || T2, Y [1].)

q=0

= O(N|86 = do,)

where the second line is by Assumption R4. At the same time on M,

T

[ill, < max max pk ;{T ;(Bt,« ~ B (Wo— WolIW, W, 10e, .}
q_ =
- 2
= O(NAr [Wo = Wl W5 ITEZ D (%l

q>0

= O(Nr||do — ;)
where the second line follows from the rate on As. These imply that on M,

HI4H1 = O(||50 - SO||1)
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To bound ||I5 we can decompose

Iy

KV o B I —
15l < S5 I~ X B || (BB (W - W) (DX B+ ey)|

j=1

= O(N""(|lIs1]|1 + [ Z52]l1)), where

T P
Il = |77 (B~ B Y (W, - W)@~ (L)TIX, ;8
t=1 j=1

)
1

T p
sl = [ 3B = BYT 3w, = W)@~ (D |
= =

,» similar to the treatment on HI41 ||1, on M,

il < | o, K
1<r,k<K

T P
Z BtT* TZ Wjiﬁ\/j)z‘]:lqnxtquj,k‘
t=1 j=1

q=0

P
OWaw Y [[W; =W || D (1%l
j=1

q>0

O(Nl|s —4]],).

Finally, on M,

T 1<r<K

T P
T Z(Bt,r - B~,T)T Z(W] - ‘//‘71) Z v Il g j
t=1 j=1

q=0

NATZHW =Wl S ]l

q>0
N)‘THJ - 6”1
Hence on M, we have
||I5||1 - O(H5 - 5“1)
Combining the rates for ||IO||1 to ||I5||17 we can conclude that on M,
HB—ﬁHl = O(ApN~1/2+1/2w 4 H(S—SHI). (7.10)

We need to find the order of ||§ — &||;. From (Z3) and ), it is easy to show that

Ky, —B'y =Ky — (B'e+ B"ZV§ + B X gvec(Iy)),
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where
Kyt=Hé+ KX3+ Ke*

T
=Hs+T'?N"*?> X, ® (B, — B)y8+ K¢

t=1

= Hé + B" Xgvec(Iy) + Ke'.
Hence,
Ky;—~B'y=-B"e+ (H-B"ZV)5 + Ke".
Substituting the above back to ([2h]), we can decompose

~ —1
6-0= [(H ~BTZV)"(H - BTZV)} (H - BT zV)" [Ke” - BTG} =Dy + Dy, where
-1
Dy = [(H ~B"ZV)"(H - BTZV)} (H - B"zV)TKe",

Dy = — {(H - BT"zZv)T(H - BTZV)} B (H-B"zv)'B"e.

To bound HD1H1 and HDng, we introduce some notations and find their L; norm bounds first. For
i=1,..., M, define

T
Uy=InoT! Zvec(Bt — B)vec! (X)), Ugp=In® E(bta:tqu).
t=1

Also, define fori=1,...,M and j =1,...,p,

T
A =T""'> X,®(B; - B), A} =E(X,; ® Byy),

t=1

Ay = (V?NUTVINV?NUVIN)ila Ag = (V?NU(Z;VINV?NUOVIN)ilv

A3 =V U"Vp,, A3 =V UiV, (7.11)
Ay =Y VigrUs; Vg B, Al =Y VirUoeiViy B,
q=0 q=0

o0 T
_ T
Asij = Z Va,OTi (IN @T ! Zvec(Bt - B)etqufj)vec(Hq ).

q=0 t=1

where ﬁq = W II. It is straightforward to see that, on M,

141 = A|ax = O(Ar) (7.12)

Meanwhile, by Assumptions R4 and R7, on M,

[Aills < [|ADJl + [ A — AYJls = O(N'T* + A\pN?) = O(N'9). (7.13)
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Similarly, on M,
IA3[ < K|IVT, UG Vigllmax = O(N), || A3 — Aglli = OOArN), [ As]i = O(IV). (7.14)
As A = (A3A57)71,

K1/2 K1/2
0 —2
1Azl < — (ATAT) < ez = OWNTY). (7.15)

Moreover, we know that Ay — AJ = (As — AY)((A) ™' — A1) AJ + AS((A9) ! — A1) A, and on M,
I(A9) ™ — A3 [l = [|ASAZ" — A3 AT < || A3 — As[l1| AST || + | As[l1] AST — AF L = OO N?).

Therefore, on M,

(A" — A7 [l A30F 0( ArN2N—*

0
A, — A < TV oN2ZN-2
| A2 2l < 1— O\ N2N-2) 1—ApN2N—2

) = O(\rN72). (7.16)

As for || A4ijll1, by Assumptions M1 and R4, defining 7 7T . to be the rth row of IL,, we have on M,

(o)
I 4Z]H1<ZKH§H Vs Uogri Vi, lmax = Y KlIBIh | _max ’ZW&TTE(Xt 4=3 kB )T

1<km
q=0 q=0

= O([Woill1 Y 1Tyl - N) < O([Woill Y (Tl [[¥4]|o0) - N) = O(N). (7.17)

q>0 q>0

Similarly, we can easily show on M that
| Asij — AQyjlli = OO N).

Hence we have
[ Asijlli = O(N). (7.18)

To bound || As;j]/1, an element in As;; is bounded on M by

= O()\T]V)7 SO HA5ij||1 = O()\TN) (719)

N oo T
S WL TS (Buk - Buel T

r=1qg=0 t=1

We now decompose D = I + F5 + F3, where

1
Fy = [(Hao — Hio)" (Hz0 — Hyp)]

[ (Hazo — H10)T (Hoo — Hyo) — T-'N(H — BTZV)T(H — BTZV)} D,
-1
Fy = [(Hzo — Hyo)"(Hy — H1oﬂ
. (T71/2Na/2H _ H20 _ T71/2Na/2BTZV + HIO)T . T71/2Na/2K€7j7
(

-1 -~
Fy = [(Ha0 — H10)" (Ho — Hio)]  (Hoo— Hio)" - T VIN2K e,

Both Hyg and Hyg are N? x M(p + 1) matrices defined in Theorem Bl By Assumptions R3 and R4, it is
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easy to show that

M(HQO) Z UK(A(I))UK (A(Q))UK (Ag)amiﬂ(A2107 MR A2M07 ) Aglpa i A4Mp)
1+a
. C’NT N- NT > ONMe.
)\max(E(X Bt (B Xt))

o3 (Hy) > o (VQ)O‘N< (In ®@~p ZE vec(BT vee(X )T (In ﬂ)ﬁq) > CN'te,
q=0

Hence the smallest singular value of Hoy dominates that of H 1y, and so for some constant u > 0,

Ohprn) (Ha2o — Hig) > uN'te. (7.20)
With this, we have
Ml/Q(er 1)1/2 M1/2(p+ 1)1/2
Hoo — Hi) T (Hon — Hoio) =1 < 7.21
[[(Hz20 — Hio)" (Hao — Huo)] " [l1 < N [(Hoo — Hyo) T (Hao — Hg)] = uNita (7.21)

To bound || D1]|1, using (CZI]), we have

M32(p +1)1/2
N1ltay,
+ |T7YV2NY?(H — BT ZV)||max

IFilh < (120 — Holly (172N H — Haollax + | T"/*N*2B" ZV ~ Hio|lmax

: (||T‘1/2Na/2H — Hoglly + |T~V2N2BT ZV — H10||1)} D11, (7.22)
M32(p+ )42, _
IFalh < SR (72N H = Bl + [N B 2V = Hl)
| TY2NY 2K, (7.23)
M /2 1 1/2
| F5]l1 < %HH% — Hyollmax - || T~ 1/2]\fa/21{e”||1 (7.24)

Now, to bound || F} |1, ||F2||1 and ||F5]|1, we consider

1/2 Ara/2 0 40 A0 A0
17 /2N2H — H o |lmax = 12%’& lrgax A1 A2A3(Adgij + Asij) — A1A2A3A4ij||max

< max  max [[A;|lmax|| Az[l1[[As[[1] Al +
1<i<M 1<j<p

max max ||| A |maxA2A3A4; — ASAJ A

1<i<M 1<j<p 4ij

| Az Az Ayij — AOAOAZW

1+ 1141 — ADllmax | A3AAG, 1], with  (7.25)
I < max {1 4ol 45 — A1 As 1+

14211 [| A3l | Aaij — AL 111+ | Az — ASJ[| A5 ][l A% ] }

41]
Therefore, base on the rates found in ([(I2) to (CI9), and (C25]), we have on M that
|T~Y2N2H — Hag|lmax = O(\r), and |TY2N2H — Hagll; = O(ArN?). (7.26)

Define LY = T~1 Zthl vec((By—B)T)vecT (X,;_,) and L = E(vec(B] )vec” (Xtqu). Then, by Assumption
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R4 and on M, we have

T
1/2 nra/2 pT _ 1 1 T
| T~ “N*“B" Z|; = Jnax 17~ ; B)yy, 4l = IT~ ; B, — B)vyi |
T oo
< ZZ (B — B)y(¥,II(X; (B+e€-4) |1
< OOrN + N + ArN) = O(N®), and (7.27)

T
|7 Y2N2BT ZV — H1o||max = max max (T IZ (B; — B)vyl , —E((B; — B)yyL)) )WSH|
t=1

0<I<p 1<i<M,1<j<N

= omax (T S (B - Byt BB, B)yy!)) Wi llma

1<isSM1<j<N

~T ¢
< | thax [”IN@'YT”OOZHLQ_LgHmaXHHq Il Tx @ Bl W5 511

1<i<M1<j<N
q=0

T
— = ~T c
TN @Y oo D ITY vee((Br — B) el maxITT, ||1||W0i,j||1}
q>0 t=1
= O(A\p). (7.28)
Hence on M,

|T~Y2N2BTZV — H 4|1 = O(ArN?). (7.29)

Using the rates found in (ZI2) to (ZI9), on M (in particular using the rate on As),

[T 2N Ky = | Ay As g (1 Teo)| —ONIBY. (130)

HMH

Therefore, using results from (C2I)) to (C30), we know that

3/2
1D, (o(ArN2) + o(1)o(Ar N? + Az N?) ) [ D1 s
M3/2

Nltay

M
I < Sy,
M3/2
+ Nltay
_ O(ATN71/2+1/2'M)).

(O()\T)O()\TNI/2+1/2w+“)) + O(ATN1/2+1/2w+a)

For the rate of HDng, we refer to the proof of asymptotic normality of 8 — & in Theorem [ for the proof
of the asymptotic normality of Dy (along the exact same lines of proofs as in Theorem Bl). Therefore, we
state here the result that

TV2(M,S,M%)~/2D, B N(0,1,,),

where SQ is defined in Theorem I:ﬂ and M2 = [(HQO — Hlo)T(Hgo — Hlo)]_l (H20 — Hlo)T. By As-
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sumption R5, we conclude that all the eigenvalues of Sy are of order N°. Hence by (Z.20),

Amax(M2S2M2T) < )\max(SQ))\max([(HQO — Hyo)" (Ha — Hlo)} _1)

)\max(SQ)

-0 N—l—a+b ,
(Hzo — Hp) ( )

— 2
TM(p+1)

which can also be derived as the order for the lower bound of )\min(MQSQMQT). Hence we have || Dsl|; =
Op(T_l/QN_(1+a_b)/2).

Finally, by Assumption R7 and the result of Theorem [

Hgf 6”1 _ 0P(||D1||1 + HD2H1) _ OP(>\T . N1/2+a+1/2w) + OP(T—1/2N—(1+a—b)/2)
= Op()\T . N71/2+1/2w).

At the same time, using the result above,

1B = Bll1 = Op(Ar N~V2H/20 1|15 — §]|1) = O,(ApN~—H/21/2w) - [

Proof of Theorem

It has been shown that 8 — 8 = Z?:o I; in the proof of Theorem [II From the rate of HS — 6|1 and
Assumption R7, it is clear that

”37 5||1 _ OP(ATN71/2+1/2w) _ OP(T71/2N7(17b)/2).

Therefore, if we can prove that I; is 7'/2N1=)/2_convergent, then I; dominates I5 to I5, while ||Iy

Op(r |8 = B],) = or (|8 - Bll,)-

We now prove that for a € R¥ such that HaH =1, a’I; is TY2NU1=Y/2_convergent by proving its

Iy

asymptotic normality. Recall that

I = (B(X!IB,)EB!X,) 'T2X"B"B"" ¢
= (KX B)EBI'X,) (17 'X"B" - E(X!'B,))T"'B""¢"
+ (E(X{ B,)E(BI X)) 'E(X{ B,)T'B""¢".

It is easy to show that the second term above dominates the first. Therefore, if we can prove that

> IPo(@" M 1B &) < o, (7.31)
t>0

where M| = (E(X] B;)E(B! X;))"'E(X} B;), by Theorem 3(ii) of Wil (M), we then have
TV%(a"S10) 20”1, B N(0,1),

where 3y = M1 )", _, E(B; €€, Biir) M .

TEZ
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To determine the rate of the eigenvalues in X1, consider the (k, k) element of 3" E(B; €€/, Biir),

Y E(B{jei€ly Biyrk) = > tr(E(Biyr i By )E(eri-€]))

— Z tr(cov(Bisr Bt k)cov(errr€)) + Z tr(ub’kubT,kcov(eHTet)).

T T

By Assumptions R5, the first term is N'T°-convergent exactly and the second term’s rate is

Dty pcov(eriremy i < Amax(Y_ covieriren)|l i l* = Ol ilI*) = O(N).

T T

Since K is finite, the order of the eigenvalues of " _ E(BtTetetT+TBt+T) is exactly N'*b. Also, for i =
1,...,K,

)\min (MIM{))\min(Z E(Bzetez+TBt+T))

T

S )\1(21) S )\max(MlM{))\max(Z E(B?€t€?+TBt+T))-

T

Since the order of the eigenvalues of M M7 is N2, the order of all the eigenvalues of X; is exactly
N0 Tt means also that X' I; is indeed T1/2N(1_b)/2—convergent, and so Iy is T1/2N(1_b)/2—convergent
in particular since K is finite. With the asymptotic normality for o’ I;, we can then use the multivariate

version of Theorem 3(ii) of Iﬂ ) to conclude that
725 2L 2 N(0,Ik),

where we replaced a by Ik

It remains to prove (Z31]). We decompose
Py(a” M, B €;) = a” M1 Py(B])Eo(e;) + o ME_1 (B} )Py(ey),
so that we have ||Po(a” M B} €)|| < Cy; + Ca.t, where

C}, =E(a" M, Py(B{ )Eo(e;)Eo (€] ) Po(B) M| )
< o M\E(Py(BT)Po(B;))M 1 (Amax (Eo(€:)Eo (e7)))
< o M1 ||* Ao (E(Po (B ) Py (By)) JE(Eo (€] )Eo (€;))

=O(N"! |ax E(Po(Bj ) Po(Bt.r))E(N'Eo(€/ )Eo(er)))

= Po(Byo)|? E(E3 (er,;
O( max - max |[Po(Bt)” max E(E(er;)))

= O( max max ||P0(Bmk)||202 ), (7.32)

1<k<K 1<s<N max

so that tho (1 < oo by our assumption tho maxi<j< i MaXij<s<N |\P8(Bt75k)|\ < 0.
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Similarly, we have

O3, =E(a" M E_ (B} )Po(e&)Po(ef JE_1(B)M] a)
<o M\E(E_1(BNE_1(B)))MT aE(Amax (Pole;) Po(el)))
< [ M|[|* Anax (B(E_1 (BT JE_1(B1))E(Po (€] ) Po(er))

_ |2
= O( max  max E(E%,(Bys)) max [|Po(e)l*)

_O(( max+maxub sk) H;aX HPO(Et,] H )

= O( max_||P(er;)|), (7.33)
<j<

so that ), C2,; < 0o by our assumption of ), maxi<;<n || Pg(es,;)|| < co. Hence (Z3)) is established,
and the proof of the theorem is completed. [J

Proof of Theorem

To prove the asymptotic normality of 3, we need to apply the same method we used for the proof of
Theorem 2l Recall that from the proof of Theorem [

[(H ~BTZV)'(H - BTZV)} " (H-BTzZV)" [Ke” - BTe} ,

Qv Qv)

6=
— 0 =D+ Dy, where
—1
Dy = [(H ~BTZV)'(H - BTZV)} (H - B"ZV)TKe",

Dy = — [(H ~BTZV)"(H - BTZV)} " (H-B"ZV)B"e.

Moreover, we further decompose D1 as in the proof of Theorem [l such that Dy = Fy + F5 + F3, where

[(Ha0 — H1o)" (H20 — H1o)] o {(H20 —Hy0)'(Hy — Hyg) - T 'N*(H - B"zV)'(H - B"ZV)|D,,

[(H20 o HlO)T(H2O o H10)} -1 (Tfl/QNa/QH - H20 . T71/2Na/2BTZV + HIO)T . T71/2Na/2K6v,

-1
F [(Hgo — HlO)T(HQO - HIO)} (HQQ - Hlo)T . T_1/2Na/2K€’U. (734)

From the proof of Theorem[] it is clear that F3 dominates all other terms in the decomposition of D;. As

for Do, we can apply similar decomposition, and the term
Fy= — [(Hao — Hyo)"(Hao — Hro)| ™ (Hao — H1o)"T /> N*/2BTe (7.35)
dominates in the decomposition of Ds. Hence to show the asymptotic normality of 5—6 , we only consider
Fs+ Fy =T Y2NY2M,(Ke' — B€)

TS Mu(MBY e, — vec Bivel (1 + op(1),

t=1

where My = [(Hgo — Hyo) T (Hy — Hlo)} -t (Hy — Hyp)T. In view of the above and Theorem 3(ii) of
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Iﬂ M), to prove the asymptotic normality of aT(g — 8) where a € RM (»+1) if we can show that

Z HPO(aTMQ(MBtTet - vec(Bt’yetT)))H < o0, (7.36)
>0

then we can conclude by Theorem 3(ii) oflﬂ (IE) that
TV2(aTSh0)2aT (6 — 6) 2 N(0,1), (7.37)
where

3, = Z M ycov(M BT €, — vec(Byyel), MBtTJrTeHT — vec(BtJrT'yetTJrT))MQT
TEZL

= My(S1 + Sy — S3 — STYM?T,

with Si, So and S3 as defined in the statement of the theorem. A generalization to Theorem 3(ii) of Iﬂ

) then gives us the asymptotic normality result after replacing a by Ipz(p41)-

It remains to show (Z36]). Consider

[@” MoM||” < Amax (M2 M2 ) Ao (MMT) = O(N7179) - O(N2) - Ao (E(X; @ Biy)E(XT ©~7 BY))
=O(N~*)-|[E(X; ® Bm)|, |[E(X] @+"B)|,
=O(N ") -O(N'"")-0(1) = O(N?),

where the last line follows from Assumption R4. Then similar to showing (Z32)), by the above, we have

HPO(aTMgMBtTet)H = O(lrgr}%XK 1r§r;anN ||PO(B,5,S;§)

), (7.38)

so that Y, HPO(aTMQMBtTet)H < 00 by the assumptions of the theorem. At the same time,

Po(a” Myvec(Biyel)) = Po(a” My(e; @ Bi))
— a™M, (Eo(et) ® Eo(Byy) —E_1(&) ® E,l(Bm)

= a"M,Py(€e;) @ Eo(Byy) + a"MyE_ (&) @ Po(By7).
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Hence denote by sz the jth row of By,

|[Po(a™ Mse, @ By

1/2
< {QaTMgE(PO(et)PO(et)T) ® E(EO(Bw)IEO('yTBtT))M;fa}
1/2
+ {QaTMgE(E_l(et)E_l(et)T) ® E(PO(BW)PO('YTBE))M;fa}
< 21/2HaH1||M2||OO 1%8%}(]\1 ||P0(etj)H . 1§m%XN var1/2(sz'y)

422 o V2] omas - . [ Po6E )|

<21l i, WPo(e] - el

+22a|, [Mz] . - omax - max [ Po(Bee)|[[7],

1<7<N
1<E<K
= O( max_||Po(ey)|| + max |[Po(Bi)),
- 12K

where the second inequality used the decomposition
var(-) = var(E;(+)) + E(var;(+)) > var(E;(-)),

and the third inequality used Assumption R2, while the last equality used ||’7||1 =1 and ||M 2||oo =0(1).
Hence Y, || Po(a” Mayvec(Byvel)|| < oo, and together with (Z38), (Z30) is established. This completes
the proof of the theorem. [

Proof of Theorem [l

By the KKT condition, there exists a solution & to @70 if and only if there exists a subgradient

=03 = {n e w10, { bt hF

[hi| < g, otherwise.
such that differentiating the expression on the right hand side of ([Z7) with respect to 8, we get
T (H-B"zv)"(H-BTzv)6 —-T-Y(B"zV - H)"'(BTy — g) = —vrh.

We use a single index i = 1,..., M(p+ 1) to denote an element of § for easier notation in this proof. Since
we have BTy =BTzZvé + BTngec(IN) + BTe, the above equation can be rewritten as

T-YH -BTzV)T(H-BTzZV)(6 - 6)+ T '(H - B"ZV)" (B Xgvec(Iy) + Hb — g)
+TYH -B"ZV)"BTe = —rh.

We can show easily that *BTXB((;)VGC(IN) = HJ — g, and hence there exists a sign consistent solution
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§ if and only if

T-YHy-B"Zvy)"(Hy —B"ZV )6y — 6y) + T (Hy — B"ZV )T (B" X g_pg(s)vec(In))
+T Y Hy - B'ZVy)"BYe = —yphy,
|T"Y(Hpye — B"ZV i)' B" X g_g(syvec(In) + T~ (Hpye — B"ZV i)' BT €| < —yrhpge,
(7.39)
where H = {j : §; # 0}.

From the first equation in (Z39), we decompose S —0pg=1Io+ 1, + 1+ I3, where

Io=—(N"%(Hy — Hig)5(Ho — Hio)y) (T Y Hy —B"ZVy)T(Hy — B'ZVy)
— N~%(Hao — H10)5(Hao — H10) )8 — 811,

I = (N"%(Hgy— H0)5(Ho — Hig)y) ‘T Y (Hy — B"ZV)TKe",

Iy = —(N""(Hso — H10)};(H2o — H10)u) *vrh,

Iy = —(N"“(Ha — Hyo)j(Hzo — Hyo)) "7~ (Hy — B"ZVy)"Be.

The term I; has its form because of the identity BTXg((;)_gvec(IN) = Ke¢€”. Similar to bounding ||F1 H1
to HF3||1 in (Z22) to (Z24) in the proof of Theorem [I] we can show that

HIO”maX - Op()\TNl_aHgH - 6H||max)7 ||I2Hrnax - O()\TN_I)-
We can show easily that

I = [(Hoo — Hio) (Hao — Hig)] ™! (T*1/2Na/2(HH . BTZVH)T) (T~Y2N2Kev)
= [(Hao — H10)5;(Hao — H1o) ) (H20 — H10) 5 (T7V2N"2Ke€”)(1+ op(1)),

Iy = —[(Hao — H10)5(Hao — Hyo)n] ™! (T—I/QNW(HH - BTZVH)T) (T~1/2N/2BT¢)

Vi
= —[(Haz — H1)};(Hao — Hio)u] ' (Hao — H1o)f; (T7/*N*?B"€)(1 + 0p(1)).

Hence I is similar to F3 in (Z34) and I3 is similar to Fy in (Z35) in the proof of Theorem [B] except that
H sy — H is now restricted to those columns with indices in H only. Using exactly the same lines of proof

as in Theorem [B] we can conclude that
T2 (1 + I3) B N(0, I ), (7.40)

where X3 = M3(S; + Sy — S3 — ST)M? | with M3 = [(Hao — H10) 5 (Hao — Hio)u| ™ (Hao — H1o)h.
By Assumptions R4 and R5, we can show that then I; + I3 is exactly TY/2N(1+e=0)/2_convergent. Since
0 < a,b < 1, it is not difficult to see that I is dominated by I; 4+ I3 then. Also, Assumption R7 ensures
HIOHmax = OP(HE - JHmax). All these imply that

T2 % (61 — 61) 2 N(0, 1)),

which is the asymptotic normality result we need, if we can also show that the second inequality in (Z39)

is true.
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| 1| |L2]|... and ||Is]| _ areall op(1), we have sign(8p) = sign(8p).

It remains to show the second inequality in (7.39).

From the above, since HIOH

max’ max’ max max

To this end, we can show from previous results that
|7~ (. ~ B2V 1.)" B Xp_payvec(In) + T (Hyy, — BT ZV 11.)" B €l = O,(T /2N 0H-012)

while the right hand side of the second inequality has a minimum value of

T > T
0. lmax 101, — Om, |lmax

Hence, it is sufficient to prove
(T PN (15 = 8max) = 0p (M)

But the left hand side above has rate T-!N’~% = o(A7) by Assumption R7. This completes the proof of
the theorem. [J
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