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GENERALIZED SUPERMARTINGALE DEFLATORS UNDER
LIMITED INFORMATION

CONSTANTINOS KARDARAS

Boston University

We undertake a study of markets from the perspective of a financial agent with
limited access to information. The set of wealth processes available to the agent is
structured with reasonable economic properties, instead of the usual practice of taking
it to consist of stochastic integrals against a semimartingale integrator. We obtain the
equivalence of the boundedness in probability of the set of terminal wealth outcomes
(which in turn is equivalent to the weak market viability condition of absence of
arbitrage of the first kind) with the existence of at least one strictly positive deflator
that makes the deflated wealth processes have a generalized supermartingale property.

KEY WoRDs: limited information, generalized supermartingales, boundedness in probability, arbi-
trages of the first kind, fundamental theorem of asset pricing.

1. INTRODUCTION

An almost universal assumption in the literature of financial mathematics is that prices
of traded assets, and as a byproduct wealth processes resulting from trading, are di-
rectly observable from an acting agent in the market. In mathematical terminology, one
postulates that wealth processes are adapted with respect to the agent’s filtration. In
practice, however, it is not always reasonable to assume the agent’s information flow is
large enough to satisfy the previous requirement. This can model, for example, cases
where information arrives to the agent with a delay, or in limited form. Additionally,
it can model circumstances where there is lag between the decisions of the agent and
their implementation; in that case, prices at the moment when the act is implemented are
unknown at the moment when the decision is made.

The purpose of this work is to study market viability in scenarios like the ones described
above. All wealth processes available to an agent with some fixed initial capital are
modeled via an abstract set X. The agent possesses some information stream under
which the wealth processes are not necessarily adapted. The aforementioned set X is
endowed with a reasonable economical structure, but it is not assumed to be generated
by results of integrals against semimartingales. (To begin with, such an assumption would
not make sense in our “limited information” set-up. Furthermore, the freedom we are
allowing in the definition of a wealth-process set naturally allows for situations where an
infinite number of underlying assets are available for trading, as is for example, the case in
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the theoretical modeling of bond markets.) The main result of this paper establishes the
equivalence between the boundedness in probability of { X7 | X € X'}, where T denotes a
finite time-horizon, and the existence of at least one strictly positive process Y such that
all deflated processes Y X, where X ranges in X', have some “generalized supermartingale”
property under the agent’s filtration. Boundedness in probability of the set of terminal
wealth processes has been discussed in great detail in Delbaen and Schachermayer (1994),
Kabanov (1997), and Karatzas and Kardaras (2007); it is actually equivalent to a weak
market viability condition, namely absence of arbitrages of the first kind, discussed in
Kardaras (2010a). As it turns out, the correct description of a strictly positive deflator Y
to be used in the aforementioned equivalence involves a “multiplicative” generalization
of supermartingales. In the full-information case, meaning that wealth processes in X
are observable to the agent, the latter generalization exactly reduces to the familiar
supermartingale property.

Literature dealing with viability of markets where agents have limited information is
scarce. To the best of the author’s knowledge, a treatment of this problem in a continuous-
time setting has not appeared before. For discrete-time models, it was shown in Kabanov
and Stricker (2006) that the classical “No Arbitrage” condition is equivalent to the
existence of a probability QQ, equivalent to P, such that the optional projection (on the
agent’s filtration) under Q of the discounted asset-prices are Q-martingales. In the latter
paper, the authors argue that questions regarding viability for continuous-time models
can be posed even for processes that are not semimartingales. It is then not hard to
understand why such line of research does not seem very promising in continuous time: all
the rich machinery of semimartingale theory cannot be directly used, since the processes
involved might fail to be adapted with respect to the agent’s filtration. Indeed, a portion
of the work carried out in this paper deals with establishing appropriate generalizations of
well-known results, such as Doob’s nonnegative supermartingale convergence theorem,
in order to achieve the goal of proving the main result. In this sense, this paper also
contributes to the general theory of stochastic processes.

The structure of the paper is simple: in Section 2 the result is stated, while Section 3
contains its somewhat lengthy and technical proof.

2. THE RESULT
2.1. Probabilistic Notation and Definitions

All stochastic elements in the sequel are defined on a probability space (2, G, IP), where
G is a o-field over Q2 and P is a probability on (2, G). Fix some T € R, that models the
end of financial activity. We consider a right-continuous filtration F = (F;),¢p0,71 such
that 7, C G holds for all # € [0, T] and Fy is trivial modulo P. We assume that G is
P-complete and all P-null sets of G are contained in Fy; in other words, the stochastic
basis satisfies the usual hypotheses.

We stress that the stochastic processes that will be considered in what follows are
not assumed to be F-adapted; by a “stochastic process X”” we simply mean a collection
(X1)iepo, 7 such that, for each ¢ € [0, T, X is a G-measurable random variable.

By IL& we shall be denoting the set of all equivalence classes (modulo IP) of nonnegative,
G-measurable random variables, endowed with the metric topology of convergence in
P-measure. (Note that we shall not differentiate between random variables and the
equivalence class in L%, they generate.) Furthermore, we shall use LY , to denote the set
of f €LY such that P[f > 0] = 1.
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DEFINITION 2.1. A stochastic process X will be called nonnegative if X, € ]L(i for all
t € [0, T]; X will be called strictly positive if X; € ]LO+ 4 forall 7 € [0, T]. A nonnegative
stochastic process X will be called cad in probability if the mapping [0, 7] > t — X; € ]LO+
is right-continuous. Further, a nonnegative process X will be called cadlag in prob-
ability if the mapping [0, 71> 7 +— X, € LY is right-continuous and admits left-hand
limits.

The notions of process-continuity in Definition 2.1 are weaker than the corresponding
“cad” and “cadlag” notions referring to the paths of a process.

2.2. Generalized Supermartingales

We now introduce a “supermartingale” property with respect to F for nonnegative
processes, when these processes are not necessarily F-adapted.

DEFINITION 2.2. A nonnegative stochastic process Z will be called a generalized super-
martingale with respect to Fif E[Z,/ Z; | F,] < 1 holds whenever s € [0, T] and ¢ € [s, T.

In the context of Definition 2.2, the event {Z; = 0} € G might not be P-null for s € [0,
T; therefore, one should be careful in defining Z,/Z; on {Z, = 0}. We use the following
conventions: on {Z, = 0,Z, > 0} we set Z,/Z; = oo, while on {Z; = 0,Z, = 0} we set
Z,/Z; = 1. In particular, if Z is a nonnegative generalized supermartingale with respect
to F, then P[Z;, = 0, Z;, > 0] = 0 holds whenever s € [0, T] and ¢ € [s, T].

If a nonnegative process Z is F-adapted, it is straightforward to check (using our
division conventions) that Z is a generalized supermartingale with respect to F if and
only if E[Z; | F;] < Z; holds whenever s € [0, T] and ¢ € [s, T]; in other words, we retrieve
the classical definition of nonnegative supermartingales.

2.3. The Equivalence Result

We are ready to state the main result of the paper, which connects the boundedness
in probability of the terminal values of a set of wealth processes to the existence of a
strictly positive generalized supermartingale deflator. Theorem 2.3 below, whose proof
is given in Section 3, refines and widens the scope of previous findings obtained in the
“full information” case, like the ones in Christensen and Larsen (2007) and Karatzas and
Kardaras (2007).

THEOREM 2.3. Let X be a set of stochastic processes such that:

(a) Each X € X is nonnegative and cad in probability, and satisfies Xy = 1.

(b) There exists a strictly positive process X € X.

(c¢) X is convex: (1 —a) X+ aX') € X holds forany X € X, X' € X, and « € [0, 1].

(d) X has the following switching property: for all t € [0, Tl and A€ F;, all X € X, and
all strictly positive X' € X, the process

oo X +1 XTV‘X B Xi(w), iftel0,t],orw¢ 4
s X, o (X:(w)/ X(w)) Xj(w), iftelr, TIand w e A

is also an element of X.
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Then, the following statements are equivalent

(1) The set { X7 | X € X} is bounded in probability: lim,_, o, sup y.y P[ X7 > £] = 0.
(2) There exists a cadlag in probability and strictly positive process Y such that YX is a
generalized supermartingale with respect to F for all X € X.

Under any of the above equivalent conditions, each X € X is cadlag in probability.
If X is such that (a) through (d) are satisfied and furthermore { X1 | X € X} is closed
in probability, conditions (1) and (2) above are also equivalent to condition (3) below.

(3) There exists a strictly positive wealth process X € X such that X, / Xisa generalized
supermartingale with respect to F for all X € X.

2.4. Remarks on Theorem 2.3

We continue by discussing some topics that are related to the statement of Theorem 2.3.

2.4.1. Financial Interpretation of the Set X. A set X that satisfies (a) through (d)
in the statement of Theorem 2.3 can be thought as modeling the wealth processes that
are available to some agent in a financial market. Condition (a) states that the initial
capital of the agent is normalized to unit, and that wealth processes satisfy an extremely
mild “regularity” requirement. Condition (b) states that one can find a wealth process in
X € X that can be used as a “baseline” to denominate all other wealths—for this reason,
it has to be strictly positive. (Usually, X is taken to be the wealth process generated by the
bank account.) Note that, if we choose to actually denominate all wealths in units of X,
in other words if we replace X by X := {X/X | X € X}, then properties (a) through (d)
of Theorem 2.3 still hold for the new wealth-process set X’ with (b) actually strengthened
to 1 € X. Further, note that a process Y satisfies statement (2) of Theorem 2.3 if and
only if the process Y := YX satisfies statement (2) of Theorem 2.3 with X replacing X.
This simple “change of numéraire” trick helps reduce the proof of Theorem 2.3 to the
case where property (b) is strengthened to 1 € X. Moving ahead, it is intuitively clear
why the convexity property (c) should hold: if an agent can invest in two wealth processes
X € X and X' € X, the agent should be free to allocate at time ¢t = 0 a fraction « € [0, 1]
of the unit initial capital to wealth X’ and the remaining fraction to the wealth X. The
switching property (d) has the following economic interpretation: if an agent can invest
in two wealth streams X € X and X' € X, where the latter process is assumed strictly
positive, we should then allow for the possibility that, starting with the wealth process
X, at time 7 the agent decides to either switch to the wealth process X', which happens
on A € F;, or keep investing according to X, on the event 2\ 4. Note that it is exactly
condition (d) which reflects that the information flow available to the agent is F.

2.4.2. Market Viability. An arbitrage of the first kind in the market is a random
variable & € ]Li with P[§ > 0] > 0 such that for all x > 0 there exists X € X (which may
depend on x) which satisfies P[x X7 > £] = 1. We shall say that condition NA; holds if
there is no arbitrage of the first kind in the market. In par with the financial interpretation
of the set X given in Section 2.4.1 above, the set xX = {xX | X € X'} corresponds to
all attainable wealth processes starting from initial capital x > 0. Therefore, in words,
condition NA| fails if and only if no matter how minute the initial capital is, an investor
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can invest in a way that certainly results at time 7 in at least a predetermined non-
zero (on a set of strictly positive probability) amount. According to proposition 1 in
Kardaras (2010a), boundedness in probability of { X7 | X € X'} is equivalent to condition
NA,. (Although the set-up in Kardaras 2010a is different, the proof of proposition 1
from the latter paper can be copied mutatis mutandis for the present situation.) The
aforementioned equivalence clarifies the financial relevance of Theorem 2.3.

2.4.3. The Numeérairein X. When{X7 | X € X}isbounded and closed in probability,
it is natural to call a process X that satisfies condition (3) of Theorem 2.3 above the
numéraire in X', which generalizes the definition for the full-information case (see Long
1990, Becherer 2001, Karatzas and Kardaras 2007). Note that the numéraire in X, if it
ex1sts is umque up to modlﬁcatlon Indeed, suppose that both strictly positive processes
X e X and X € X are such that X, X/ X and X' / X are generahzed supermartingales with
respect to F. In particular, IE[X’[ / X,] <1 and E[X, / X”,] < 1 should hold simultaneously
for all ¢ € [0, T. Jensen’s inequality gives that ]P’[)?, = /?’t] = lforallze|0, TI.

2.4.4. Adaptedness of the Strictly Positive Generalized Supermartingale Deflator. As
a careful inspection of the proof of Theorem 2.3 in Section 3 reveals, the strictly positive
generalized supermartingale deflator Y that satisfies condition (2) of Theorem 2.3 can be
chosen to be adapted with respect to the usual augmentation of the filtration that makes
all the wealth processes in X adapted. In particular, if the processes in X are F-adapted,
Y can be chosen to be F-adapted.

3. PROOF OF THEOREM 2.3

We start by mentioning (without proof) a special case of lemma Al.1 in Delbaen and
Schachermayer (1994), which will be used constantly throughout the proof of Theo-
rem 2.3. Recall thata set B C Lﬂ is called bounded in probability if lim—.oc sup ;g P[f/ >
{]=0.

LEMMA 3.1. Let (f")nen be an Lg-valued sequence and define C" as the convex hull of
the set {f",f"*1, ...}, foreachn € N. Assume that C' is bounded in probability. Then, there
exists g € ]L?L and a sequence (g" ),en such that g" € C" foralln € Nand P-lim, ., g" = g.

We now state and prove a “static” version of Theorem 2.3.

THEOREM 3.2. Let C C Lﬂ’r with C N L?ﬁL #+ (. Assume that C is convex and closed in
probability. Then, the following statements are equivalent

(1) C is bounded in probability.
(2) There exists g € LY, such that E[gf] < 1 holds for all f € C.
(3) There exists f € C N ]LO+ such that E[f/j] <1 holds for all f €C.

Proof . Implication (3) = (2) trivially follows by setting g := 1//"\. Further, assume
(2) and fix g € L%, such that E[gf] < 1 holds for all f € C. Forall¢ € Ry and f €C,
CP[fg > €] < E[fg] < 1. Therefore, lim;—.o sup ;¢ P[fg > £] < limsup,_, . (1/¢) = 0,
that is, {fg | / € C} is bounded in probability. Since g € L’ ,, C is also bounded in
probability, that is, condition (1) holds.
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We now discuss the more difficult implication (1) = (3), which is the content of
theorem 1.1(4) in Kardaras (2010b). Since C N ]L + # ¥, we may assume that 1 € C.
Indeed, otherwise, we consider C := (1 /g)C for some geln L .Then, 1€ Cand C
is still convex, closed, and bounded in probablhty Furthermore 1f E[f/ f] < 1 holds
for all f € C, then, with f = gf, ]E[f/f] <1 holds for all f e C. Therefore, in the
sequel we assume that 1 € C. We claim that we can further assume without loss of
generality that C is solid. Indeed, let C’ be the solid hull of C, thatis,C’ := {f € ]L | f<
h holds for some & € C}. It is straightforward that 1 € C’, as well as that C' is st111 convex
and bounded in probability. It is also true that C’ is still closed in probability. (To see the
last fact, pick a C’-valued sequence (/") en that converges P-a.s. to f € L. Let (h"),en
be a C-valued sequence with /" < A" for all n € N. By Lemma 3.1, we can extract a
sequence (ﬁ”)neN such that, for each n € N, 7" is a convex combination of woRt
and such that 4 := P-lim,_. ., 4" exists. Of course, 4 € C and it is easy to see that /' <
h. We then conclude that f € C'.) Suppose that there exists f € C' such that E[ f/ ﬂ <1
holds for all f € C'. Then, f € C (since / has to be a maximal element of C' with
respect to the order structure of .°), and E[ f/ f] < 1 holds for all f € C (simply because
C C (). To recapitulate, in the course of the proof of implication (1) = (3), we shall be
assuming without loss of generality that C C ]LO+ is solid, convex, closed, and bounded
in probability, as well as that 1 € C.

For all n e N, let C" := {f € C| f < n}, which is convex, closed, and bounded in
probability and satisfies C" € C. Consider the following optimization problem:

(3.1 find f]' € C" such that E[log( f")] = sup E[log( f)].
fecr

The fact that 1 € C" implies that the value of the above problem is not —oco. Further,
since / < n for all f € C", one can use of Lemma 3.1 in conjunction with the inverse
Fatou’s lemma and obtain the existence of the optimizer f]' of (3.1). For all f € C" and
€ €10, 1/2], one has

log (1 = )/ +€/) — log (/)

€

(32) E[A(f1 )] <0, where Af]f) =

Fatou’s lemma will be used on (3.2) as €,0. For this, observe that A.(f | f/') > 0 on the
event { f > f'}. Also, the inequality log(y) — log(x) < (¥ — x)/x, valid for 0 < x < y,
gives that, on { f < f'}, the following lower bound holds (remember that € < 1/2)

Ay Ny SN L N
N DR A

Using Fatou’s lemma on (3.2) gives E[(f — f)/ fI] <Oforall f € C".

Lemma 3.1 again gives the existence of a sequence ( f ")nen such that each f " is a finite
convex combination of /7, f"*! ... and f = lim,_ o f " exists. Since C is convex,
f” € C for all n € N; therefore, since C is closed, fe C as well. Fix n € N and some
f €C" Forall k € Nwith k > n, we have f e Ck. Therefore, E[f/ f¥] < 1, for all k > n.
Since f " is a finite convex combination of f7, f7*!, ..., an easy application of Jensen’s
inequality for the convex function ]0, oof 9 X l/x €10, oo[ gives that ]E[f/f”] <1
Then, Fatou’s lemma implies that for all f € [, C* one has E[f/ﬁ < 1. The extension
of the last inequality to all f € C follows from the solidity of C by an application of the
monotone convergence theorem. |

—2.

A(f 1 D)=~
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By Jensen’s inequality, an element f € C satisfying condition (3) of Theorem 3.2 above
is necessarily unique. (In this respect, see also Section 2.4.3.) Therefore, the next definition
makes sense.

DEFINITION 3.3. Let C C ]LO with C ﬂ]LO + # ¥ be convex, closed, and bounded in
probability. The (unique) f € C satisfying condltlon (3) of Theorem 3.2 will be called the
numéraire in C.

We proceed with stating and proving two results of independent interest that
will help establish Proposition 3.7, a result concerning regularization of generalized
supermartingales.

LeEmMA 3.4. Consider two I[,:’L-valued sequences (g")nen, (W )peny with E[g"] <1 and
Elh"l <1 for all n € N, as well as P-lim,_,.(g"h") = 1. Then, P-lim, . g"=1=
P-lim,_, o A".

Proof. The fact that P-lim,,_. ,.(g"/#") = 1 implies that P-1im,,_, », /g"#" = 1; then

lim sup (1 ~E [\/gTD =1 - liminfE [\/gT] <0

n—o00 n—00

as follows from Fatou’s lemma. Now, since

E [(/E - «/h_)z] =E[g"] + E[i"] - 2E [ﬂ] <2 (1 —E [\/ﬁ]) :

we obtain that P-1lim,_,«(v/g" — v/h") = 0. In view of g" — h" = (\/g" — vh")(Vg" +
«/W) and the fact that both sequences (g"),cn, (A")qeny are bounded in probability
(because E[g"] <1 and E[A"] <1 for all n € N), we also have P-lim,_,..(g" — h") =
0. Furthermore, the equality g" + 4" = (/g" — \/W)z +2/g"h" gives P-1lim,,_, o.(g" +
h") = 2. Finally, combining P-1im,, . (g" — #") = 0 and P-lim,_, .(g" + 4") = 2 gives
P-lim, .o g" = 1 = P-lim,_ o A". O

PROPOSITION 3.5. For eachn € N U {00}, let C" be a convex, closed, and bounded subset
of LO with C" N ILO + # 0, and let f " be the numeéraire in C". ( These numéraires exist in
view of Theorem 3. 2 ) Then, P-1im,,_, o, f " f ° holds in either of the following cases

(1) (C")nen is nondecreasing and C* is the closure in probability of |, . C".
(2) (C")nen is nonincreasing and C*° = (), C".

Proof. In the course of the proof below, we drop all superscripts “co” to ease the
readability. To establish both statements (1) and (2) below, we shall Just show the exis-
tence of a subsequence ( f "), eny Of ( f "nen such that P-1lim,,_, o f M — f By the same
argument, it will follow that any subsequence of (_ f Jnen has a further subsequence that
converges to f. Since LY is equipped with a metric topology, this will imply that the
whole sequence ( f ")eN converges to f

Proof of (1). Lemma 3.1 gives the existence of a sequence (]7”);161\1 such that each
f” is a convex combination of ( f )k —n...m, for some n <m, € N, and such that
fN = P-lim,_ f” exists. Of course, f € C. Obviously, lim,_, ,,m, = co; we can also
assume that (m1,),cn 18 an increasing sequence, forcing it to be if necessary.
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Since E[ f/ f7‘] < l holds for all /' € C" and n < k, Jensen’s inequality applied by using
the convex function ]0, co[> x > 1/x € 10, oo implies that E[ // f*] < 1 holds for all
f €C" and n < k. By Fatou’s lemma, E f/ﬁ <1 holds for all n e Nand f €(C". In
particular, /'€ CNLY, . As (C")en is nondecreasing and C is the L.’-closure of | J, . C",
Fatou’s lemma apphed once agaln W111 give E[f/ f] < lforall feC. By umqueness of
the numéraire, we get f f Since f el L, ., it follows that - hm,Hoo( f "/ f) =1

Since f’”” is the numéraire in C" and f" € C"™ foralln € N, E[ /" f / /™1 < 1 holds for
alln € N, Also, E f’”" / f] < 1 is obvious because f is the numeéraire in C. Letting g" :=
f"’ / f"“ and h" = f Ly f foralln € N, the conditions of the statement of Lemma 3.4 are
satisfied. Therefore, P-lim,_, o, /" = 1, which exactly translates to P-lim,,_, fm" = f

Proofof (2). One applies again Lemma 3.1 to get the existence of a sequence ( f IneN
such that each f " is a convex combination of ( f Yk=n. .. 1, for somen < ¢, € N, and such
that f = P-1lim,_ f” exists. We can assume that (Zn)neN is an increasing sequence,
forcing it to be if necessary. Following the same reasoning as in the proof of case (1) one
can show that [ = 7.

Define my = 1 and a N-valued increasing sequence (m1,),cn inductively via m, =
Cy,, for all n € N. Then, it is straightforward to _check that E[fm" /f”’"N ']<1 and
E[f™/f™] <1 hold for all n € N. Letting g" := f"/f™ and h" := f™/f™ for
all n € N, the conditions of the statement of Lemma 3.4 are satisfied. Therefore,
P-1lim,,_, o, /" = 1, which, in view of P-1lim,,_, o, f"”’ = f gives P-lim,,_, o, f\’”“ = f O

REMARK 3.6. The result of Proposition 3.5(2) does not necessarily hold if C*° N I[fi =
#. Indeed, let Q2 = (0, 1], F be the Borel o-field on 2 and P be Lebesgue measure on
(2, F). Define two nonincreasing sequences (f")neN and (g"),en Via f" = (1/2)o, 13+
(1/]’[)]1(1/3‘,1/(”+1)] + ]I(n/(n+1), 1] and g" = H(()ﬁ 1/3] + (1/(5!’!))}1(1/3' 1]- Foreachn € N, define

c" = {h € IL& |h<(l—a)f"+ag" for some a € [0, 1]}.

Of course, (C"),en 18 a nonincreasing sequence of sets that are convex, closed, and
bounded in probability. In fact, f” is the numéraire in C” for all » € N as it easily follows
from the inequality

g" 1 1 n 1 1 1 2 2 1
ET =2 - - —_— — = —_— < — _— 721,
[fn] <3>+5(n+1 3>+5n ir1)=37 1575

Now, C*® ﬂneNC = {hlo, 131 h e ILO with 4 < 1}, from which it follows that f =
Lo, 1,3 s the numéraire in C*°. However, the sequence ( f "aen converges in probability to
(1/2)L, 1,3}, which is distinct from f

The next result concerns the “regularization in probability” of processes and is the
analogue of path regularization of nonnegative supermartingales (see, for example,
proposition 1.3.14 of Karatzas and Shreve 1991). Before the statement of Proposition
3.7, we introduce some notation. Fix a nonnegative process X € X. For s € [0, T7, if
P-1lim,, .~ X exists and is the same for any strictly decreasing [0, T]-valued sequence
(#")nen such that lim,,_, " = s, we shall be denoting this common limit by P-lim, |, X;.
By definition, we set P-lim,, 7 X; = Xr. Similarly, if ¢ € ]0, 7] and P-lim,_, o X,
exists and is the same for any strictly increasing [0, T]-valued sequence (s"),en such
that lim,,_, 5" = ¢, we shall be denoting this latter limit by P- limgy4, X;.
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PROPOSITION 3.7. Let Z be a strictly positive generalized supermartingale with respect to
F. Then, forall t € [0, T, Zy = P-lim,; Z; exists. If t €10, T], Z,_ := P-limy, Z
exists as well. Furthermore, (Z} )0, 1) is a strictly positive generalized supermartingale
with respect to ¥, and P-1limy4. Z, exists and is equal to Z,_ for all T €]0, T].

Proof. For t € [0, T, let C, be the closed (in probability) convex hull of {Z, |t € [z,
T1}. It follows that C, € C; whenever s € [0, T] and ¢ € [s, T]. Also, Z, is the numéraire
in C,, since E[Z,/Z] < 1 whenever ¢t € [0, T] and 7 € [t, T]. In particular, in view of
Theorem 3.2, C, is bounded in probability for all 7 € [0, T'].

For all 1 € [0, T, let C,y := Uremcz, as well as Cyy := Cy. For all ¢t € [0, T,
Ci+ €C;, and Ciy = |,y Co» holds for any strictly decreasing [0, 7]-valued sequence
(7")pen with lim,,_, ., t" = ¢ whenever ¢ € [0, T[. An application of Proposition 3.5 gives
that Z,; := P-lim, |, Z; existsforallz € [0, 7] and it is actually equal to the numeéraire in
C,., where C,, will denote the closure in probability of C;. . (Observe that the numéraire
in C,4 exists by Theorem 3.2, as C,+ N ]LO+ + # ¥ and C,+ is convex and bounded in
probability.)

Consider now the process Z.. :=(Z4)efo,17- Since C,. N 1LY, # ¢ forall 7 € [0, 7] and
Z,; is the numéraire in C,, it follows that Z,, € LY, that is, Z., is strictly positive.
We claim that Z., is cadlag in probability; indeed, for ¢ € [0, T, and as C,; coincides
with the closure in probability of |, .}, 7 C.+, an application of Proposition 3.5(1) gives
that Z, = P-lim. |, Z .. Now, for all  €]0, 7] we have (. ;{Ci+ = Nyeo.,(Ci- A
application of Proposition 3.5(2) gives that P-lim;4. Z;+ and P-lim;y4, Z; exist, and
they are actually equal.

It only remains to show that E[Z, /Z, | Fi] < 1 holds whenever s € [0, T] and ¢ €
[s, T]. Fix s € [0, T] and ¢ € [s, T], as well as 4 € F,. For all n € N, with §" :=
(1 =1/n)s+ T/nand ¢":=(1 — 1/n)t + T/n, the generalized supermartingale prop-
erty of Z with respect to F and the fact that 4 € F; C Fn give E[(Zn/ Zn) 4] < P[A].
Then, Fatou’s lemma gives E[(Z;/Z;+)[ 4] < P[A4]. Since 4 € F; was arbitrary we get
E[ZI+/Z9+ | ]:v] =1L ]

REMARK 3.8. The proof of Proposition 3.7 is based on a generalization of Doob’s
celebrated result regarding the convergence of nonnegative supermartingales. For sim-
plicity, we discuss the case where the time-set is discrete, that is, the process is in-
dexed by N—the extension to R, -indexed processes is straightforward. Let (g,)sen
be an Lﬂ-valued sequence of random variables such that E[g,/g,] < 1 holds when-
ever N> m <n €N, and such that the convex hull of {g, | » € N} is bounded away
from zero in probability. Following the ideas in the proof of Proposition 3.7—more
precisely, using statement (2) of Proposition 3.5—we can obtain that P-1lim,_, , g, ex-
ists. To compare this result with the nonnegative supermartingale convergence theo-
rem, let H, denote the smallest o-field that makes all random variables gi,..., g,
measurable. Doob’s well-known result states that if E[g, | H,,] < g, holds whenever
N>m <neN, then lim,_ g, P-a.s. exists. Rewrite the supermartingale property
Elg, | Hnl < gm as Elg,/gm | Hn] < 1, and note in particular that E[g, /g,,] < 1 when-
ever N > m <n € N. (This is just the generalized supermartingale property of (g,)nen
under the trivial filtration.) Therefore, the supermartingale convergence theorem be-
comes a special case of our result, since no conditioning is used in the generalized
supermartingale property of (g, ).en. However, one can no longer claim that (g, ),en con-
verges PP-a.s.; this is the reason why only a regularization “in probability” is obtained in
Proposition 3.7.
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We remark that this generalization of Doob’s supermartingale convergence theorem
seems new (the author was not able to spot any such occurrence in the literature) and its
proof does not use “traditional” methods and tools of martingale theory.

We are now ready to give the proof of Theorem 2.3.

Proof of Theorem 2.3. We show the implications (1) = (2), (1) = (3), (3) = (2), and
(2) = (1) below. The fact that all processes in X’ are cadlag in probability under any of the
equivalent conditions (1) or (2) in Theorem 2.3 is discussed after the proof of implication
(2) = (1). As discussed in Section 2.4.1, we can, and shall, assume that property (b) of
the set X in the statement of Theorem 2.3 is strengthened into 1 € X,

(1)= (2). Forallte[0, T],letC, := {X; | X € X}. The convexity of X implies that
C, is convex for all 7 € [0, T]. Let X € X'. The switching property of X', combined with
1 € X gives that X = X, .. 18 also in X; since XT = X,, we obtain that {X, | X € X} C
{Xr | X € X}. Therefore, C, is bounded in probability for all ¢ € [0, T]. From Theorem 3.2
it follows that, for all 7 € [0, 77, there exists 7, in the closure in probability of C, such that
E[f/f,] <1 holds for all f € C,.

Now, let (§"),en be a sequence in X such that &% e L%, for all neN and
P-lim, o &} = ?T We shall show that P-lim,_, &' = ﬁ actually holds for all 7 €
[0, T]. Fix ¢t € [0, T7] and let (x")nen be a sequence in X such that x;' € ILO foralln e N
and P-lim, . x) = f . We can assume without loss of generality that Elg'/x'1<1
for all n € N. (Indeed, if the latter fails we can replace x” with ", an appropriate con-
vex combination of x” and &”, such that E[£/'/v]'] <1 and E[x/"/¥/] < 1 hold for all
n € N; in effect, ¥ is the numéraire in {(1 — )y, + @&/ | @ € [0, 1]}. Lemma 3.4 with
g" = x/'/¥! and h" =Y}/ ]?, for all n € N implies that this new C,-valued sequence
(¥ "Mnen will still converge to 7:.) Now, for each n € N, let ¢ := X (€L /ET). We have
¢ € X by the switching property, and ¢ = (x//5/)&4. Then, B[t/ ] = EI¢/ //] < |
for all n € N. An application of Lemma 3.4 with g" := &}/¢} and f" = ¢}/ fr
for n € N gives P- hmn_)oo i = fT Combining this w1th P- 11m,1_>0O X5 = f,, we get
P-lim, oo (&' /E}) = f '/ f 7, and, therefore, P-lim, .o &' = f ., which is the claim we
wished to establish.

Define ¥, := 1 / f, forallte]0, T];as f /€ ]LO+ - Yis a well-defined and strictly positive
process. We claim that hm,Hoc [| Y& — 1|] = 0 holds for each ¢ € [0, T]. Indeed, since
P- llm,Hoo(Yét )=1and (th )e ]LO for all n € N, by theorem 16.14(ii), page 217 in
Williams (1991) one needs to establlsh that lim,,_, o E[Y, &'l = 1, which follows from 1 =
IE[llmlnf,HOO Y,Et] < lim 1nf,Hoo ]E[IA/, ] < limsup,_, ]E[Y, "] < 1. In particular, for
all A € G we have lim,,_, o E[Yé”]IA] = P[4].

F1x s €[0, T, t € [s, T], A€ F, and a strictly positive X € X. For n € N, let

= o\ 48" + L&/ X;) X;v.. The switching property of X implies that X" € X. Fur-
thermore X’ =lo\a & + L&) /X ;) X;. Then, [X” Y,] < 1 translates to the inequality
[(X,/X )Y,S”]IA] <1—-E[lg\ 4 Y,é, ]. Usmg\Fatou s lemma on the left-hand side of this
inequality and the fact that lim,,_, o E[lo\ 4 Y,£'] = 1 — P[ 4] on the right-hand side, we
obtain

3.3) E [))?;;']IA] < P[4].

sES

Since 4 € F; was arbitrary, it follows thatE[X, ?, /(X ?X) | .7-}] < 1 for all strictly positive
XeX.
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Since 1 € X, using Proposition 3.7 with Z := Y we obtain a strictly positive gener-
alized supermartingale Y with respect to F, such that Yy = 1 and ¥, = P-lim,, Y,
holds for all t € [0, T]. Fix s € [0, T], t € [s, T], A€ Fy and a strictly positive
XeX. ForallneN, let s":=(1 — 1/n)s + T/n and ":=(1 — 1/n)t + T/n. For
all n € N, and since 4 € F,, we have E[(¥; Xu /(Y Xy)L4] < P[A4] by (3.3). As X is
cad in probability, Fatou’s lemma gives E[(Y, X;/(Y; X;))[4] < P[A4]. Since 4 € F; was
arbitrary we obtain E[Y, X;/(Y; X;) | F5] <1 for all strictly positive X € X. We have
to show that the last inequality actually holds also for all X € X, not necessarily
strictly positive. Fix then X € X and let X":=(1/n) + (1 — 1/n)X for all n € N;
then, X" € X and X" is strictly positive. It follows that E[Y, X} /(¥ X)) | F;] <1 for
alln e N. NOW, lim 1nf,Hoo(X,”/Xf) = (X'I‘/XY)I[{XA>O} + ]I{X\:O, X,=0} + OOH(XY:Q’ X,>0}- As
Elliminf, (¥ X7 /(¥ X7)) | ;] < 1 holds by the conditional version of Fatou’s lemma,
and P[Y; > 0, ¥, > 0] = 1, we obtain P[X; =0, X; > 0] = 0. Then, using the division
conventions mentioned in Section 2.2, we get E[ Y, X;/(Y; X;) | Fs] < 1forall X € X. In
other words, YX is a nonnegative generalized supermartingale with respect to F for all
Xelk.

(1)= (3). Theimplication (1) = (3) of Theorem 3.2, applied to thesetC := {X7 | X €
X’} (which is assumed closed) implies that there exists X € X such that E[ X7/ X 71 <1
for all X € X. We shall show that X/ Xisa nonnegative generalized supermartingale
with respect to F for all X € X. The proof of 1mp11cat10n (1) = (2) above shows that
E[X,/ X[] <1 forall X € X and ¢ € [0, T]; in particular, Xis strlctly posmve Using the
notation of the proof implication (1) = (2), it is clear that X=1 / Y. Then, the result
follows directly from (3.3).

(3) = (2). Assume that X exists and set Y := l/i\’. A priori, Y is not necessarily
cadlag in probability. However, passing to Y as in the proof of implication (1) = (2) above
and following the rest of the argument, we can conclude the existence of a generalized
supermartingale deflator.

(2) = (1). Pick Y with the properties of statement (2). For all £ € R, , we have the
inequality € sup yo v P[ Yr X7 > €] < sup yy E[ Y7 X7] < 1. Therefore, theset { Y7 X7 | X €
X} is bounded in probability. Since Y7 € L%, {X7 | X € X'} is bounded in probability.

Finally, we establish that if Y is a process satisfying condition (2) of Theorem 2.3, all
wealth processes in X are cadlag in probability. Pick X € X'. Let X’ = (1 + X)/2; then
X € X and X’ is strictly positive. It follows that YX’ is a strictly positive generalized
supermartingale with respect to F. According to Proposition 3.7, P- lim 4. (¥; X)) exists
for all r €]0, T7]; as P-lim;y4, ¥ also exists and is an element of ]LO+ 4» we obtain that
P-limy4, X] exists for all ¢ €]0, T]. This is equivalent to saying that P-lim,,4, X, exists
for all T €]0, 7. Since X is already cad in probability, we conclude that X is cadlag in

probability. O
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