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A. Simulation models

(M1) teeth: piecewise-constant f; (in Scenario (S1)), T = 512, ¢ = 7 change-points at
T = 64,128, ...,448, with the corresponding jump sizes —2,2,—2,...,—2, starting
intercept f1 =1, 04 =1fort=1,...,T.

(M2) blocks: piecewise-constant f; (in Scenario (S1)), T' = 2024, ¢ = 11 change-points
at T = 205,267, 308, 472, 512, 820, 902, 1332, 1557, 1598, 1659, with the corresponding
jump sizes 1.464, —1.830, 1.098, —1.464, 1.830, —1.537, 0.768, 1.574, —1.135,0.769, —1.537,
starting intercept f1 = 0, oy = 1 for t = 1,...,T. This signal is widely analysed in
the literature, see e.g. Fryzlewicz (2014).

(M3) wavel: piecewise-linear f; without jumps in the intercept (in Scenario (S2)), T =
1408, ¢ = 7 change-points at 7 = 256,512, 768, 1024, 1152, 1280, 1344, with the cor-
responding changes in slopes 1-276,-2.276.3.276_ _7.276 starting intercept
fi=1landslope fo— f1i =28 0=1fort=1,...,T.

(M4) wave2: piecewise-linear f; without jumps in the intercept (in Scenario (S2)), T =
1500, ¢ = 9 change-points at 7 = 150, 300, ..., 1350, with the corresponding changes
in slopes 27°,—27°,27% ... —275 starting intercept f; = 27! and slope fo — fi =
26 g, =1fort=1,...,T.

(M5) mix: piecewise-linear f; with possible jumps at change-points (in Scenario (S3)),
length T' = 2048, ¢ = 7 change-points at 7 = 256,512,...,1792, with the corre-
sponding sizes of jump 0,—1,0,0,2, —1,0 and changes in the slope 276, —276 276
276.0,276, —277, starting value for the intercept f; = 0 and slope fo— f1 =0, oy = 1
fort=1,...,T.

(M6) vol: piecewise-constant f; and o; (in Scenario (S4)), T' = 2048, ¢ = 7 change-
points at 7 = 256,512,...,1792 with the corresponding jumps in f; and o; being
1,0,—2,0,2,—1,0 and 0,1,0,1,0, —1, 1, respectively, initial values f; = o1 = 1.

(M7) quad: piecewise-quadratic f; (in Scenario (S5)), T = 1000, ¢ = 3 change-points at
7 = 100, 250,500, with the corresponding changes in the intercept 2, —2,0, in the
slope 0, —107!,10~! and in the quadratic coefficient 0,0,2 x 1075, the initial values
flzfg—f1:f3—2f2+f1:0, O't:lfOI‘aHt:L...,T.

(M8) smile: piecewise-linear f; with possible jumps at change-points (designed to test
NOT under misspecification), T' = 2048, ¢ = 6 change-points at 7 = 256,512, 768,
1280, 1536, 1792, with the corresponding sizes of jump 0, —4,0,0,4,0 and changes in
the slope —27°,0,276, 2760, =275, starting value for the intercept f; = 0 and slope
fo—fi=25% o, =1fort=1,...,T.
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B. More details on the contrast functions and their construction

B.1. Scenario (S1)
Here f; is piecewise-constant. For any integer triple (s,e,b) with 0 < s < e < T and
s < b < e, recalling that we have defined the contrast vector 1/1276 = (wg’e(l), e ,@bg,e(T)),

as
/ e—b —
m, t—s+]—,---,b

b— _
m, t—b+1,...,e
0, otherwise.

Also, if b¢ {s+1,...,e — 1}, then we set wé’s § (t) =0 for all ¢.

For any vector v = (v1,...,vr)’, we define the contrast function as Cé’s . (v) = ’ <V, 'qbl(’&e] > ‘

Therefore, if s < b < e, then

e—b b—s
se]v)_| (e—s)(b—s) th (e—s)(e—1D) th

t s+1 t b+1

Otherwise, C( e]( v) = 0. This recovers the well-known CUSUM statistic in the change-

2
point detection literature. It can be shown that [C(S ](Y)} = JOR](’ g (Y) for every (s, e,b)

with 0 < s < b < e <T, thus C?S e](-) fulfills the requirements for the contrast function

listed in Section 2.3.
In addition, for any 0 < s < e < T, we define the constant vector for the interval (s, €]
as

e— s *1/2, t=s+1,...,e
1(8,6}(1’-) = {( )

0, otherwise

and write 1, = (1(3761(1), v Lige (T)),. Then it is easy to check that 1, and 1#?876]
are orthonormal. This explains why the CUSUM is invariant to shifts in the mean.

B.2. Scenario (S2)

Here f; is piecewise-linear and continuous. For any triple (s,e,b) with 0 < s < e < T and
s+ 1 < b < e, consider the contrast vector ¢l(’5 = (qﬁl(’s e](l), e ¢l()8 el (T))/ with
et (30— 8) + (e~ )~ 1}t — {be—s— D +2s + (b —)}], t=s+1...
B (1) = (;g, . [{3 (e—b)+(b—s)+1}t— {b(efs—1)+26(efb+1)}}, t=b+1,...
0, otherwise.

1/2 1/2
b 6 b _ ((e=bt1)(e=b) _
where a;. = <1(l21)(1+(eb+1)(bs)+(eb)(bs1))> » Bie = <(b*8*1)(b*8)> and {

e—s. Ifbé¢ {s+2,...,e— 1}, then we set qﬁl(’sﬂe] (t) =0 for all t. The contrast function is
then defined as

Cly (V) = ’<V7 ¢’l()s,e]>’ :
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To explain the rationale behind qbl(’s oy We first define the “linear” vector for the interval

(s,e] with e —s>1, V(s = (W(S,e](l)a <o V(sse] (T)),a as

[Ble—s-De-s)e-s+D} " (1-=5), t=s11. @

0, otherwise.

Then we have that ¢l(’

orthonormal to 1(, ). The orthonormality of the vectors 1, ), Y (s,e) and qb?s B is important

in deriving the identity 0(2)73((’ sse] (Y) = Cé’s ] (Y)? below, and helps improve the numerical
efficiency and stability in our implementation of NOT. In particular, it means that the
contrast function is invariant to both mean shifts and slope shifts on a given interval.

In fact, ¢l(’s7 ¢ can be derived by (i) applying the Gram—Schmidt process on the following

is orthonormal to both 1(, . and 7, (note that v . itself is

s,€]

vector (linear with a kink at b on (s, €])

- t—b, t=b+1,... ¢
b ) ) )
t) =
d)(s’e]( ) {0, otherwise

with respect to 1, and (s, and (ii) normalisation such that || - |2 = 1. Now write the
restriction of v on the interval (s,e] as v|iq = (0,...,0,0541,...,0,0,...,0)". Fix any
(s,€,b), given the restriction imposed on © in (S2), the best approximation of Y| (in
the /9 distance) with a single kink at b is a linear combination of L(s.e]s Vs, and q,’)?& B (all
mutually orthonormal). Therefore,

UgRlZs,e] (Y)

. 2 : b2
- aoI,ItﬂIGIR ||Y|(s,e] - aol(s,e] — Q17 (s,¢] ||2 - ag,cILrll,larieR ||Y|(5,e] - aol(s,e] = A1 (s,e] a2¢(s,e] HQ

= HY‘(s,e] - <Y7’Y(s,e]>7(s,e} - <Y7 1(s,e]>1(s,e]H2
- ||Y|(5,e] - <Y7 ¢l()57e]>¢l(j57e] - <Y17(s,e]>7(s,e] - <Y7 1(5,e]>1(s,e]”2
= <Y7 ¢l()s,e]>2 = Cb (Y)2

(s.€]

Thus the aforementioned requirements for the contrast function are satisfied.

B.3. Scenario (S3)
Here f; is a piecewise-linear but not necessarily continuous function. We use the following

contrast function for any s+ 1 <b<e— 1:

1/2

Clog(v) = <<V7¢l(73,e]>2 + <V7’7(s,b]>2 + <V77(b,e]>2 - <V7’Y(s,e}>2> . (13)

Otherwise, for b ¢ {s+2,...,e — 2}, we set CE’S el (v) =0.
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This construction is justified by noting that

R (Y) = min [ Y5 = a01(s.) = 1Y (I

. 2 . 2
- <af§}2R Y1) = @0 sy = ¥ l2 + it ¥l = @010, = 0170 Hz)

— 3 2
= min_ Y = aolse = a17(sqll3

. b 2
~emin 1Y (s,¢) = @01 (s.¢] = a1V (s8] — A2V (b,e] — A3 (5,61l

= Clq(Y)?,
where we also used the orthonormality among 1, ], 'z/)l(’s e V(s.b] and () in the above

derivation.

B.4. Scenario (S4)

Here both f; and o; are piecewise-constant. For any s +1 < b < e — 1, we propose

Cloe(V) = (e = 8)10g (5,6 (V) — (b — 8)1og (3(5,)(v)) — (¢ —b) log (6(p¢ (V). (14)

where

e e 2
(3(28761(v) = i . Z (vt — i . Z vt) = <V2, 1%8761> — <V, 1%8,e]>2'

t=s+1 t=s+1

Otherwise, for b & {s +2,...,e — 2}, we set CE’S . (v) = 0. In this Scenario, it is straight-
forward to verify that Cé’s’e] (Y) = T\’f(’s,e] (Y). (N.B. l%s,e] # 1(5, due to the normalising
constant.) In practice, for numerical stability, we use log,(-) := log{max(-,€)} instead of
log(+) in (14) with a pre-given small € > 0.

C. More details on the compututational aspects of NOT and its solution path

C.1. Computing contrast functions in a linear time

The practical performance (in terms of computational cost) of Algorithm 1 relies on the
fast computation of the contrast functions discussed in Section 2.3 on any given interval
(s,e]. Here we show that in all scenarios listed in Section 2.3, the cost of computing
{Céjs,e] (Y)}i;;ﬂ is O(e — s).

Note that the key ingredients in Cg’s ] (Y) under the different scenarios are functions

of the inner products, i.e. <Y,1,bl(’sye]>, <Y,¢l(’s7e]>, <Y,7(s’b]>, <Y,'y(b’e}>, <Y, 1%S7b]>,
<Y, 1%l;7e]>7 <Y27 1?87b}> and <Y27 1%b7e]> forb=s+1,...,e—1. For a fixed interval (s,¢],
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by simple algebra, we observe that <Y, ’l,bl()s’ e]> and <Y, d)l(’& e]> can be decomposed as

b e
<Y,¢l(’se}> =T yp Z Yi — dyp Z Y;
t=st+1 t=b+1
= <5¢,b?5(,0)(Y) o ,b71()0)(Y),
b e b e
(Yot} = T 3 S e w7
t=st1 t=bt1 t—st+1 t=bt1
1) (1 1
a0 - R + EEO) - 7O

where ?1/,71),?%1,,(52)1), 7251)1), ?g])b and 72?)1) are scalars that do not depend on Y, and

can all be computed at the cost of O(1) using equations given in Section 2.3. Here for
notational convenience, we use overhead arrows to indicate whether a scalar or a function
is associated with observations with indices < b (i.e. over (s,b], using <) or with indices
> b (i.e. over (b,e], using _->). We also suppress their dependence on s and e in the
notation. In addition, the following recursive formulae hold

TR ) =T + 0+ 1) o,

7IY) = 7IY) + (04 1) Y,

with 5 (Y) = 7 (Y) = 0 for £k = 0,1. Consequently, ?ék) (Y) and ?ék) (Y) for all
be {s+1,...,e—1}and k = 0,1 (thereby <Y, ¢?s,e]> and <Y, ¢’({976}>) can be computed in
a single pass through Y1, ..., Y. Similar approach can be applied to the remaining inner
products involved in the definitions of the contrast functions given in Section 2.3, which
demonstrates that in all these cases the computation of {Cé’s,e} (Y)}e—! 41 scales linearly
with the length of the sub-interval.

C.2. Details of the NOT solution path algorithm

As mentioned in Section 3.2 of the main paper, we have developed Algorithm 2 that
computes the entire threshold-indexed solution path {7 ({7)}¢,>0 quickly, and have imple-
mented it in our R package not. Detailed pseudo-code is provided on the next page.

The construction of Algorithm 2 stems from two observations. First, for any fixed
threshold (7, Algorithm 1 implies a binary tree data structure that is constructed according
to the order of the detection of each change-point. More specifically, in our implementation,
each tree node N contains the following information.

(a) The current interval of interest is (N.s,N.e].

(b) From all elements in FA! that are also subsets of (N.s, N.e], we find the narrowest-over-
threshold sub-interval. Within that sub-interval, let N.c be the maximum achieved
value of the contrast function over all possible locations of the feature, and N.b be the
corresponding location (i.e. the detected change-point location over (N.s,N.e]).

(c) N.Left and N.Right point to the nodes of the next detected change-points in (N.s, N.b]
and (N.b,N.e], respectively.
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Algorithm 2 NOT solution path

Input: Data vector Y, all sub-intervals (s, e,] € FA! together with

by, 1= argmax, = p<e,, Cb ](Y)a Cm = Cbm (Y) and I = em

(Sm»em (8myem]

Sm-

(N)

Output: Thresholds 0 = 7(}) < ... < (p and sets of estimated change-points

N
T, T,
To start the algorithm: Call SOLUTIONPATH()

procedure BUILDBINARYTREE((s, €], (7, N)
M5, := set of those m € {1,..., M} such that (s, en] C (s, €]
O(s,e] := set of m € M, ) such that ¢,,, > (r
if O;.) = 0 then N = NULL
else
k := any element of argmin,, e ol Im
N.b := by, N.c := ¢}, N.Left := NULL, N.Right := NULL
BUILDBINARYTREE((s,N.b], {7, N.Left)
BUILDBINARYTREE((N.b, €], (1, N.Right)
end if
end procedure

procedure UPDATEBINARYTREE((s, €], (r, N)
if N.c < CT then
BUILDBINARYTREE((s, €], (1, N)
else
if N.Left # NULL then
UPDATEBINARYTREE((s,N.b], (1, N.Left)
end if
if N.Right # NULL then
UPDATEBINARYTREE((N.b, €], (7, N.Right)
end if
end if
end procedure

procedure SOLUTIONPATH()
Set Ny := NULL, i := 1, ¢\ :=
BUILDBINARYTREE((0, 77, (Tl), N:)
while N, # NULL do
D := {N, and all its children nodes}

TSy .= {nb|N € D}
(i4+1) |

r = minyep{N.c}
UPDATEBINARYTREE((0, 77, }“’1), Ny)
1:=1+1

end while

end procedure
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Table 2. Intervals considered in Figure 7a and corresponding max-
ima of the contrast function Cé’s,e](') given by (8), all calculated for a

sample path of Y3, ¢t = 1,...,1000 generated from model (1) with the
signal f; given by (2) and the noise ¢; ~ N(0,0.052).

s e e—$§ argmax, pc. C?&@] (Y) maxscp<e Cé’&e} (Y)
0 1000 1000 490 10.19
9 245 236 43 0.08

224 450 226 344 0.76

499 750 251 651 0.83

749 950 211 746 0.03

449 550 101 471 0.07

We then treat the first detected change-point over (0,77 as the root of the tree and
construct its branches in a recursive fashion afterwards. Second, suppose that we have
already constructed the tree for (r with root Ny. For () > (7, the new tree’s root is
unchanged if Ny.c > (/.. This observation remains valid for Ny.Left and Ny.Right and all
subsequent nodes. Therefore, a branch of the tree has to be reconstructed only if N.c < (/.
for some node N. In this way, the tree constructed for {7 can be used as a starting point
to finding the tree corresponding to ¢/, thus significantly reducing the computational time
in comparison to constructing the tree from scratch.

Next, we elaborate on the complexity of Algorithm 2. As explained previously, finding
solutions of Algorithm 1 for a single threshold (7 is equivalent to the construction of a
binary tree, which can be performed with the BUILDBINARYTREE routine given in Algo-
rithm 2. Computational cost of this operation is no larger than O(MK¢,), where K¢,
denotes the height of the constructed binary tree with the threshold (7. The computa-
tional complexity of finding the entire solution path using Algorithm 2 is therefore (in
the worst case) O(MKN), where N and K are, respectively, the number of solutions and
the maximum tree depth over the entire solution path. However, this is a rough estimate
which assumes that for each threshold on the path the binary tree has a different root node,
which, from our empirical experience, is highly unlikely to occur in practice. Typically,
the consecutive trees on the path differ just slightly (see e.g. our next Section C.3), which
significantly reduces the amount of computation that Algorithm 2 requires. As such, we
find that the computational complexity of Algorithm 2 is more like O(MT) in practice.

C.3. Anillustrative example

In this part, we revisit the example shown in the Introduction of our paper, and provide
a simple illustration of how Algorithm 1 and Algorithm 2 work on a simulated dataset.
Figure 7 shows the generated data {Y;}129° following Scenario (S2), where the signal f; is as
in (2) and o = 0.05. The contrast function (8) is evaluated for 5 intervals. We observe that
the contrast function corresponding to (0, 1000}, being the longest interval here, attains its
maximum at b = 490, which is far from the true change-points located at = = 350 and
7 = 650. Furthermore, max; Cé)ogooo] (Y) is much larger than the corresponding value for
the other intervals considered in Table 2. However, thanks to the fact that we focus on the
narrowest-over-threshold intervals, Algorithm 1 (for any (7 € (0.08,0.83)) picks at its first
iteration an interval with exactly one change-point (depending on (r, it is either (224, 450]
or (499, 750]) and the maximum of the contrast function computed is close to one of the
true change-points.
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9 1.2-
6
3 0.8-
0.4-
0.0-
0 250 590 750 1000 0 250 590 750 1000
(a) (b)

Fig. 7. An application of the NOT methodology to Y; generated from model (1) with the signal f;
given by (2) and i.i.d. ; ~ N(0,0.05%). Figure 7a: contrast function CE’M] (Y) given by (8) evaluated
for all b € (s, e] with intervals (s, e] specified in Table 2. For intervals containing one change-point,
Cé’m] (Y) attains its maximum at b close to the actual change-point. When there are two change-
points (black solid line), the maximum is far from both change-points, despite max;, CZ’M] (Y) being
large. Figure 7b: observed Y; (thin grey), true signal (thick dashed black), signal estimated picking
the change-point candidate based on the interval corresponding to the largest contrast function

(dotted-dashed navy) and the narrowest-over-threshold intervals (dashed red).

A @ @
{ @

(a) (W) =0 (b) ¢ = 0.03 () ¥ =0.07 (d) &P =0.08

©
o~(®)

Fig. 8. First four segmentation trees obtained by Algorithm 2 applied to a realization of
(Y1,...,Y1000)" presented in Figure 7. The larger the node, the larger the corresponding value
of max; Cf, ,(Y). Here Cf, ,(-) is given by (8). The grey nodes correspond to the smallest con-

trast function for each tree that are updated as Algorithm 2 proceeds.

Figure 8 shows how Algorithm 2 proceeds in the example presented in Figure 7. At the
initial stage that can be seen in Figure 8a, the threshold is set to Cj(ﬂl) =0 and b = 471, the
maximum of the contrast function computed for the shortest interval (449, 550] is taken as
the root of the binary tree. Then we construct its left and right branches by considering
only those intervals specified in Table 2 with (s,e] C (0,471] and (s,e] C (471,1000],
respectively, and the procedure continues for the resulting nodes. Next, the node with the
smallest value of the contrast function is determined (b = 746) and the threshold is set to

the corresponding minimum Q}Q) = 0.03. This guarantees that as Algorithm 2 proceeds,
there will be at least one update in the binary tree. In our example, the b = 746 node
is removed and, as the maximum for (499, 750] C (471,1000] exceeds the threshold, the
b = 651 node is inserted its place. Subsequently, we identify the node with the smallest
contrast again (b = 471), update the threshold to C%a) = 0.07 and reconstruct the entire
tree, as b = 471 in Figure 8b constitutes its root. Algorithm 2 keeps running until the
resulting tree shrinks to NULL. In this example, the fourth solution on the path (Figure 8d)
contains exactly two nodes being close to the true change-points.
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D. Further extension of NOT: noise with slow-varying variance

In all scenarios considered previously, we assumed a constant or piecewise constant oy.
Now we discuss how NOT can be extended to handle o; of a more general form. We model

Y through (3) with & N (0,1). To fix ideas, here we focus on the case of piecewise
constant signal f; (i.e. similar to (S1)), but with a slowly-varying oy, i.e. oy = o(t/T) with
o(+) being an unknown smooth function from [0, 1] — (0, c0).

D.1. Methodology
We propose to estimate the change-points in three steps:

(a) We estimate o(-) using a standard nonparametric method, such as spline smoothing,
on {(t/T,/7|Yep1 — Yi|/2) }[_5, which we denote as &(-). Also, we write 6, = 6(t/T)
fort=1,...,T.

(b) We perform our NOT solution path algorithm using the contrast function éfs . (Y) =
‘<Y,1,Ablgs7e]>‘ for any tuple (s,b,e) with 0 < s < b < e < T in our NOT procedure,

) ; ;
Wlth 'l'b(s’e} — (¢€s’e} (]_)7 e 71!}?5,6} (T)), and

Q2 - 02 -0 Q- 0, t=s+ b
W= =672/ - 02)(Q2 - 012 -9) 1, t=b+1,... e

0, otherwise.

where Q7 = >>'_1/6? (and by default Q2 = 0). As before, if b ¢ {s+1,...,e — 1},
then we set 12}?3,@} (t) = 0 for all t. We remark that this contrast function originates
from the generalised log-likelihood ratio, and can be viewed as a weighted and scaled
version of (6) based on CUSUM statistic. Its derivation can be found in Section D.2.
In addition, when 6; is constant (say 6; = 1 for all ¢), we would recover (6).

(¢c) We pick the best model along the solution path via the sSIC criterion, with the
log-likelihood for each segment given by

7 N

. ’ Y —Ys ,21)%  log(2m62

loge(Yf'J‘71+17"'7Y7ﬁj;®j) - Z { - 25;12 il - g(2 t) )
t

t:’f'j71+1

where f/(@.,lfj] = (th%j,lﬂ &;QYt)/(th%j,lH 5;%).

To make this solution complete, a suitable choice of the smoothing parameter would
have to be considered in the first step. This is a standard problem in nonparametrics, and
several solutions exist, e.g. those based on (leave-one-out) cross-validation. We leave a
detailed study of this issue for future research.

D.2. Detailed derivation of the corresponding contrast function
Here we derive the contrast function from the generalised log-likelihood ratio.
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Given an interval (s,e]. Suppose that there is a change-point at b, then under the
normality assumption, the log-likelihood is

b

— 2 °
5 3 o 5 G D S ks

t=s+1 t t=b+1 t t s+1
which is maximised at
b —1 b e -1 e
1 Y; 1 Y;
=X %) (T 8) wowm=(X ) (X 5)
t=s+1 t t=s+1 t=b+1 1t t=bt+1 1t

Now suppose there is no change-point over (s, e], then the log-likelihood is

e

—% Z L_, Z log (2767

t=s+1 t s+1
which is maximised at
e —1 e 2 2 2 2
1 Y: Q Q Q -

where ? = Zzzl 1/6% (and by default Q3 = 0). After some algebraic manupulation, we
have that the generalised log-likelihood is

1
Rl () = 5{(@F - 02t + (@2 - ok — @2 - 02)u?

1 (925 — Q9)(Q - 93)

_ = o 2

1 Q2 -2 Zb:Yt_ Qp — Q2 iﬁ
Tz\V@-o)@-9) & 0 (@ -2 -0)), 4, oF
1 ~b 2
= 5 |(¥ %))
1 2
=3 {eham}

E. Additional simulation results

\)

2

In addition to the results presented in Section 5, here we present Tables 3—6 that summarise
the results for three different distributions of the noise &, where (b) & N 0,2), (c)

£t L Laplace(0, 2-1/2), (d) i.i.d. scaled Student-t5 in Table 5, and (e) &, follows zero-mean
unit-variance Gaussian AR(1) with ¢ = 0.3.
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Table 3. Distribution of § — ¢ for data generated according to (3) with the noise term ¢, being i.i.d. (0, 2)
for various choices of f; and o, given in Section A and competing methods listed in Section 5. Also, the
average Mean-Square Error of the resulting estimate of the signal f;, average inverse V-measure dy,
average V distance dy and average computation time in seconds using a single core of an Intel Xeon 3.6
GHz CPU with 16 GB of RAM, all calculated over 100 simulated data sets. Bold: methods with the largest
empirical frequency of § — g = 0 or smallest average of dy or dy, and those within 10% of the highest or
lowest accordingly.

q—4q
Method | Model | < -3 | —2 | —1 0 1| 2| >3| MSE | dy x 102 dy time
B&P 0 0 0 100 | O 0 0 0.107 0.93 0.037 1.337
e-cp3o 0 0 0 100 | O 0 0 0.132 0.98 0.052 0.12
FDRSeg 0 0 0 83 14| 1 2 0.134 1.51 0.054 0.093
NMCD 0 0 0 92 8 0 0 0.151 1.44 0.059 1.067
NOT 0 0 0 97 3 0 0 0.111 1.05 0.038 0.044
NOT HT (M1) 0 0 0 97 3 0 0 0.126 1.25 0.044 0.058
NP-PELT 0 0 0 73 25| 2 0 0.141 1.55 0.048 0.019
PELT 0 2 0 98 0 0 0 0.115 1.22 0.039 0.002
S3IB 0 0 0 920 8 1 1 0.114 1.13 0.038 0.076
SMUCE 0 2 14 84 0 0 0 0.185 2.14 0.064 0.056
WBS 0 0 0 93 7 0 0 0.113 1.15 0.038 0.074
B&P 100 0 0 0 0 0 0 0.145 8.78 0.155 30.413
e-cp30 100 0 0 0 0 0 0 0.223 7.74 0.15 2.425
FDRSeg 20 33 36 7 2 2 0 0.073 3.31 0.066 2.576
NMCD 46 27 21 6 0 0 0 0.076 4.29 0.074 4.324
NOT 28 30 27 13 2 0 0 0.066 3.4 0.059 0.077
NOT HT (M2) 49 27 19 2 3 0 0 0.083 4.26 0.077 0.138
NP-PELT 4 9 30 21 21 | 10 5 0.068 3.74 0.062 0.239
PELT 91 7 2 0 0 0 0 0.114 8.21 0.122 0.004
S3IB 37 34 17 10 1 1 0 0.071 4.15 0.068 0.342
SMUCE 100 0 0 0 0 0 0 0.144 5.95 0.13 0.022
WBS 26 32 29 13 0 0 0 0.067 3.55 0.062 0.145
B&P 0 0 100 0 0 0 0 0.258 4.25 0.155 54.381
NOT (M3) 0 0 0 97 2 1 0 0.033 1.59 0.073 0.35
TF 0 0 0 0 0 0 100 | 0.032 8.42 0.216 46.038
B&P 13 53 28 6 0 0 0 0.322 6.11 0.204 62.421
NOT (M4) 0 0 0 100 | O 0 0 0.037 2.01 0.097 0.335
TF 0 0 0 0 0 0 100 | 0.03 4.47 0.151 47.536
B&P 0 0 9 91 0 0 0 0.046 3.52 0.115 | 119.454
NOT (M5) 0 0 7 92 1 0 0 0.047 3.65 0.117 0.334
TF 0 0 0 0 0 0 100 | 0.041 5.9 0.24 57.36
e-cp30 11 12 12 33 20| 5 7 0.145 6.91 0.164 1.738
HSMUCE 97 3 0 0 0 0 0 0.091 12.77 0.209 0.051
NMCD 0 0 18 70 121 0 0 0.06 4.04 0.068 4.135
NOT (MG) 0 0 13 85 2 0 0 0.047 2.6 0.048 0.455
NP-PELT 0 0 1 19 26 | 24 | 30 | 0.126 3.17 0.068 0.279
PELT 9 18 31 37 5 0 0 0.069 8.17 0.087 0.011
SegNeigh 0 0 3 49 36 | 10 2 0.053 1.98 0.048 | 17.211
B&P 0 0 42 58 0 0 0 0.073 6.21 0.132 | 29.222
NOT (M7) 0 0 43 57 0 0 0 0.071 6.13 0.122 0.225
TF 0 0 0 0 0 0 | 100 | 0.08 22.86 0.399 43.198




Supplementary Materials for Narrowest-Over-Threshold Detection 13

Table 4. Distribution of ¢ — ¢ for data generated according to (3) with the noise term &, being i.i.d.
Laplace (0, (v2)~!) (N.B. Var(e;) = 1) for various choices of f, and ¢ given in Section A and competing
methods listed in Section 5. Also, the average Mean-Square Error of the resulting estimate of the signal
fi, average Hausdorff distance dy, average inverse V-measure dy and average computation time in
seconds using a single core of an Intel Xeon 3.6 GHz CPU with 16 GB of RAM, all calculated over 100
simulated data sets. Bold: methods with the largest empirical frequency of § — ¢ = 0 or smallest average
of dg or dy, and those within 10% of the highest or lowest accordingly.

qg—q
Method | Model | < -3 | 2| =1 0 | 1|2 |>3|MSE |dygx10®| dy time
B&P 0 0] 0 [100] 0| 0| 0 |0105] 1.02 |0.085| 1.37
e-cp3o 0 0] 010000 0 |0123| 091 | 0049 | 0.116
FDRSeg 0 0] 0| 2 | 1]5]092]027| 516 0.116 | 0.078
NMCD 0 0] 0|92 |7][1] 0015 1.55 0.059 | 1.053
NOT 0 0| 0|93 ]|4|3| 00114 1.3 0.038 | 0.043
NOT HT | (M1) 0 0| o |[100/ 0|0 0 |009]| 0.96 |0.033]| 0.058
NP-PELT 0 0| o |55 [31]12] 2 |0154]| 207 0.05 | 0.018
PELT 0 0] 0|58 [17]16] 9 | 017 1.89 0.042 | 0.001
S3IB 0 0] 0|7 |[12[12] 6 |0154| 164 0.04 | 0.068
SMUCE 0 0| 0 | 48 [20]22] 10 | 0.154 | 268 0.066 | 0.057
WBS 0 0] 0|60 |42/ 14 |0173| 218 0.044 | 0.073
B&P 100 | 0] 0| 0 |0] 0] 0 |0.144 8.7 0.151 | 32.221
e-cp30 100 [ 0] 0| 0 |0|0]| 0 |0208]| 762 0.145 | 2.313
FDRSeg 0 0] 0| 0o |0]o0]100]| 01 7.58 0.158 | 1.909
NMCD 24 [36 (3 | 4 | 1]0]| 0 | 006 357 | 0.056 | 4.354
NOT 63 |14 | 12| 6 | 41| 0 |0085]| 509 0.082 | 0.078
NOTHT | (M2) | 31 |27 34| 8 | 0] 0| 0 |0056 3.2 0.049 | 0.139
NP-PELT 1 0| 12 | 22 |24(16| 25 | 0084 | 4.17 0.06 | 0.223
PELT 25 [ 23| 15 | 15 [10] 8 | 4 |0112| 5.35 0.081 | 0.004
S3IB 9 | 7| 1|2 |o|0o| 0 |0125] 955 0.142 | 0.315
SMUCE 21 |15 | 19 | 11 |13 |13 | 8 |o0.111| 6.03 0.12 | 0.019
WBS 25 | 11| 15 | 13 | 14| 5 | 17 | 0.11 5.34 0.083 | 0.143
B&P 0 0 [100] 0 [0 ] 0] 0 |025 41 0.153 | 54.071
NOT (M3) 0 0| o0 |93 |5]2]| 0 |003]| 193 |0.078| 0.345
TF 0 0] 01| 0 |0]o0]100]0035| 842 0.224 | 46.298
B&P 10 |49 [ 35| 6 | 0] 0] 0 |0311] 627 | 0204 | 61.911
NOT (M4) 0 0| 193 ]6]|0| 0 |0042] 226 0.1 | 0.309
TF 0 0o 0| o |o0]o0]100]| 003 4.41 0.153 | 47.57
B&P 0 0 | 10 9 | 0| 0| 0 |0044| 3.47 |o0.112 | 118.603
NOT (M5) 0 0| 5 |92 ]3]0 0 |0045| 3.62 |0.112| 0.329
TF 0 0| o | o |0]| 0100|0041 | 587 | 0232 | 57.763
e-cp3o 3 [ 19| 9 | 11 | 6 | 7 | 14 [ 0304| 994 0.225 | 1.693
HSMUCE 100 [ 0] 0| 0 |o0o|0]| 0 |019]| 156 0.275 | 0.064
NMCD 4 | 18|44 |31 3]0 0 |0114] 925 0.116 | 4.085
NOT (M6) 2 6 | 33|38 |18 2| 1 |0185| 7.82 0.107 | 0.451
NP-PELT 0 1| 0| 14 |24|23| 38 |0364| 5.44 | 0109 | 0.32
PELT 26 | 13|35 |22 4]0 0 |026]| 1341 | 0148 | 0.013
SegNeigh 0 0| 7 |3 [38]13| 12 |0176| 5.23 |0.094 | 17.316
B&P 0 0 [ 39|60 | 1 | 0] 0 |0067| 623 |0.123| 28.903
NOT (M7) 0 2 |50 | 4 [ 0|0]| 0 |0077| 742 0.136 | 0.211
TF 0 0] 0] 0 |0]o0]100]0074| 2281 | 0406 | 43.53
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Table 5. Distribution of ¢ — ¢ for data generated according to (3) with the noise term ¢; being i.i.d.
(3/5)*?t5 (N.B. Var(e,) = 1) for various choices of f, and o, given in Section A of the online supplemen-
tary materials and competing methods listed in Section 5. Also, the average Mean-Square Error of the
resulting estimate of the signal f;, average Hausdorff distance dy, average inverse V-measure dy, and
average computation time in seconds using a single core of an Intel Xeon 3.6 GHz CPU with 16 GB of
RAM, all calculated over 100 simulated data sets. Bold: methods with the largest empirical frequency of
G — g = 0 or smallest average of dy or dy, and those within 10% of the highest or lowest accordingly.

q—4q
Method | Model | < -3 | -2 | —1 0 1| 2| >3| MSE | dy x 102 dy time
B&P 0 0 0 100 | O 0 0 0.046 0.45 0.016 1.36
e-cp3o 0 0 0 100 | O 0 0 0.087 0.58 0.04 0.119
FDRSeg 0 0 0 8 2 5 85 | 0.113 4.67 0.089 0.07
NMCD 0 0 0 97 3 0 0 0.089 0.67 0.041 1.07
NOT 0 0 0 96 4 0 0 0.049 0.53 0.017 | 0.047
NOT HT (M1) 0 0 0 99 1 0 0 0.045 0.48 0.016 | 0.057
NP-PELT 0 0 0 75 12 | 12 1 0.081 1.35 0.031 0.015
PELT 0 0 0 53 7 125 15 | 0.106 1.89 0.026 0.002
S3IB 0 0 0 50 10 | 28 | 12 | 0.105 1.97 0.026 0.066
SMUCE 0 0 0 43 13 | 21| 23 | 0.093 2.65 0.054 0.056
WBS 0 0 0 43 3129 25 0.12 2.45 0.031 0.071
B&P 100 0 0 0 0 0 0 0.126 5.71 0.128 33.68
e-cp30 100 0 0 0 0 0 0 0.186 6.77 0.129 1.996
FDRSeg 0 0 0 0 0 2 98 | 0.042 7.02 0.11 1.56
NMCD 0 6 55 39 0 0 0 0.03 1.8 0.032 4.355
NOT 3 10 51 20 13| 3 0 0.029 3.49 0.038 0.077
NOT HT (MZ) 0 3 52 44 1 0 0 0.023 1.48 0.022 | 0.136
NP-PELT 0 0 13 22 19 | 23| 23 | 0.043 3.98 0.039 0.2
PELT 1 5 16 28 18 | 12 | 20 | 0.056 3.63 0.04 0.003
S3IB 26 18 23 21 9 3 0 0.058 4.21 0.054 0.299
SMUCE 1 9 10 22 24 | 6 28 0.05 5.49 0.074 0.016
WBS 2 3 24 7 22 | 11 31 0.058 4.49 0.046 0.143
B&P 0 0 100 0 0 0 0 0.221 3.67 0.132 | 53.919
NOT (M3) 0 0 0 97 3 0 0 0.016 1.05 0.054 | 0.395
TF 0 0 0 0 0 0 100 | 0.019 8.36 0.221 | 46.891
B&P 0 0 9 91 0 0 0 0.082 2.85 0.143 | 61.857
NOT (M4) 0 0 0 98 1 1 0 0.017 1.29 0.07 0.371
TF 0 0 0 0 0 0 100 | 0.018 4.41 0.151 | 48.119
B&P 0 0 0 100 | O 0 0 0.018 2.17 0.082 | 118.05
NOT (M5) 0 0 2 90 7 1 0 0.021 2.53 0.086 | 0.368
TF 0 0 0 0 0 0 | 100 | 0.026 5.98 0.26 59.006
e-cp30 19 4 12 34 19 | 7 5 0.141 6.83 0.17 1.695
HSMUCE 100 0 0 0 0 0 0 0.098 12.68 0.212 0.052
NMCD 0 13 40 42 5 0 0 0.056 7.67 0.088 4.123
NOT (MG) 0 3 11 51 231 9 3 0.08 5.09 0.084 | 0.463
NP-PELT 0 0 3 15 19 | 19 | 44 | 0.194 5.08 0.089 0.281
PELT 5 16 27 40 9 3 0 0.09 7.71 0.099 0.012
SegNeigh 0 0 7 26 28 | 20 19 | 0.094 4.33 0.077 17.3
B&P 0 0 0 99 1 0 0 0.022 2.26 0.071 | 28.876
NOT (M7) 0 0 6 86 8 0 0 0.027 3.03 0.078 | 0.226
TF 0 0 0 0 0 0 | 100 | 0.049 23.29 0.442 | 42.538
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Table 6. Distribution of ¢ — ¢ for data generated according to (3) with the noise term ¢, being a zero-mean
unit-variance Gaussian AR(1) process with ¢ = 0.3 for various choices of f; and o; given in Section A and
competing methods listed in Section 5. Also, the average Mean-Square Error of the resulting estimate of
the signal f;, average Hausdorff distance dy, average inverse V-measure dy, and average computation
time in seconds using a single core of an Intel Xeon 3.6 GHz CPU with 16 GB of RAM, all calculated
over 100 simulated data sets. Bold: methods with the largest empirical frequency of ¢ — ¢ = 0 or smallest
average of dg or dy, and those within 10% of the highest or lowest accordingly.

q9—9q
Method | Model | < -3 | =2 | —1 0 1|2 ]>3]MSE |dyx10? dy time
B&P 0 0 0 100 0 | O 0 | 0.088 0.84 0.028 | 1.361
e-cp3o 0 0 0 (100 O | O 0 | 0.126 0.99 0.05 0.116
FDRSeg 0 0 0 1 114 ] 94 |0.199 5.59 0.128 0.07
NMCD 0 0 0 63 | 29| 6 2 | 0.145 2.36 0.06 1.048
NOT 0 0 0 64 | 18| 7 | 11 | 0.113 2.13 0.04 0.046
NOT HT | (M1) 0 0 0 78 |19 | 2 1 0.104 1.67 0.036 0.058
NP-PELT 0 0 0 39 [31]20] 10 | 0.134 2.63 0.05 0.017
PELT 0 0 0 73 (21 3 3 | 0.106 1.88 0.036 0.001
S31B 0 0 0 73122 3 2 | 0.102 1.79 0.034 0.069
SMUCE 0 0 0 56 [ 30| 10| 4 |0.136 2.52 0.059 0.053
WBS 0 0 0 63 | 20| 7 | 10 | 0.11 2.18 0.038 0.072
B&P 100 0 0 0 0|0 0 | 0.136 6.67 0.14 30.394
e-cp30 100 0 0 0 00 0 | 0.202 6.81 0.137 2.046
FDRSeg 0 0 0 0 0| 0 | 100 | 0.121 8.87 0.209 1.401
NMCD 1 9 | 37| 35 |13 | 4 1 0.056 2.92 0.055 4.316
NOT 1 8§ | 34 | 25 9 | 12| 11 | 0.053 3.63 0.053 0.082
NOT HT | (M2) 5 14 | 39 | 24 8 | 7 3 | 0.056 3.34 0.056 0.136
NP-PELT 0 1 1 10 | 17 | 14 | 57 | 0.067 4.98 0.074 0.192
PELT 1 11 |30 | 38 |10 | 9 1 0.048 2.73 0.045 | 0.003
S31B 11 27 |1 39 | 20 310 0 0.05 3.1 0.048 0.34
SMUCE 0 12 | 36 | 26 | 21| 3 2 | 0.057 4.45 0.066 0.015
WBS 2 10 (29 | 27 |11 | 12| 9 | 0.052 3.41 0.051 0.141
B&P 0 0 |91 9 010 0 | 0.245 4.37 0.147 | 53.676
NOT (M3) 0 0 0 96 | 4 | O 0 0.03 1.51 0.07 0.394
TF 0 0 0 0 0 | O | 100 | 0.465 9.08 0.519 | 46.654
B&P 0 1 25| T4 010 0 | 0.136 3.74 0.159 | 61.576
NOT (M4) 0 0 0 97 | 2 | 1 0 | 0.035 2.03 0.095 | 0.378
TF 0 0 0 0 0| 0 | 100 | 0.479 5 0.462 | 47.875
B&P 0 0 0 98 210 0 0.04 3.28 0.113 | 117.832
NOT (M5) 0 0 0 89 | 8 | 2 1 0.043 3.55 0.115 | 0.346
TF 0 0 0 0 0| 0 | 100 | 0.218 6.24 0.461 | 56.926
e-cp30 19 9 16 | 23 | 13|10 | 10 | 0.224 8.25 0.19 1.659
HSMUCE 65 30 | 5 0 010 0 | 0.117 12.78 0.196 0.05
NMCD 1 0 ) 28 129 |18] 19 |0.178 5.36 0.093 4.097
NOT (M6) 0 2 1 23] 56 |13 | 5 1 0.123 5.29 0.074 0.455
NP-PELT 0 0 0 0 1 1 98 | 0.482 5.49 0.127 0.219
PELT 9 17 | 28 | 40 6 | 0 0 | 0.126 8.78 0.1 0.011
SegNeigh 0 0 2 39 | 24|23 12 | 0.12 3.1 0.066 | 17.242
B&P 0 0 2 86 |11 | 1 0 | 0.045 4.13 0.101 | 28.884
NOT (M7) 0 0 4 89 5 | 2 0 | 0.043 3.39 0.089 | 0.232
TF 0 0 0 0 0] 0 | 100 | O0.11 24.39 0.537 | 42.602
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F. Additional numerical experiments on the choice of M/

F1. Setup

We now elaborate on the effect of the choice of M, the number of randomly drawn sub-
intervals. We focus on Scenario (S1) and consider the models based on variations of (M1).
All models listed below have piecewise-constant f; with equal-spaced change-points.

(M1-1) teeth-1: T' = 512, ¢ = 1 change-points at 7 = 256, with the corresponding jump
sizes =2, fi=1, 0, =1fort=1,...,T.

(M1-2) teeth-2: T = 512, ¢ = 3 change-points at 7 = 128,256, 384, with the corresponding
jump sizes —2,2, -2, fi=1,04=1fort=1,...,T.

(M1-3) teeth-3: T'= 512, ¢ = 7 change-points at 7 = 64,128, ...,448, with the correspond-
ing jump sizes —2,2,—-2,2,—-2, fi =1, 0, =1fort=1,...,T. Note that this model
is the same as (M1) teeth listed in Section A.

(M1-4) teeth-4: T'= 512, ¢ = 15 change-points at 7 = 32,64, ...,480, with the correspond-
ing jump sizes —2,2,-2,...,-2, fi=1, 0, =1fort=1,...,T.

(M1-5) teeth-5: T'= 512, ¢ = 31 change-points at 7 = 16,32,...,496, with the correspond-
ing jump sizes —2,2,-2,..., -2, fi=1, 0, =1fort=1,...,T.

(M1-6) teeth-6: T'= 512, ¢ = 63 change-points at 7 = 8, 16, ..., 504, with the corresponding
jump sizes —2,2,—2,..., =2, fi=1, o4 =1fort=1,...,T.

We take g, "= A/ (0,1), run our NOT procedure using contrast function given by (6),
and the threshold picked by the SIC, but with different M = 10,102,103, 10%, 10°.

F2. Results
In Table 7, we report the performance of NOT with the SIC in terms of estimates of
P(G = q), E(¢/q), dg and dy after 500 realisations. Here di and dy are, respectively, the
scaled Hausdorff distance measure and the inverse V-measure, both given in Section 5.3.
We see that when there is only a small number of change-points in the signal, a moderate
M would be sufficient for the purpose of identifying all the change-points. In this case,
having a larger M will be more computationally intensive, but will not necessarily improve
the performance of the NOT procedure. As we increase the number of change-points (while
fixing T', as well as the size of the jumps, etc), we see that a larger M would be needed for
satisfactory performance. For example, in Model (M1-4) (with ¢ = 15), our procedure with
M = 10* or 10° estimates the number of the change-points correctly more than 95% of the
time, while this proportion reduces to 87% for M = 103, and virtually 0% for M = 102 or
smaller. In cases like that, increasing M would be helpful.
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Table 7. Performance of NOT with {1 picked via the SIC and different
M = 10,102%,10%,10%,10°. Here data is generated according to (3) with
the noise term ¢, being i.i.d. N(0,1) for various models given in Sec-
tion F1. The estimated values of P(§ = q), E(4/q), dg and dy are re-

ported, all calculated over 500 simulated data sets.

Model (T' = 512) | Measure M
10 | 102 | 103 | 10% | 10°

(MI-1): =1 0.978 | 0.978 | 0.968 | 0.972 | 0.976
(M1-2): ¢ =3 0.418 | 0.988 | 0.982 | 0.976 | 0.978
(M1-3): ¢ =17 B(G=q) | 0004 | 0566 | 0.976 | 0.972 | 0.974
(M1-4): ¢ =15 =1 0 | 0.006 | 0.872 | 0.958 | 0.956
(M1-5): ¢ =31 0 0 [0002| 045 |0.424
(M1-6): ¢ =63 0 0 0 0 0
(MI-1): =1 1.042 | 1.026 | 1.04 | 1.036 | 1.036
(M1-2): ¢ =3 0.925 | 1.004 | 1.006 | 1.009 | 1.008
(M1-3): g =7 E(3/q) | 0419 | 098 | 1.003 | 1004 | 1.004
(M1-4): ¢ =15 U | 0.06 | 0565 | 1.003 | 1.003 | 1.003
(M1-5): ¢ =31 0.002 | 0.007 | 0.055 | 0.837 | 0.845
(M1-6): ¢ = 63 0 0 0 0 0
(MI-1): g=1 053 | 0.36 | 0.45 | 0.46 | 0.42
(M1-2): ¢ =3 1423 | 0.33 | 0.36 | 0.39 | 0.38
(M1-3): g=7 | . | 2270 | 503 | 053 | 0.53 | 053
(M1-4): ¢ =15 " 4345 | 1431 | 1.25 | 0.79 | 0.79
(M1-5): ¢ = 31 49.82 | 49.04 | 4549 | 84 | 7.92
(M1-6): ¢ = 63 50 | 49.98 | 49.97 | 49.98 | 49.98
(MI-1): =1 0.019 | 0.014 | 0.015 | 0.015 | 0.015
(M1-2): ¢ =3 0.142 | 0.013 | 0.013 | 0.013 | 0.013
(M1-3): ¢ =7 p 0.349 | 0.043 | 0.018 | 0.018 | 0.018
(M1-4): ¢ =15 v 0.848 | 0.242 | 0.029 | 0.026 | 0.027
(M1-5): ¢ =31 0.995 | 0.977 | 0.905 | 0.168 | 0.155
(M1-6): ¢ = 63 1 ]0.999 | 0.999 | 0.999 | 0.999

17
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Table 8. Performance of NOT with (1 picked via the AIC and
different M = 10,102,10%,10%,10°. Here data is generated
according to (3) with the noise term ¢, being i.i.d. N (0,1) for
Model (M1-6) given in Section F.1. The estimated values of
P(¢ = q), E(4/q), dg and dy are reported, all calculated over
500 simulated data sets.

M | P(G=q) | E(¢/q) | dg x 10 | dy

10 0 0.007 47.06 0.948

102 0 0.041 37.29 0.776
(M1-6) : ¢ =63 103 0 0.276 13.29 0.331

10* 0.08 0.937 1.76 0.063
10° 0.106 0.988 1.58 0.057

On the other hand, caution must be exercised for signals with an extremely large number
of change-points, or the spacing of change-points to be highly non-homogeneous. For
example, in Model (M1-6) (with ¢ = 63) where jumps in the signal occur at every 8
observations (which is itself a difficult problem), having M = 10° or larger will not lead to
any improvement of NOT with the SIC. However, we believe that this is partially due to
the fact that the SIC penalty is no longer approperiate for this extreme scenario. One could
alleviate the issue by using NOT with other less harsh penalty, or use methods designed
to tackle frequent change-points such as Fryzlewicz (2018). For instance, by changing the
SIC to the AIC in our procedure, we can see from Table 8 that with M = 10°, P(§ = q)
increases from 0% to around 10%. More importantly, there is huge improvement in terms
of E(¢/q), dg and dy. In fact, a close inspection indicates that §/q € [0.9,1.1] more than
90% of the time.

G. More on model misspecification and model selection

We have demonstrated that NOT is relatively robust against the misspecification in the
distribution of €;, when the truth is either correlated or heavy-tailed. Now we investigate
the case where the signal f; is misspecified. In particular, we focus on the misspecification
of the degree of the polynomials between consecutive change-points.

We simulate data according to (3) using the signal (M8) smile and noise of (a) i.i.d.
N(0,1) and (b) i.i.d. AM(0,2). Here the true signal is piecewise-linear but not necessarily
continuous (i.e. from Scenario (S3)). We test NOT with the sSIC using contrast functions
constructed from Scenarios (S1), (S3) and (S5), where the estimators are denoted by NOTy,
NOT; and NOTjy, respectively. Again we take o = 1. Figure 9 shows a typical realisation of
the estimates produced by NOT with different contrast functions, while Table 9 summarises
the results.

For NOT\ (suitable for piecewise-constant signal), we see that unsurprisingly NOT,
significantly overestimates the number of change-points ¢. This is due to the bias-variance
tradeoff in the sSIC, where the bias term only approaches zero as the estimated number of
change-points ¢§ — oo. Nevertheless, we observe that the set of change-point estimates from
NOTy typically includes the true change-points with jump, even though the construction
of the contrast function (wrongly) assumes that the signal is piecewise-constant in the
neighbourhood of these change-points. Furthermore, under the higher signal-to-noise ratio
setting, NOT5, which is designed for piecewise-quadratic signal, is able to estimate the
number of change-points ¢ correctly most of the time. However, since NOTy is over-
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parameterised in this setting of Scenario (S3), it tends to perform slightly worse than
NOT] in terms of both the MSE for the estimated signal, and the accuracy of the estimated
locations of the change-points. Finally, under the lower signal-to-noise ratio setting, NOTy
tends to underestimate the number of change-points, thanks to the bias-variance tradeoff
in the sSIC. Nevertheless, as is illustrated in Figures 9f, the estimated f; is quite close to
the truth in terms of the ¢y distance. These findings suggest that NOT could still provide
valuable insights in certain misspecified circumstances.
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Fig. 9. Typical realisation of the estimates produced by different NOTs, with data generated from
(M8) smile. Figure 9a— 9f: data series Y; (thin grey), true signal f, (dashed black), f, being the
LS estimate of f; with the change-points estimated by NOT (thick red). Higher signal-to-noise
ratio setting (with A/(0, 1) errors) in Figures 9a, 9¢c and 9e; lower signal-to-noise ratio setting (with
N(0,2) errors) in Figures 9b, 9d and 9f. Here NOTy, NOT; and NOT, denote estimates from NOT
with sSIC using contrast functions constructed from Scenarios (S1), (S3) and (S5), respectively.

In the same example, we also demonstrate that one could empirically select the degree
of the polynomial for the NOT’s contrast function via sSIC. Denote the sSIC scores cor-
responding to the estimates from NOTy, NOT; and NOTy by sSIC(NOTjy), sSIC(NOT)
and sSIC(NOT2) respectively. We propose to pick the estimator produced by NOT;- with

i* = argmin,c g 1 2ysSIC(NOT;).

As shown in Table 9, empirical results suggest that we are able to select the correct order
of the polynomial for our NOT approach using the sSIC (with o = 1), especially when the
signal-to-noise ratio is high.
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Table 9. Distribution of § — ¢ obtained by NOT,, NOT;, NOT for data generated according

to (3) with the signal (M8) and the noise &, RN N(0,1) and N(0,2), the average Mean-
Square Error of the resulting estimate of the signal over 100 simulations. The number of

times each method selected by sSIC is also reported.

qd—q Number of times
Noise | Method | < -3 | -2 | —1 0 1|12]>3| MSE | selected by sSIC
NOT, 0 0 0 0 0] 0] 100 | 0.120 0
N(0,1) | NOTy 0 0 0 99 | 1|0]| O 0.015 100
NOT, 0 4 18| 78 0|0 O 0.024 0
NOT, 0 0 0 0 0] 0] 100 | 0.188 0
N(0,2) | NOTy 0 0 0 |100 0|0 O 0.032 94
NOT, 57 23 | 14 6 0/0] O 0.078 6

H. Additional real data example: OPEC Reference Basket oil price

We perform change-point analysis on the daily Organisation of the Petroleum Exporting
Countries (OPEC) Reference Basket oil price from 1 January, 2003 to 15 July, 2016. The
data were obtained from the OPEC database through the R package Quandl (McTaggart
et al., 2016). Instead of working with the raw price series, we analyse the log-returns series
Y, = 100log (P;/P,—1), where P, denotes the daily oil price. One of the stylised facts of
the financial time series data is that the autocorrelation of assets returns are weak, while
squared returns tend to exhibit strong autocorrelation, which is the case for the oil price
time series (see Figure 10b). This phenomenon can be possibly explained by the existence
of the structural breaks in the mean and variance structure of the data series (Mikosch
and Starica, 2004; Fryzlewicz et al., 2006). In this study, we apply NOT with the contrast
function given by (14), which is designed to detect changes in both the mean and the
volatility, as in Scenario (S4). For comparison, we also report change-points detected with
the NMCD method of Zou et al. (2014).

We apply Algorithm 2 to compute the NOT solution path and choose the model achiev-
ing the lowest SIC given by (11), setting the number of intervals drawn M = 10000 and
the maximum number of change-points gm.. = 25. Computations for the solution path
and model selection are performed using the R package not (Baranowski et al., 2016).
For the NMCD procedure, we use the nmcd routine from the R package nmedr (Zou and
Lancezhange, 2014), setting the maximum number of change-points t0o gmqe, = 25 as well.

Figure 10 illustrates the results of our analysis. The oil price time series and the
locations of the change-points identified by NOT and NMCD can be seen in Figure 10a.
Both methods discover 7 change-points, largely agreeing on their locations, in the sense
that for 6 out of 7 features NOT detects, NMCD detects a change-point nearby. However,
NMCD does not indicate any change-point around the first change-point identified by NOT
on 29 April 2003. This date could potentially be related to the end of the 2003 invasion of
Iraq, which initiated the upward trend in the oil price lasting almost ceaselessly until the
beginning of the 2008-09 financial crisis. On the other hand, NMCD indicates two change-
points in the first quarter of 2016, while NOT only finds one in that period. Table 10
lists the exact locations of the change-points detected by the two methods and the events
that coincide with some of them. Figure 10f shows the autocorrelation function for the
squared residuals obtained by subtracting the sample mean and dividing by the standard
deviations from the data in each segment. It appears that there is little autocorrelation in
the squares of the residuals, suggesting that Scenario (S4) fits the data reasonably well.
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Fig. 10. Change-point analysis on the daily OPEC Reference Basket oil price in USD from 1
January, 2003 to 15 July, 2016. Figure 10a: price series P, (thin grey), locations of the change-
points detected with NOT (vertical dotted lines) and NMCD (vertical dashed lines). Figure 10b:

autocorrelation function of Y,2. Figure 10c: log-returns Y; =

1001log (P;/P;_1) (thin grey), the

fitted piecewise-constant mean via NOT, f (thick red). Figure 10d: estimated residuals via NOT,
& = (Yy — fi)/0+. Figure 10e: the centred log-returns |Y; — f;| (thin grey), fitted piecewise-constant
volatility 4, (thick red). Figure 10f: autocorrelation of £7. The exact locations of the change-points

detected via NOT are given in Table 10.

Table 10. Change-points detected using NOT and NMCD methods in the daily OPEC Reference
Basket oil price data from 1 January 2003 to 15 July 2016, with some of them dated.

NOT

NMCD

Event that coincides

29 April 2003

1 September 2008
27 January 2009
1 October 2009
12 November
2012

30 September
2014

5 January 2016

N/A

N/A

28 August 2008
22 January 2009
23 October 2009
12 October 2012

1 October 2014
21 January 2016

22 February
2016

Invasion of Iraq
critical stage of the subprime mortgage crisis
tensions in the Gaza Strip

beginning of a period of low volatility

beginning of a sell-off leading the price to 12-year

low
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l. Proofs

[.1. Some useful lemmas

I.1.1. The piecewise-constant case

Lemma 1. Let g(z,y) = % and suppose that min(z,y) > 0. Then

1
g(z,y) > 3 min(z,y).

Proof. Without loss of generality, assume that z > y. Then g(z,y) > %¢ > y/2 =

2x
min(z,y)/2. O
Lemma 2. Suppose f = (f1,..., fr)" is piecewise-constant vector as in Scenario (S1),
and T1,...,7q are the locations of the change-points. Suppose 0 < s < e < T', such that
Tji-1 < s <15 < e < Tjyq for some j = 1...,q. Let n = min{r; — s,e — 7;} and

A;f =|fr,41 — fr,|. Then

c

(s,e

f) = Clo(£) ¢~ V2 7
1 (0) = 19 Cloy (F) {g ML

Proof. For any s < b < e, by simple algebra, we have

Vb €= )l = frl. b<
Cé)s,e] (f) = (Tjiz),(zi‘rj) ‘f’rj“rl - f’rj ’a b= T35 (15)

%(Tj =) fr41 = frl, D=7

Now C(T;’e] (f) = maxscpee Cé’&e] (f) follows from the fact that Cé)s,e] (f) is increasing (as a
function of b) for s < b < 7; and decreasing for 7; < b < e. To prove the lower bound,
we set n, = 7; — s and g = e — 7; and observe that n;, > n and nr > 1. Therefore by

Lemma 1, -£7% > 1 Noting that e — s = 51, + ng we bound

> nL+nNr —
CTJ (f) — (TJ S)(e T]) ’fTerl _ fT‘ - (77/ ) 70
(s.€] e—s J J < 771/2Af
— j'
which completes the proof. O
Lemma 3. Suppose f = (f1,..., fr)" is piecewise-constant vector as in Scenario (S1),
and T1,...,74 are the locations of the change-points. Suppose 0 < s < e < T such that
Tj-1 < s <715 and 711 < e < Tj4o for some j=1...,q—1. Then

max Cf, ) (F) < (j = ) 2A5 + (e = 73400)/2AL

where Ag = |fr,41— fr]-
Proof. Suppose that b* = argmax, ;. Cf’s . (f). Then
0< ||f - <f7 wl();ep'l:bk();e] - <f’ 1(s,e]>1(s,e] H2 = ”f - <f7 1(s,e]>1(s,e] ”2 - <f7 d’l();e]>2
< NE = o1V =52 — (£, 8 )2

= (1 = (AN + (e~ 7)) (A5 — (max ¢l (0))

s<b<e
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It then follows that

max Cf, () < /(1 — 5)(AD2 + (e — i) (AL, 2 < (1 — ) 240 4 (e — 1) /20

s<b<e
O
Lemma 4. Suppose £ = (f1,..., fr) is piecewise-constant vector as in Scenario (S1).

Pick any interval (s,e] C (0,T] such that [s + 1,e — 1] contains ezactly one change-point
7. Let p = |1 — b, Ag = \|fr,41— fr,l, nL =75 — s and ng = e — 7;. Then,

0y, ) — W £ T B = (T ()% = (CLa (E)2
Moreover,

(a) for any 7; <b < e, (CT (F))2 — (CL, ()2 = 222 (AD)2;

(£))* = 3 (45)°.

(b) for any s <b < Tj, (o }(f)) —(C?

(s,e (s,€]

Proof. First, we note that since there is only one change-point in [s+1, e—1], the restriction
of f on (s,e], i.e. f|5q=(0,...,0, fss1,...,fe,0,...,0) can be decomposed into

’55] ¢(se]< ¢(56]>+1se]<f l(se}>

where we also used the fact that 107(-; ] and 1(,,) are orthonormal. Note that ¢?57 B and
1(,,¢ are also orthonormal, it follows that

() = Eloels o) = (B0 V0 )6 Lo Wloe) = W0 g s E W0 )
Therefore,
(9 )% = (E 0 ) (W0 o) (P )
and thus
(£, 901 )7 = (E ) = (B )" + (B ) = 208,90, ) (W0 s W) (Es (1 )
= |90 ¢ (%05 ep) — CHPIe A se]>||2

Here in the above final step, we used the fact that H¢g’e} 13 = H‘bl()s,e} 13=1

Second, for the sake of brevity, we only prove the case of b > 7;. Let [ =e—s, x = b—s,
and thus p = — nr. Using (15), we get

_ 2 —r
(€ (0 = (€l (0 = (P72 DY i g

_ne(@ =nL) agve _ [ _PIL £12
e - 2




24 Rafal Baranowski, Yining Chen and Piotr Fryzlewicz

1.1.2. The piecewise-linear continuous case

Lemma 5. Suppose £ = (f1,..., fr) is piecewise-linear vector as in Scenario (S2), and
T1,...,Tq are the locations of the change-points. Suppose 0 < s < e < T, such that
Ti-1 <s+1< 71 <e<Tj4q for some j=1...,q. Let n = min{r; —s—1,e —7;} and
A§ = |2f7—j - fq—j_l - ij+1|. Then

> LUS/QAf
CTj f — Cb f - \/ﬂ 2
(s€] ( ) s—‘gl?lz;e (se] ( ) {S %(77 =+ 1)3/2A§'

Proof. First, we show that CE’S ] (f) is maximised at b = 7;. Using the notation from the

proof of Lemma 4, we have that
flise) = Dl D) + Vo L) + s fs L)
Therefore, it follows that
€113 = (£, (L) + (E () + (L)) (16)

For any b € {s+2,...,7; — 1,75 + 1,...,e — 1}, it is clear that f|(, . does not lie in the
span of (j)l(’s > V(s and 1(, ). Consequently, by projecting f\(s,e} onto these three bases,
we have that

||f|(s,e]”2 > <f7 ¢l()s7e]>2 + <f77(s,e]>2 + <f7 1(3,6]>2' (17)

Comparing (17) with (16) entails that |(f, qbg’e])‘ > |(f, qbl(’s’e])‘ for any b # ;.
Secondly, set 77, = 7; — s — 1 and g = e — 7;. After some calculation, we get that

e+ Dnr(nr +1)(2nenr +nr +nr + 2)
(£) = { 6l(12 — 1) } Aj,

cr

(s€]

where | = e — s. Also, we have n;, > n, ng > n and | = n; +nr + 1. To prove the lower
bound, we observe that

{nL(nL + Dnr(ne +1)(2nne + L + e + 2) }

61(% — 1)
N {1 (e + Vnr ne(nr + 1) 2min(ng, nr){max(nr, nr) + 1}} S {773}
— |6 l l l — 1247

where the last inequality is obtained applying Lemma 1 three times. For the upper bound,
we notice that 2nrnr + 1 + nr +2 < 2(nz + 1)(ng + 1) which implies

{UL(UL + Dnr(nr +1)2nenr + 1 +nr +2) } < {177L77R(77L +1)%(nr + 1) } < { (n+ 1)3} '

61(12—1) 3 (1—1)? 3

O

Lemma 6. Suppose £ = (f1,..., fr) is piecewise-linear vector as in Scenario (S2), and
T1,...,Tq are the locations of the change-points. Suppose 0 < s < e < T such that 7j_1 <

s+1< 7 and tj41 < e < Tjyo for some j=1...,q—1. Then,

max C (f)

1
sti<b<e (] (75 — 5)3/2A§ + —=(e — Tjp1 + 1)3/2A§+1

1
=3 3
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and

3/2 Af 3/2 AT
s-lglggiec(s €] (f) < ( - 5= ) / Aj + (6 B Tj‘H) / Aj+1’

where Ag = 12fr, = fr,-1 — fr,+1]-
Proof. Suppose that b* = argmax, <, Cé’s ] (f). Then

0< ||f| (s,e] — <f ¢l(); e}>¢l(); e] — <fv’7(s,e]>7(s,e} - <f’ 1(s,e]>1(s,e]”2

||f| (s,e] — < Y (s, e]> V(s,e] — <f> 1(s,e]>1(s,e]”2 - <f’ ¢?;e]>2
= (75— 5~ (5~ 9)(2m; — 25 ~ D(AS?

—( max C(Se} (f))Q.

st+1<b<e

1
+ (e = ma)(e = 71 + 1)(2e = 27541 + 1)(Af)?

It then follows that

_max Clg (0 < {( = 9P (AD?/3+ (e = 71+ DX(AT) /3}

1 1
7( — s PAL + ﬁ(e — 71+ DAL
For the second claim, we note that (7; — s)(27; —2s — 1) < 6(1; —s — 1)? and (e — 7j41 +
1)(2e — 27541 + 1) < 6(e — 7j41)?, s0
1/2
max Ch (1) < {(rj — s~ D(AD? + (e~ 750" (A%)?)

st+1<b<e
< (15— s = 1)*2AL 4 (e — 7j50)*2AL

IN

]
Lemma 7. Suppose £ = (f1,..., fr) is piecewise-linear vector as in Scenario (S2), and
T1,...,Tq are the locations of the change-points. Suppose 0 < s < e < T, such that

Ti-1 <s+1<71 <e<Tj4 for somej=1...,q. Let p= |15 —b|, np =7j —s—1,
nr =e—Tj and Af 12fr, — fr,—1 — [r,41]. Then,

105,01 (F: Bse) — D(a g (Fs DL I3 = (1L ()2 = (€L (£)). (18)
] ] ] (s.€] (s5€] ]
Moreover,

(a) for any 73 <b < e. (CTL, (£))? — (CLyy (£))? > & min(p, m)*(AD)?;

(b) for any s+1 < b <75, (€75 (£)? — (CL, (£))? = s min(p,ng)*(AT)2.

Proof. The proof of (18) is very similar to that shown in Lemma 4, so is omitted for brevity.
In the following, we only deal with the case of 7; < b < e. Note that

10, (£, D ”s e]> — 0 D0 I
2
H¢ (s e] ]> + Y (s,€] <fa 7(s,e]> + l(s,e] <f7 l(s,e]> - f|(s,e} H2

> min Hf!sb]—aol(sb] al'Y(S,b]Hg

PP
ag,a1ER ] 02 (b,e] 1Y (be] |2

> min Hf|(s,b] — aol(s,b] — al'y( ,

ap,a1 €R
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Recalling the definitions of az;b] and ﬁ(T;,b} in (7), and writing d = b — s. After some cal-

culations (similar to what has already been carried out in deriving qbl(’& o» a8 demonstrated
in Section B), we obtain that

i {|£] = a0l — ey,

i T TP \— —2
= [@ne+ p+ 2000,y 8y + Bp+ e +2al,, (57,) '] (AD)?
1
= S(A9)%d(d = )1+ pnp + (p+ 1) (n + 1)) %

2 plp+1)
nL(nL +1)

-1

2L D) o ons 4 1)(d+2p+ 1)

plp+1)

Notice that the above equation is symmetric with respect to ny and p. Without loss of
generality, here we proceed by assuming that n;, > p. Since (d+2n;+1)+(d+2p+1) = 4d,
it follows that (d + 2nz, + 1)(d + 2p + 1) < 4d%. Therefore,

[(d+277L+1) +(d+2p+1)

Jmin[[Fli — a0l — arve 3

> AP ot + 0l 0+ P ]

1 (e +1*]7" 1
> —(A%)?d%(d - 1)[2 1)p]|21d* = —pP (AL
= 6( ]) ( )[ (77L+ )P] ;02 = 63'0 ( )
where in the last step, we used the fact that > 1 for p > 1 (and note that the last
above-displayed equation also holds if p = ()).
Finally, we remark that the case of s +1 < b < 7; can be handled in a similar manner

by symmetry. O
Lemma 8. Suppose £ = (f1,..., fr) is piecewise-linear vector as in Scenario (S2), and
T1,...,Tq are the locations of the change-points. Suppose 0 < s < e < T, such that

Tji-1 <s+1< 71 <e<Tj4q for somej=1...,q. Let p= |15 —b|, np, =7 —s—1,
nr = e—T; and Af 12fr, = fr,—1— fr,+1|. Then, for any b satisfying T; —min(ng,nr)/2 <
b<Tj+ mm(nL,nR)/2 we have that

(Aﬁ)

(Cleg ()? = (g () =
Proof. Here we focus on the scenario where b > 7;. By Lemma 7,
(CLe ()7 = (Claeg () = 12 o(F, D, ) — Doy (E, D13

p— 3 b 2
B llo,trl?,lagek Hf‘(s’e] B aol(s’e} a alfy(sve} - a2¢(s,e] H2

{ min(nr,nr) — 1}p%

_ (Af\2 . s b

= (A7, min o [Fliee) = 00l oe) = 01700 — @295,
where f'\(&e} = (0,...,0,1,...,e — 74,0,...,0), in which “1” appears at the (7; + 1)-th
position. In the following, our aim is to bound the residual sum of squares resulted from
fitting f|(,.) via a piecewise-linear and continuous function with only one kink at b over
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(s,e]. Assuming that the fitted value of this vector at the b-th position is m, then, we have
that

. P b 2
ao,cILIll,largeR Hﬂ(s,e] - aO]-(s,e] = A1 (s,e] T 02¢(57e] H2

> () () (s (P () (S e

Since b < 7;+np/2, it follows that e—b > nr/2, and thuse—b—1 > (ng—1)/2. Moreover,
the fact of p < min(ng,ngr)/2 yields n; + 2p < 2nr. Plugging these two inequalities into
the previous equation, we have that

. P b 2
wmin_[[fls = a0l = 01Y(we) — 02l

—1 -1 1 -1 -1
Y’ _\2"R 1 nL nR 2
zm o T lemm) s —2mm< 24 ' 12 )
Consequently,
i 2 b 2 (A§ ’ ; 2
(C(&E} (f)) - (C(s,e] (f)) Z 48 {mm(anﬁR) - 1}p .

By symmetry, the scenario of b < 7; can be dealt with in a similar fashion. Finally, we
remark that the constants here are not sharp, as we will only use this lemma to establish
rate-type results later. ]

1.2.  Proof of Theorem 1
Here we informally discuss our proof strategy, which could be generalised to other scenarios.

e Intuitively speaking, lemmas from Appendix 1.1 deal with noiseless versions of the
change-point estimation problems. In order to apply these results to show the consis-

tency of estimated number of change-points, we need to control HCé’S’e] (Y) —Cé’&e] (f) ||

for every tuple (s, e,b), which can be achieved using Bonferroni in Step One.

e Note that for any fixed left-open and right-closed interval with start-point s and end-
point e, to decide whether by or by is a more suitable change-point candidate inside this
interval, we only need to look at the value of C?;e} (Y) — Cé’;e] (Y). Therefore, when
establishing the convergence rate of the estimated change-point location , we control
the distance between Cé’;’e} (Y) —Cé’;e] (Y) and its noiseless analogue Cé’;’e] (f) —CE’;"B} (f)
(after proper normalisation) for all tuples (s, e, b1, b2) in Step Two.

e In Step Three, we show that given a properly chosen threshold and a large enough M,
both bounds in Step One and Step Two hold, and for each change-point 7;, there exists
an interval from F%/[ that contains only this change-point and both its start- and end-
points are sufficiently far away from other change-points. Since we are dealing with
the narrowest-over-threshold intervals, the actual intervals that our NOT algorithm
pick must have length no longer than the ones we considered in Step Three, thus
could only contain precisely one change-point.
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e So in Step Four, it suffices to investigate a single change-point detection problem,
where we can use lemmas from Appendix I.1 and the bound in Step Two to establish
the convergence rate for its location estimation.

e Finally, in Step Five, we show that after detecting all the change-points, the NOT
algorithm stops with no further detection. This is because the remaining elements
(s,e] € FM to be considered either have no change-point inside, or have one/two

change-points that are very close to its start- or/and end- points, thus their corre-

sponding maxy C?S . (Y) cannot exceed the given threshold in views of the property

of its noiseless analogue and the bound from Step One.

Now we proceed to the technical details.

Proof. We shall prove the following more specific result, which in turn implies (9).

P <q —q, max (|5 -7l(AN?) <y logT> >1-T71/(6v/m) — Top' (1 — 677 /36)",
J=1,...,q
(19)

Step One.
Let € = (e1,...,er) and Ap = /8log T. Define the set

— b
AT a {s,b,ezog}eagli<e§T |C(S’e] (6) ‘ = )\T}

Note that for any 0 < s < b < e < T, CE’ | (e) follows a standard normal distribution.

s,e
Therefore, using the Bonferroni bound, we get

T3 26—(\/810gT)2/2 T-1
P(AS) < — < .
6 BlogTV2r ~ 127

Moreover, because CE’S ] (Y) - Cé)s . (f) = C?S ] (e), so Ar also implies that

b b
{ she0S sb<e<T Cse) (Y) = G (B < /\T}'

We remark that though the constant in Ay (i.e. v/8) does not appear sharp (as it is rooted
in the simple Bonferroni bound), it is sufficient for our purpose of establishing consistency
and rate-type results later. We refer the readers to Diimbgen and Spokoiny (2001) and
Rufibach and Walther (2010) for possible improvement over this constant.

Step Two.
Define the set

(#hat ) — ¥ 7))

Br =4 max max = = < Ar¢.
{Fl’“"q S5 g (¥ — ¥l ¥ l2 }

s<b<e
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K¢ﬁ&4<ﬂ¢ﬁ&q>_¢§iﬂ<ﬁ¢{id>£>
’ ”w?s,e]<f7¢l(7s,e]>7w(j.e]<f711b(§,e]>”2
distribution, so using a similar argument, we get

Again, forany 0 < s<b<e<T | follows a standard normal

jﬂ4,1
P(B%) < ——.
Step Three.
To fix the ideas, for j = 1,...,q, we define intervals
I} = (r;—6r/3— 1,7, — 67/6 — 1] (20)
Iff = (7 + 0r/6,7; + 61/3] (21)

Note that these intervals all contain at least one integer as long as 7 > 6. This is always
true for sufficiently large T', as it follows from Conditions 1 and 2 that o7 > ClogT/f.

Recall that F%/[ is the set of M randomly drawn intervals with pairs of endpoints in
{0,...,T —1} x {1,...,T}. Denote by (s1,e1],-.,(sm,en] the elements of FA and let

DM — {Vj: 1,..,q, 3k € {1,..., M}, st. s € TF and e teR}. (22)

We have that

q
P ((DM)) < Znnf‘{:1<1 —P (s X e € I x IJR))
j=1

2 \M 2 \M
<q(1- O < E . O .
6272 St 3672
Therefore, P (A7 N By N D) > 1 —T71/(6y/7) — T, (1 — 027-2/36)M.

In the rest of the proof, we assume that Ay, By and Dé‘! all hold. We give the constants
as follows:

1 2v/2
C=V6(2y/C3+4V2) +1, C1=2C5+2V2, Cp= \/6_0\[’ Cs = 32V/2 + 48.
These constants could be further refined by applying the Bonferroni bound more carefully.
See also our remark at the end of Step One. But since our main aim is to establish the
rate, we chose not to pursue this direction further. In addition, here we set C' in such a

way that CCy > Cy (as well as Cy > 0). This means that given 5:1,,/2iT > C/logT, one
have that Cgéé/ziT > C14/logT, i.e. we can select (p € [C1y/1ogT, 025;/2iT).

Step Four.
We focus on a generic interval (s, e] such that

Jje{l,...,q}, Fke{1,..., M}, s.t. (sk,ex] C (s,e] and s X e, teL XIJR (23)

Fix such an interval (s,e] and let j € {1,...,¢} and k € {1,..., M} be such that (23) is
satisfied. Let b = argmax, _,.. CC ] (Y). By construction, (sg,ey| satisfies 7; — s5, >

(Sk7€k
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d7/6 and e, — 7; > d7/6. Denote by

Mg = {m Sy em] € FM (s, em] C (s,e]};
O(s’e] = {m S M(&e] © Inax Cb ] (Y) > CT}

Sm<b<em (8mem

Our first aim is to show that O, is non-empty. This follows from Lemma 2 and the
calculation below.

bx T
C(Sk,ek] (Y) Z C(sk,ek] (Y)

.. 5\ 12 o\ /2
> C(sk,ek] (f) —Ar > (6) |f7-_7‘+1 - ij| —Ar = <6> iT — AT
1 AT 1/2 1 2v2)\ a4y 1/2
) (ﬁ(wgc)% fr2 (- 2 )t = ety > o
T 471 T

(Y). Observe

that (Sy,+, emy+) must contain at least one change-point. Indeed, if that was not the case,
we would have Cé’ eme] (f) =0 and

Sm*,

Let m* = argmin,,co_ (em — Sm) and b* = argmax, , . . Cé)

Sm* ,€m* |

b* b* b*
Clsmeren] (Y) =1Cls e ] (Y) =Cl e (B) | S A2 < (p
b*

(Sm* sem]
than one change-points, because €, — Sy < e — s < 0, as we picked the narrowest-

over-threshold interval.

Without loss of generality, assume 7; € (Spy«,em-). Denote by nr = 7j — Sm=, Nr =
em- — 7 and np = (C7 — \/§)2(A§)_2 logT', where A§ = |fr,4+1 — fr,|. We claim that
min(ng,nr) > Nr, because otherwise min(nz,ng) < nr and Lemma 2 would result in

which contradicts C (Y) > ¢r. On the other hand, [+, €n,+) cannot contain more

Clorne ] (Y) S Cla) () + A0 < €, () + Ar < *Af 4+ Ag

J
(8m* yem*]

= (C1 — V8+ V8)y/log T = C1/10g T < (r,

which would contradict CE’; ene] (Y) > (r.

We are now in the position to prove |b* — ;| < C3logT/ (Ag)Q. The arguments we use
here are simpler and slightly more general than Lemma A.3 of Fryzlewicz (2014). Our aim

is to find er such that for any b € {sp,- +1, ..., €m+ — 1} with |b—7;| > e, we always have
(Claen (Y2 = (CEy ey (X)) > 0. (24)

This would then imply that |b* — 7;| < e7. By expansion and rearranging the terms (using
the fact that f; = Y; 4+ ¢¢), we see that (24) is equivalent to

<f’ ¢Z—;7n*7€m*]>2 - <f7 ¢l()sm* ,em*]>2 ><€7 ¢l()sm* ,em*]>2 - <€7 ¢Z§m*,em*]>2

b b Tj Tj
+ 2<E7 'w(sm* ,em*} <f’ w(sm* ,em*]> - ¢(sm* 7em*} <f’ ’(p(sm* 7em*}
(25)

).
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In the following, we assume that b > 7;. The case that b < 7; can be handled in a similar
fashion. By Lemma 4, we have

Tj Tj b — T 77L
EA] o 2= (Eh o 2= (€O () = (Ch ()2 = Tty

S b—Tl 4 e

In addition, since A and Br hold, we have that

(€Wl ene)” — (&AWL o ) S AT
b b T T;
2080 el W) = W 0
<20 e ) =l e (B0 o Pl2Ar =262,

where the last equality also comes from Lemma 4. Consequently, (25) can be deducted
from the stronger inequality x — 2\pk!/2 — )\% > (0. This quadratic inequality is implied
by £ > (v/2+ 1)2)%, and could be restricted further to

2[b — 7jlnL

Ty > min(|b — 7|, ) > (32v2 + 48)(A§)_2 logT = 03(A§)_2 logT.  (26)
j

But since
ne > nr = (C1 — V8)*(A5)2log T = (21/C3)*(A}) 2log T > C3(AH) 2 log T,

we see that the inequality in (26) is equivalent to [b — 7;| > C’3(A§)*2 logT. To sum up,
|b* — Tj|(A§)2 > C3logT would result in (24), a contradiction. So we have proved that
|b* — Tj|(A§)2 < CslogT.

Step Five.

Using the arguments given above which are valid on the event Ar N Br N D% , We can
now proceed with the proof of the theorem as follows. At the start of Algorithm 1 we
have s = 0 and e = T and, provided that ¢ > 1, condition (23) is satisfied. Therefore the
algorithm detects a change-point b* in that interval such that |b* — 7;| < C3log T(Ag)*2
for some j. By construction, we also have that [b* — 7;| < 2/367. This in turn implies
that for all [ = 1,...,q such that 7, € (s,e) and | # j we have either ZF, ZF C (s,b*] or
TE, I* C (b*,e]. Therefore (23) is satisfied within each segment containing at least one
change-point. Note that before all ¢ change-points are detected, each change-point will not
be detected twice. To see this, we suppose that 7; has already been detected by b*, then for
all intervals (s, ex] C (75 — C3log T(Ag)_Q, 7; +2/36r) U (15 — 2/307, 7j + C3log T(A?)_z],
Lemma 2, together with the event Ar, guarantees that

max C?sk’ek] (Y) < max Cé’sk,ek] () + A\ < 4/C3 10gT(A§)‘2A§ + Ar < Ci/logT < (.

sp<b<er s<b<e

Once all the change-points are detected, we then only need to consider (s, e| such that

(Sk, ek] C (Tj — Cg log T(Ag)_2, Tj_|_1 + 03 log T(A;;l)_z]

K.
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for j =0,...,q, where we set Ag = Ag 41 = oo for notational convenience. It follows from
Lemma 3 (within the event Ar) that

2, Cloen () S 102K, Cloy) ()4 7
< \/Cslog T(AD)2A +1/Cslog T(AL, ) =2AL, | + Ar
< (2y/C5 + V8)\/log T = C1/log T < (1.
Hence the algorithm terminates with no further change-point detection. O

1.3.  Proof of Theorem 2
Proof. The proof proceeds in analogy to the proof of Theorem 1. In five steps we shall
establish the following result,

P <q =g, max (|7 —7|(AD?) < 03<1ogT>1/3) >1=T7"/(6y/m) — Top' (1 — 671772/36)",

7j=1,....q
(27)

which in turn implies (10).

Step One and Step Two
We define the following two events

Ar { s,b,e:lggﬁ}ib@gT |C(87e] () < /\T}’
(€80 0) = 97807 2)]
Br = { ‘max max 3 ; = - < )\T}7
j=1,...,q Tj‘r—jl<§es§—:+<17j H¢(S7e] (f, ¢(S7e]> — (l)(s’e] (f, ¢(S7e]>”2
st+1<b<e

where Ay = y/8logT. Arguments as those used in Step One and Step Two of the proof of

Theorem 1 show that P (A%) < 17;7:/1; and P (Bf) < 115:/1;

Step Three
Here IjL, IjL and Dé‘! are as defined in the proof of Theorem 1. In the rest of the proof, we
assume that Ar, Br and DY all hold, where the last event is given by (22). Exactly as in
the proof of Theorem 9, we show that P (Ar N By N D) > 1—-T1/(6\/7) — T (1 —
62T-2/36)M.

We give the constants as follows:

1 22 \ 2/3
C=2(av24205) 11, O =203 42ve, o= 726{ Cy =297 (3(14v2)) "
Here we set C'in such a way that CCy > C; (which also implies that Cy > 0). Consequently,

given 63,/2iT > C+/logT it is possible to select (1 € [Cm/log T, Cﬁ%miT).

Again, these constants could be further refined. But since our main aim is to establish
the rate, we chose not to pursue this direction here.
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Step Four
Consider a generic interval (s, e] satisfying

Jje{1,...,q}, Ike{1,..., M}, s.t. (s, ex] C (s,¢e] and si x e, GIjL ><IJR (28)
and define events

Mse] = {m : (Sm»em] € FM, (sm,em] C (s,e]},
0(3751 = {m € M(S’e} : max C?sm,em] (Y) > CT}

Sm+1l<b<en,
Let b} = argmax,, 1 pee, CE’Sk ex] (Y). We have
g ()= C0 L (Y)
by 1 1 372
2 g (0352 5 /0 do 2 5017, o
1 AT 3/2 1 2v2\ 350 3/2
) (72‘ 532 >5T Ir = <72‘ o )0 e =y = e
T lT

where the third inequality above follows from Lemma 5, therefore Oj . is non-empty.

Let m* = argmin,, co . (ém —sm) and b* = argmax, . icp<e,. Cé’sm*’em*} (Y). Arguing
exactly as in Step Four in the proof of Theorem 1, we show that (s« + 1, ep,-) must
contain exactly one change-point. Further, without loss of generality, assume that 7; €

(Sm* + ]_,em*). Let np = Tj — Sm* — L, nr = em — Tj and

2/3

nr = <\/§(Cl — \/é)\/logT(Ag)*l)> —1.

We observe that min(nz,ng) > nr, as otherwise min(nz,ng) < nr and Lemma 5 would
imply

) . . 1
C?Sm*,em*] (Y) < Cé)sm*,em*] (f) + )\T < C(;mx,em*] (f) + )‘T < ﬁ(nT + 1)3/2A§ + AT
= (C1 — V8 +V8)\/logT = C1/log T < (r,
contradicting Cé’;m* ene] (Y) > (1
We are now in the position to prove that |b* — 7;| < C’g(A?)_Q/?)(log T)'/3 .= ep. Let
be {sm+2,...,em —1}. Our aim is to claim that when |b — 75| > e,
€ o (Y= (C o (V)2 >0 (29)

Since inequality (29) does not hold for b = b*, proving this claim consequently demonstrates
that [b* — 75| < er.

Without loss of generality, we consider the case of b > 7;. Using arguments as those in
Step Four of the proof of Theorem 1 we can show that (29) is implied by x > (v/2+1)2)2,
where k = (C/? (£))2 — (C? ] (f))2. By Lemma 7, £ > (v/2+1)2)\% is implied by

(Sm,*76m,*] (sm*yem*

1/3
min (|b — 7|, 71) > (63(A§)*2 8(V2+1)? 1ogT) = C3(AD ™3 (log T)V/?
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However, for sufficiently large T,
nL > nr = (V3(C1 — V8))*A(AH 2 (log )3 — 1 > (C1 — V8)3(AD) =3 (log T)'/?
> (G5 + VB — VB)3(A5) 3 (10g T)'/? = C3(Af) 23 (10g T)V/? = e,

hence |b — 7;| > e implies (29), so it must hold that [b* — 7;| < er.

Step Five

Using the arguments given above which are valid on the event Ap N BN D% , We can now
proceed with the proof of the theorem as follows. At the start of Algorithm 1 we have s =0
and e = T and, provided that ¢ > 1, condition (23) is satisfied. Therefore the algorithm
detects a change-point b* in that interval such that [b* — 75| < 03(A§)_2/ 3(log T)Y/3 for
some j. By construction, we also have that |b* — 7;| < 2/307. This in turn implies that
forall I = 1,...,q such that , € (s + 1,¢e) and [ # j we have either IZL,IlR C (s,b*] or
TF,TF C (b*,¢]. Therefore (23) is satisfied within each segment containing at least one
change-point. Note that before all ¢ change-points are detected, each change-point will not
be detected twice. To see this, we suppose that 7; has already been detected by b*, then
for all intervals (s, eg] C (75 — ep, 75 +2/307] U (15 — 2/307, 7; + €], Lemma 5, together
with the event Ap, guarantees that for sufficiently large T’

b < b
o Gl (V) = 13 Clo (O VSTox T

< \}§<C3(A§)—2/3(1ogT)1/3 L 1)¥2AF 1 \/Blog T

< (20 +V/8)\/log T = C1\/log T < (1

Once all the change-points are detected, we then only need to consider (sg,ex] such that

(sk,er] C (15 — 03(A§)_2/3(10g T)V3, 1j1 + 03(A§+1)_2/3(10g T)'/3]

for  =0,...,q, where we set Ag = Af; 41 = oo for notational convenience. It follows from

Lemma 6 (within the event A7) that
< b

Sk+r{1<ag(<ek C(sk’ek] (Y) - Sk+q13;(<ek, C(skvek] (f) + 8lOgT
< (C3(AD) 2P (log T2 AL+ (C3(AL, )P (log T) /)PP AL, + \/Blog T
= (203?/2 +V8)\/log T < C1\/log T < (7.

Hence the algorithm terminates and no further change-points will be detected. O

1.4.  Proof of Theorem 3
Proof. Recall that {g;}]_, are i.i.d. N(0,02) with o9 = 1. For any candidate 7(¢®)) on
the NOT solution path, the sSIC criterion function in (S1) can be written as

T&2 4 (24 + 1) log®(T') + constant

where &,% is the estimated variance of the noise (i.e. the residual sum of squares divided by
T) based on T (¢ (k)), and ¢ is the estimated number of change-points.
We now divide our proof into three parts.
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Part I. About a particular model candidate on the NOT solution path
By Theorem 1, we know that with arbitrarily high probability for sufficiently large T,
there exists k* such that 7(¢*)) on the NOT solution path is a “good” candidate with
ooy Tae € T(CHD) satisfying Gg- = ¢ and max?_, |7;—7;| < C'log T for some C’ > 0. In
the rest of the proof, for presentational convenience, we condition on the event that such
k* does exist throughout our analysis.

In addition, we recall that 15, = (1(8761(1), coos Lige (T))/ with

e—s *1/2, t=s+1,...,e
1(5,8} (t) = {( ) ) (30)

0, otherwise

and define the set

ET - { s,e:Orggé(egT ’<1(S’8]’ €>‘ = 6 IOgT}
Using an argument similar to Step One of the proof of Theorem 1, we see that P (Ef.) =
O(T~1). Since we are only interested in proving a certain type of probabilistic statement
for T" — o0, here we could also assume that Ep holds.

Let {ft}thl be the fitted values using the candidate on the solution path with 71, ..., 7. €
T(¢* 7)), and define f; = fr, fort =17;,...,7j41 — 1 for every j = 0,1,...q. Here for nota-
tional convenience, we suppressed the dependence of { ft}t ; and { ft}t ; on k*. It is easy
to see that f; — ft is piecewise-constant, only non-zero for ¢ between the true location of the

change-point 7; and its estimation 7;, and exactly zero elsewhere. Write f= ( fi,oes fT)
Then

(et + fi — ft)2

~
%,

Il
e

W
Il
—

(et + fr — Zet—i—st ) + [|f — ||?
t=1

[M]=

o~
Il
_

+4qC+\/6log T~/C"log T + q(2C)*C" log T

Il
(7~
vno

I
I

e? + (4qCV6C" + 4qC'C?*)log T

I
Mq

&~
Il
—

where the second last step follows from FE7p, linearity of the inner product, and the fact
that max} , |7; — ;| < C"logT.

Part II. Estimation of the number of change-points
In this part, we prove that for NOT with the sSIC, P (¢ =
this by showing separately that (i) P (¢ > ¢) — 0 and (1 (G <q)—0.

First, for all k¥ with ¢, > q and 71,...,74 € T(¢ ( ), we consider a “saturated oracle”
candidate model with ¢ +¢ change-points at 71,...,75,,71, ..., 74 respectively. We reorder
these gr+qlocationsas 0 = 79 < 71 < ... < Tg4q < Tgotqtr1 = 1, and denote the estimated
variance of the errors corresponding thls saturated oracle candidate by U . Since for each

q) = lasT — co. We accomplish
) P
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Jj=0,...,4r +q, f is constant over {1+ 7;,...,7j41}, it then follows that

Gtq Tit Tit1 9
T52 >
rer=3 5 fam L 3 )
J=0 t=1+%; it I = 1+TJ
grt+q
= Zet > (et g.)’ 2 Ze% —6(q+ G +1)log T,
7=0 t=1

where the last line again follows from E7. Note that in the above, for notational conve-
nience, we have implicitly assumed that 71,...,74,,71,...,7, are distinct. It is clear to see
that the same argument holds even if {71,...,75 } N {7,..., 74} # 0. This means that for
all k with . > ¢,

sSIC(k) — sSIC(k*) > T(67 — 62.) 4 2(G — q) log®(T)

+ Q(Qk —q)1og™(T)
= (Gx — q){210g®(T) — 61log T} — (12q + 4qCV6C" + 4qC"C? + 6) log T
> {210g™(T) — 6log T} — (12q + 4qCV6C" + 49C'C? + 6) log T > 0

v

IM%

T
6(q +qx +1) logT} {ZE + 4qC’\/@+4qC’C’2)logT}
t=1

for large enough 7', which implies P (¢ > ¢) — 0.

Second, for all k with g < ¢, it must be the case that one can find some j* € {1,...,q}
such that the corresponding f; is constant over (tj- — |6r/2], 7+ + [67/2]]. Now con-
sider the “intermediate” candidate model with ¢, + 3 change-points at 71,...,74,,7j« —
|67/2], 7=, i~ + |67/2], and denote the corresponding estimated variance of errors by 7.
Without loss of generality, assume that f-.y1 > fr.. Then,

, , T Af 1 i+ [6r/2] 9
57 — Tor > - 5 -
D Y O T~ D DR
t=7;=—[0r/2]+1 b= — |67 /2] +1
T+ + 07 /2] Af* 1 T+ |61 /2]

+ Z {st+7]—m Z 6b}

2

t:Tj* +1 b:T]* 7L5T/2J+1
j* i+ + |07 /2]
D D D DR
t=7;x—[07/2]+1 t=7+1

2
=2(85./2°19r/2] - <E’ l(n*—LaT/QJ,TMLaT/n]>

- A?*\/WKE’ L —t60/20m] > B <€’ H(rye e +l51/21] >}

=z %(A}\/LCST/?J —2y/6logT)* — 1210g T — 6log T

In the mean time, by adding ¢ — 1 more change-points, 71,...,7j<_1, Tj«41,...,Tq, to the
intermediate candidate model, we can show that using the same argument as in the first
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half of Part II that

6(q+ gx + 3)log T.

HM’%

Since 67 > C;(logT)® with o/ > 1, Ag*\/LéT/ZJ > Cyv/|07/2] > 24/6logT for large

enough T'. Consequently, combining the previous two displayed equations lead to

6(q + i +6)logT + — (02\/L5T/2 —2/6log T)”

||Mﬂ

for large enought 1. This means that for all k£ with ¢, < g,
sSIC (k) — sSIC(k*) = T(62 — 62.) + 2(Gr,. — q) log®(T)

> 1 (Co/ 572 — 2/6108T)’

— (4gCV6C" + 49C'C* + 6q + 64y, + 36) log T — 2¢log™(T)
>0

for sufﬁciently large T, where we again used that fact that 67 > C,(log T)® with o/ > o >
1, 50 (Cyv/|07/2] —2+/610g T)2 is at least of order (log 7)® . This implies P (§ < q) — 0.
In conclusion, we have established P (§ = q) — 1.

Part II1. Estimation of the change-point locations
In view of the conclusion of Part II, in the rest of the proof we could assume that Ep holds

and ¢ = ¢. Suppose that the model picked via NOT with the sSIC is 71,...,7, € T(C(i“)).
Furthermore, let

min (|67/2], min;—q__.
min |7—Z_7—j’ and C .= (|~ T/J i=1,...,

i — 7j)
9521 g logT '

J* = argmax;_;

Our aim is to show that C is finite (more precisely, has an upper bound independent of
T). Now consider a “near-saturated oracle” candidate model with 2¢ + 1 change-points at

{721,.. . ,’f'q,Tl,... s Tir—1s Tj*41y - - ,’f'q,Tj* - ClOgT,Tj* —|—ClOgT}

with the corresponding estimated variance of the errors denoted as dz. So here instead of
adding all the true change-points to the set of estimated change-points as before (which
generates the so-called “saturated oracle”), we add all true change-points apart from 7;-,
and replace it by 7;- = C'logT.

Note that by construction (i.e. via dp in the definition of C'), f; is constant over
(Tj* —ClogT, Tj*] and (Tj*,Tj* + C'log T]. In addition, A; = |frq41— [r| 2 S Write

T+ +C'log T

1
Ex = Z Et.
20 log T —C'logT+1
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Without loss of generality, assume that f; .11 > fr,.. Now using the arguments similar
to those in Part II, we see that

ClogT T
T62>To2> Y e+ > el —(29)6logT
t=1 t=7;«+Clog T+1
Ty Tjx+C'log T
+ Yoo (@-Abp-a)r+ D (a+Alj2-a)
t=7;+—Clog T+1 t=7;++1
T 7;++C'log T Tj*
:Ze?—l?qlogT+A§*< Z &t — Z 5t>
t=1 t=7;++1 t=T;+—ClogT+1
+ (AL /2)2(2Clog T) — (2C1og T)&2
T
= &} —12qlog T + AL \/Clog T{<e, Lo i1 4ClogT) — (&, 1Tj*_CIOgT+1,Tﬁ>}
t=1

(Ag* /2)2(20 log T) - <€a 17']-* —ClogT+1,Tj*+ClogT>2

Mq

f £ /9)2
—{6(2¢ +1) +2V6CA}. }logT + (A}./2)*(2C log T)

W
I
—

However,
T
P < Top. < Z + (4gCV6C" + 4gC'C*) log T

Combining the above two inequalities, and after some algebraic manipulations, we get
2¢CV6C" +2¢C'C* > C(AL /2)* = 3(2¢ + 1) — V6C AL,

and thus
2qCV6C" +2qC"C? +3(2q + 1) + 6 > (VCAL. /2 — V6)?,

which entails
_ _ 1/2 2
C< 4[{2q0\/60’ +2qC"C2 +3(2¢ + 1) + 6} + \/6} /2.

Finally, we remark that since o7 = min;j—1__,+1(75—7j-1) > C;(log T)%, for sufficiently
large T,

C]ogTZmin(LéT/QJ max min ”f‘i—TjD = max |7; — 7y

1’ 7q7':17"'7q ]:1,,(]

Therefore, P (maxj—1, 4|7 — 7j| < ClogT) — 1, as required. O

1.5. Proof of Theorem 4

First, we strengthen Theorem 2 in the scenario where the true signal has finitely many
kinks with spacing ~ T
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Lemma 9. Under the assumptions of Theorem 4, there exist constants C' and C such that
by setting (v = CVT and M > 36Qf2 log(QflT), we have that

P(g:q, max |75 — ] SC’\/TlogT> — 1, (31)
J=L.q

as T — 0.

Proof. Let C,C1,Co,Cs > 0 be the constants upon applying Theorem 2. For simplicity,
here we shall take

32v3(vV2+ 1)
c,{v3c,C/oy?

C=CY?Cy/2 and O =

First, we verify that the conditions in Theorem 2 are satisfied. Specifically, we note
that under the additional assumptions of Theorem 4, for sufficiently large T,

(a) 63%f.. > CY*CoVT > CV/log T,

(b) ¢r = CVT € [C1vIog T, Cady * £..),
(c) M >36C2log(CT'T) > 36(T/67)?log{(T/é7)T}.

This means that
P (@ =g, max |% 7| < G0y (T logT>1/3> —1.
J=L.-q9

Second, to strengthen the convergence rate of max;—1, 4 |7j — 7;|, we make some minor
modifications to Step Four in the proof of Theorem 2.

We still let m* = argminmeo(s,e](em — 5y,) and b* = argmax, | 1 pee, . Cé’sm*’em*] (Y),
where (sp,« + 1,ep+) must contain exactly one change-point. Again, we consider 7; €
(Sm= + 1,em-), and let n;, = 7j — Sp» — 1 and ng = ep,- — 75. Note that

4max':1 T |f1| 40 1
Af < ? IR} < o -
ol 9 o1 e

By setting nr = {\/§Q1C~7/(8C_') 25p (different from the proof of Theorem 2), we

observe that min(nz,nr) > nr for sufficiently large T' (satisfying 8logT < 52T/4). It is
because otherwise min(nz,ng) < nr and Lemma 5 would imply that

. . . 1 4C 1
Cé)sm*,em*} (Y) < C?sm*,em*] (f) +Ar < C(;,n*,em*} (f) +Ar < ﬁ(n’f + 1)3/2Q71T + Ar

= %\/TJF V8logT < CVT = (r,

which leads to a contradiction.
We are now in the position to prove that |b* — 7;| < C"\/TlogT := ep. Note that in
view of Theorem 2, it suffices to only consider

be {ome+2,..ceme—1 07y~ [C(AD) 2 (10g )], ... 7+ [C(A) (10 7)1}



40 Rafal Baranowski, Yining Chen and Piotr Fryzlewicz
Our aim is to show that given |b — 7;| > e (as well as |b — 75| < Cg(Ag)_Q/?’(log T)'/3 in

view of Theorem 2),

(¢ (Y))* - (c{ 1 (Y)? > 0. (32)

(Sm* rem=] (Sm*,em*

Inequality (32) does not hold for b = b* by the definition of b*, so proving this claim would
demonstrate that |b* — 7| < er.

Using arguments as those in Step Four of the proof of Theorem 1 (or Theorem 2), we can
show that (32) is implied by £ > (v/2+1)2)2, where k = (C/’ e eme] (£))2— (Cé’sm*’em*} (£))2.

(sm
By Lemma 8, k > (v/2 + 1)2)2. is implied by
(Af)?
48
In view of the fact that

min(ng,nr) — 1> nr — 2 = {V3C,C/8C)}*/*T — 2 > {v/3C,C/(8C)}**1)2

{min(nL,nR) — 1}|b—7'j|2 > (V241)2\2, (33)

for sufficiently large T', (33) is further implied by

8v6(v2 +1)yIog T 32v3(v2 + 1) ,
b= = TlogT = C'\/TlogT.
N N T AN TR VY T

In conclusion, |b — 7;| > e implies (32), leading to a contradiction. So it must hold that
|b* — 7| < er for large T'.
Finally, since P (¢ = q) — 1, we have that

P (q =g¢, max |75 — 5] < C'\/TlogT> — 1,
J: 7"'7q

as required.

Now we are in the position to prove Theorem 4.

Proof. The proof proceeds in analogy to the proof of Theorem 3. In the following, we
present details of the main steps.

Again, thanks to the standard Gaussianity of the noise, for any candidate T (¢ (k)) on
the NOT solution path, the sSIC criterion function in (S2) can be written as

T&E 4 (24 + 2) log®(T) + constant

where 6,% is the estimated variance of the noise (i.e. the residual sum of squares divided by
T) based on T(¢®)), and §j, is the estimated number of kinks.

Part I. About a particular model candidate on the NOT solution path

By Lemma 9, we know that with arbitrarily high probability for sufficiently large T,
there exists k* such that 7(¢ (k*)) on the NOT solution path is a “good” candidate with
Flyeeoy a0 € T(CH)) satistying Gp- = ¢ and max?_, |7 —7;| < C'/Tlog T for some C’ > 0.
In the rest of the proof, for presentational convenience, we assume the existence of such
k*.
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Define the set

Er = { s,e:()rg?ﬁ{engaX <|<7(s,e}7€>|7 ‘<1(s,e]7€>|> S v GIOgT}
Using the Bonferroni bound, we see that P (ES) = O(T~!). Again, in the following, we
could assume that E7 holds.

Let {fi}1_, be the fitted values using the candidate on the solution path with 7, ..., 4. €
T(¢*Y | and define fi = f1, fre1 = fi + + (frj41 — fr,) for t = 75,...,7j41 — 1 for every
j =0,1,...q. Again, here for notational convenience, we suppressed the dependence of
{ ft}t L and {f;}I_, on k*. Tt is easy to see that f; — f; is piecewise-linear and continuous,
with at most 2¢q kinks and

tn11aXT|ft —fil < qmaX(Ag)C’ VTlogT < < C'q\/TlogT =
= j

=1,...,

og T/T.

Write f = (f1,..., fr)’, then ||f — f]|> < (4¢CC"/C,)?log T. Furthermore, it is easy to
verify (under E7) that

T

T
T(AT;%* = Z(Et + ft 2 Z €t + ft Zfit + 2 E f— f) + ”f fH2
t=1

t=1
T
<Y e+ MlogT

for some positive constant M’ that does not depend on T. Consequently, as T' — oo, it
follows that PP (67. <1+ 4/2) =1 for any 6 > 0.

Part II. Estimation of the number of change-points
Our aim in this part is to show that P(§=¢q) — 1 as T' — oo. We accomplish this by
showing separately that (i) P (¢ < ¢) — 0 and (ii) P (¢ > ¢) — 0.

First, we note that it follows from Lemma 5.3 and 5.4 of Liu et al. (1997) that there
exists § > 0 such that as T" — oo,

kﬁlgqp(a’“ >140) — 1.

This means that for all k£ with ¢ < ¢,
sSIC(k) — sSIC(k*) = T(67 — 63.) + 2(Gr — q) log™(T) > 0T/2 — 2qlog®(T) > 0

for large enough T, which implies P (§ < ¢q) — 0.

Second, for all k with g, > g and 71,...,75, € T(¢ (k)), we consider a “saturated oracle”
candidate model with ¢ + ¢ kinks at 71,...,74,,71,...,74 respectively. We reorder these
gr + q locations as 0 = 79 < 71 < ... < 74,44 < Tgutq+1 = 1, and denote by &,% the

estimated variance of the errors corresponding to a piecewise-linear model with features at
these locations but without the continuity constraint (so effectively the way of estimating
this quantity under Scenario (S3)). Let € = (e1,...,e7)’,

L5 = [1(3,6},7(3,3}] and  H, o = Ty (I‘/(s,e]r(s,e]>_1r,(s,e}
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for 0 < s <e < T, where I, is a T'x 2 matrix and H, ¢ is a T'x T' matrix. Furthermore,
denote by D, a T x T' diagonal matrix with 1 in the (s + 1,s + 1)-th to the (e,e)-th
entries and zero elsewhere. Here both H, . and H,  — D, are idempotent matrices.

Then the residual sum of squares for fitting a linear line over (7, 7j41] (on which f; is
linear as well) is

(f + E)/{D(ﬂfﬁﬂ - H(ﬁﬁ'ﬁl]}(f te)= EI{D(%J'77°-J'+1] - H(‘;j,‘;jﬂ]}é'.

It then follows that

grtq

T67 > Toj =Y €{De, 4, — Hiy e

=0
T qr+q
= Zé? — Z €/H(7°'j,7°'j+1]€'
= j=0

t=1

Note that €'H, (e follows a x3 distribution. For any Z ~ x3, P(Z > z) < e#*/2. There-
fore, by defining the set

GT {s,ezorgsai(egTe (S,e]s ~ 6 og ,

we have that P (G%) = O(T ') using the Bonferroni bound. Now assume that G holds,

it follows that
T

To7 > e —6(dr+q+1)logT
t=1
This means that for all k with ¢, > g,

sSIC (k) — sSIC(k*) > T(67 — 62.) + 2(Gx — q) log™(T)
> 2(qr — q)log™(T") = {6(qk +q+ 1) + M'}log T
= 2(Gx — q){log™(T) — 3log T} — (12 + 6 + M")log T
> 2log™(T) — (12¢ + 124+ M')log T > 0

for large enough 7', which in turn implies P (¢ > ¢) — 0.
In conclusion, we have established that P (¢ = q) — 1.

Part II1. Estimation of the change-point locations
In view of the conclusion of Part II, in the rest of the proof we could assume that Ay N
BrnN Dr N Er NGr holds and § = q. A

Suppose that the model picked via NOT with the sSIC is 71,...,7, € T(¢*). Com-
paring the residual sum of squares of this candidate with 7 (¢ (k*)) yields that 7; € {r; —
|107/6]+1,...,7j+|dr/6] —1}. It is because otherwise one could find an interval of length
roughly 67/3 (i.e. ~T) with a true kink in the middle of but with no kinks in its estimates,
leading to 62 > 1+ § for some § > 0 (see Lemma 5.3 and 5.4 of Liu et al. (1997)), and
thus a contradiction (as the sSIC would clearly prefer 7(¢(¥))). Likewise, since § = g, it is
easy to see that 7; is the only estimated kink over (7; — [67/3] — 2,7; + [67/3]] for every
i=1,...,q.
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Let

j* = argmax;—; |7 — 7.

Now consider a “near-saturated oracle” candidate model with 2¢ + 1 kinks at
{721, - ,7A'q,7'1, ey T 1, Tl e e - ,7A'q,7'j* — (5T/3‘| — 2,7']‘* + [(sT/:ﬂ + ]_}

with the corresponding estimated variance of the errors denoted as ak. So again, instead

of adding all the true kinks to the set of estimated kinks as before (which generates the
so-called “saturated oracle”), we add all true kinks apart from 7;-, and replace it by

— ([or/3] +2) and 75 + ([67/3] + 1).

Note that ¢? is no smaller than the estimated variance of the errors from a model with
the features at the same 2¢ + 1 locations, but with the continuity constraint only enforced
at 7j-. More precisely, in the rest of the proof we could effectively follow a model with the
signal following Scenario (S2) over {7;- —[é7/3]—1,...,7j«+[d7/3]+1} and Scenario (S3)
elsewhere.

In addition, forany 1 <s+1<b<e<T,

2
b b
Yl = (Y. 0 )8t = AV is — (Vo L s
2
= HY‘(s,e] - <Ya7(s,e]>7(s,e} - <Y’ l(s,e]>1(s,e] - <Y, ¢l()57e}>2

2
= HY‘(s,e] - <Ya7(s,e]>7(s,e} - <Y’ l(s,e]>1(s,e] - (C?&e] (Y))2

Applying this result on s = 7j- — [07/3] — 2, e = 75 + [d7/3] + 1, b = 7}~ or 7j, and using
the argument similar to that in Part II, we obtain that

Tjx—[6r/3]-2 T
Top > To} > g+ > & —(2q)6logT
t=1 t=7;+[07/3]+2
. T+ [0 /3]+1
L 2= €y 0P+ (Y e -121gT),
Ty —[6r/3]-1
where ZZJ:ET%T — 12logT is the lower-bound of the residual sum of squares for

fitting a piecewise-linear function over {r;- — [67/3] —1,..., 7+ + [d7/3] + 1} with only
one feature at 7;-. Consequently, it follows from an argument similar to that in Step Four
of the proof of Theorem 1 that

MH

6(2q +2)log T+ (C[7,, (£))* — (C[1,; (£))?
- 2\/810g T\/(Cly (0)2 — (€, ()2 — Blog T
_ 2 Tj* 2 Ty 2 2
_ Zet —6(2g+2)log T + (\/ (€ (D)2 = (€, (0)2 = v/8logT) — 1610gT
t=1

Using the fact that |7j« — 75| < 07/6 < ([07/3] +1)/2 and Lemma 8, we have that in the
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case where £z |2 > 8log T,

44T ‘TJ

T
C 2
T62 > S22 (120 + 28) 1o T+(*2 C\T/341—1)23. —7..] — \/3lo T)
T
C C'Q 2
:Z e — (12Q+28)10gT+< 1i4T|TJ — Tj» —\/8logT> )
t—1
However,

T
<Té < Z + M'logT.
Combining the above two inequalities, and after some algebraic manipulations, we get

(vV/M' +12q + 28 +V8)\/Tlog T =: C+/TlogT.

| — Tje| <

\/>

On the other hand, in the case where %1 TF T — Ty |2 < 8log T, we directly have that

24v/2
|75 — 70| < \/CT\Q«/TlogT < C\/TlogT.
=12

Therefore, P (maxj:17...,q |7; — ;| < Cy/Tlog T) — 1, as required. O

1.6.  Proof of Corollary 1
Proof. We set P := Y72 |pk|, where py is the auto-correlation function of {e;}. Now
we modify our proof of Theorem 1 as follows:

Step One and Two

Let A\p = v/8PlogT and define the set Ar as before. Denote the autocorrelation matrix
of {e:} by Pr = [pi—jlij=1,..7 (which is also the autocovariance matrix, since &; has
unit-variance). Then since P is symmetric, we have that

[Prllse = [Pl = max 3 Pyl < P,

where || - ||«c and || - ||1 are the operator norms of a matrix. Consequently, by Holder’s

inequality, |Prll2 < /||Prl1 [|Prllec < P, ie., the largest eigenvalue of Py is bounded
above by P, which is irrelevant of T

For any s,b,e such that 0 < s < b < e < T, since <'z/)l(’s7e], r-:> has a normal distribution,
with zero-mean and

Var(<1/)l()s,e]7€>) = (1/)(5 e])TPT¢ (s,e€] < PH¢ (s,€] HQ <P,

we have that

(Icse]( e)l > AT> :P(|Cf’s,e} (e)|/VP > \/m) <

9¢—8logT/2

V8log TV 21
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It follows from the Bonferroni bound that P (AS) < 127"

Using the same argument as above, we can show that for any 0 < s < b < e < T,
(Wl ) =y () E)
198, (80,1 = e B L)
above by P. Thus, P (B%) < 1277 1.

is normal distributed, with zero-mean and variance bounded

Step Three, Four and Five
The rest of the proof goes through by simply changing the constants as

C =V6(2/C5+V32P)+1, C =2\/C3+V8P, Cy= \}E_VCS?P’ C3 = (32V2+48)P

and setting
nr = (C1 — V8P)2.
O

Finally, we remark that the proof of Corollary 2 is similar to that of Corollary 1, so is
omitted for brevity.
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