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Abstract We consider the problem of estimating the joint distribution of a contin-
uous-time perpetuity and the underlying factors which govern the cash flow rate, in
an ergodic Markovian model. Two approaches are used to obtain the distribution.
The first identifies a partial differential equation for the conditional cumulative dis-
tribution function of the perpetuity given the initial factor value, which under cer-
tain conditions ensures the existence of a density for the perpetuity. The second (and
more general) approach, using techniques of time reversal, identifies the joint law as
the stationary distribution of an ergodic multidimensional diffusion. This latter ap-
proach allows efficient use of Monte Carlo simulation, as the distribution is obtained
by sampling a single path of the reversed process.
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66 C. Kardaras, S. Robertson

1 Introduction
1.1 Discussion

In this article, we consider a continuous-time perpetuity given by the random variable

Xo ::fo D, f(Z,)dt. (1.1)

Above, Z = (Z;);cr, represents the value of an economic factor that determines a
cash flow rate (f(Z;));er, . Cash flows are discounted according to D = (D;);eR, ;
therefore, X represents the whole payment in units of account at time zero. Our
main concern is the identification of an efficient way to obtain the joint distribution
of (Zp, Xo), as naive estimation of the distribution by simulating sample paths of Z
and approximating X¢ through numerical integration may be prohibitively slow. As
Z is typically observable, the joint distribution of (Zy, X) also allows us to obtain
the conditional distribution of X given Zj.

In order to make the problem tractable, we work in a diffusive, Markovian environ-
ment where Z and D are solutions to the respective stochastic differential equations
(written in integrated form)!

Z= Zo—i-/.m(Zl)dt—i—/.a(Z,)dW,, (1.2)
0 0

D=1— / Di(a(Zy)dt +6(Z,) 0 (Z1) AW, + n(Z,)' dBy). (1.3)
0

In the above equations, W and B are independent Brownian motions of dimension d
and k, respectively, while m, o, a, 6 and n are given functions. (Precise assumptions
on all the model coefficients are given in Sect. 2.) We assume Z is stationary and
ergodic with invariant density p. Equation (1.3) includes in particular the case when
D is smooth, in other words, D = exp(— fo a(Z;)dt), where a represents a short-rate
function. However, the more general form of (1.3) is considered to accommodate a
broader range of situations; for example,

— when payment streams are denominated in different units of account (for example,
another currency, or financial assets), in which case discounting has to take into
account the “exchange rate”;

— when for pricing purposes, the payment stream, though denominated in domes-
tic currency, must incorporate both traditional discounting and the density of the
pricing kernel.

The two main results of the paper—Theorems 3.1 and 3.4—identify the distribu-
tion of (Zg, Xo) in different ways. First, in the case where 7 in (1.3) is non-degenerate
and f in (1.1) is sufficiently regular, the conditional cumulative distribution function
of X given Z is shown to coincide with the explosion probability of an associated
locally elliptic diffusion and hence, through the Feynman—Kac formula, satisfies a

1Throughout the text, the prime symbol ’ denotes transposition.
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Continuous-time perpetuities 67

partial differential equation (PDE); see Theorem 3.1. Second, for general  and f,
using methods of diffusion time reversal, we identify an “ergodic” process (¢, x)
whose invariant distribution coincides with the joint distribution of (Zy, Xo). In par-
ticular, for any fixed starting point x > 0 of x, the (random) empirical time-average
law of (¢, x) on [0, T'] almost surely converges to the joint distribution of (Zg, Xo)
in the weak topology; see Theorem 3.4. The time-reversal result has the advantage
of leading to an efficient method for obtaining the distribution via simulation, as
the ergodic theorem enables estimation of the entire distribution based upon a sin-
gle realization of (¢, x); a numerical example in Sect. 4 dramatically reinforces this
point. However, it must be noted that the invariant distribution p for Z appears in
the reversed dynamics, and hence must be known to perform simulation. When Z is
one-dimensional, or more generally reversing, in the sense that the second order lin-
ear differential operator associated to its generator is symmetric on a certain Hilbert
space (see [27, Sect. 4.10]), p is given in explicit form with respect to the model pa-
rameters. In the general multidimensional setup, lack of knowledge of p could pose
an issue; however, we provide a potential way to amend the situation in the discus-
sion after Theorem 3.4. Note also that in the PDE result in Theorem 3.1, explicit
knowledge of p is not necessary.

1.2 Existing literature and connections

Obtaining the distribution of the perpetuity X is of great importance in the areas of
finance and actuarial science; for this reason, perpetuities with a form similar to X
have been extensively studied. For example, [11] deals with the case where

o0
0

establishing that X has an inverse gamma distribution. This fits into the setup of
(1.2), (1.3) by taking a =v —02/2, f = 1,60 =0 and n = 0. Note that here Z plays
no role. In a similar manner, [31, Chap. 5] and [9, 10] consider the case

o 13
onf e~ JoZudu gp dZ, = k(O — Z)dt + £/ Z,dW,,
0

and obtain the first moment, along with bounds for other moments, of Xg. In [16],
the perpetuity takes the form

o
Xo = / e 21 dpP;, with P and Q being independent Lévy processes.  (1.4)
0

Under certain conditions on P and Q, the distribution of X is implicitly calculated
by identifying the characteristic function and/or Laplace transform for Xj. In fact,
the results of [16] are pre-dated (for highly particular P and Q) in [24, 21]. The
Laplace transform method is also used in [26, 25] to treat (1.4) when P; = ¢ and
Q is a diffusion. In addition to identifying a degenerate elliptic partial differential
equation for the Laplace transform, they propose a candidate recurrent Markov chain
whose invariant distribution has the law of X. Lastly, the setup of [16] is significantly
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68 C. Kardaras, S. Robertson

extended in [6] where under minimal assumptions on P and Q, the distribution of
X is shown to coincide with the unique invariant measure for a certain generalized
Ornstein—Uhlenbeck process, a relationship that is confirmed in our current setting in
Proposition 9.2.

The use of time reversal to identify the distribution of a discrete-time perpetuity is
well known, dating at least back to [12], where X takes the form

XO—Z(]"[D )f

n=1

where the discount factors (D,),en and cash flows (f,),en are two independent
sequences of independent, identically distributed (iid) random variables. To provide
insight, the time-reversal argument in [12] is briefly presented here. With

=% ({1

n=1

it is clear by the iid property that X (()N) has the same distribution as

N
XN:=DnNfN+DnDy-1fn-1+---+ (HDj>f1-

j=1

Straightforward calculatlons show that the reversed process (X )neN satisfies the
recursive equation Xn =D, (Xn 1+ fu)- Thus assuming that (X )neN converges
to a random variable X in distribution, X must solve the distributional equation
X = D()N( + f), where D, f and X are independent, D has the same law as D
and f has the same law as f. In [30], solutions to that distributional equation are
obtained based upon the expectation of log|D| and log™ |Df|. The tails of X, as
well as convergence of iterative schemes, are studied in [14]; furthermore, [17] gives
“almost” if and only if conditions for the convergence of iterative schemes.

In a continuous-time setting, we employ an argument similar in spirit, but rather
different in execution, to [12]. Specifically, we extend X to a whole “forward” pro-
cess X :=(1/D) [00 D, f(Z;)dt, and then for each T > 0 define the reversed process
(;T, XT) on [0, T] by ;‘tT =Zr—y, X;T = X7_4; see (3.6), (3.7). Using results on
time reversal of diffusions from [19] (alternatively, see [23, 3, 7, 13]) as well as addi-
tional elementary calculations, we obtain the dynamics for (¢ T X T). In fact, Proposi-
tion 8.5 shows that the generator of (¢, x7) does not depend upon T and ergodicity
can be studied for the process (¢, x) with the given generator. When |n| > 0 and f is
sufficiently regular, this generator is locally elliptic and the associated process (¢, x)
is ergodic with invariant distribution equal to that of (Zy, X); see Proposition 9.2. In
the general case, a slightly weaker (but still sufficient) form of ergodicity still holds:
starting ¢ from its invariant distribution p and x from any starting point x > 0, the
(random) empirical time-average laws of (¢, x) converge almost surely in the weak
topology to the distribution of (Zy, Xo).
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Continuous-time perpetuities 69

1.3 Structure

This paper is organized as follows. In Sect. 2, we precisely state the assumptions on
the processes Z and D, as well as the function f, paying particular attention to de-
riving sharp conditions under which X is almost surely finite or infinite. The main
results are then presented in Sect. 3. First, when || > 0 and f is sufficiently regular,
the conditional cumulative distribution function of X given Zy = z is shown to sat-
isfy a certain partial differential equation. Then, using the method of time reversal, we
construct a probability space and diffusion (¢, x) such that with probability one, its
empirical time-average laws weakly converge to the joint distribution of (Zy, Xg) for
all starting points of x. Section 3 concludes with a brief discussion how the distribu-
tion may be estimated via simulation, in particular proposing a method for obtaining
the desired distribution when the invariant density p for Z is not explicitly known.
Section 4 provides a numerical example in a specific case where the joint distribution
of (Zo, Xo) is explicitly identifiable. Here, we compare the performance of the rever-
sal method versus the direct method for obtaining the distribution of X. In particular,
we show that for a given desired level of accuracy (see Sect. 4 for a more precise def-
inition), the method of time reversal is approximately 175 to 300 times faster than
the direct method. The remaining sections contain the proofs. Section 6 proves the
statements regarding the finiteness of X¢; Sect. 7 proves the partial differential equa-
tion result; Sect. 8 obtains the dynamics for the time-reversed process (¢, x); Sect. 9
proves the (weak) ergodicity with the correct invariant distribution. Finally, a number
of technical supporting results are included in the Appendix.

2 Problem setup
2.1 Well-posedness and ergodicity

The first order of business is to specify precise coefficient assumptions so that Z in
(1.2) and D in (1.3) are well defined. As for Z, we work in the standard locally elliptic
setup for diffusions; for more information, see [27, Chaps. 3.7, 4.1]. Let E C RY be
an open, connected region. We assume the existence of y € (0, 1] such that

(A1) there exists a sequence of regions (E,),en such that E = U —1 En, with
each E, being open, connected, bounded, with dE, being C>? and satisfying
E,C E,y foralln eN;

(A2) m € Ccl7(E; Rd) and ¢ € CZ’V(E; Sf’H), where Si+ is the space of sym-
metric and strictly positive definite (d x d)-dimensional matrices.

With the provisos in (A1) and (A2), define L as the generator associated to
(m, c), ie.?

LZ . 1 d 1182
== 5 Z + Zm 0;.

i,j=1 i=1

21n the sequel, the summation indices will be omitted using Einstein’s convention; therefore, LZ will be
written as LZ = (1/2)ct/ 81'2/‘ +mio;.
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70 C. Kardaras, S. Robertson

Under (A1) and (A2), one can infer the existence of a solution to the martingale
problem for LZ on E, with the possibility of explosion to the boundary of E; see
[27, Chap. 1.13]. We wish for something stronger, namely, to construct a filtered
probability space (£2, F, P) on which there is a strong, stationary, ergodic solution to
the SDE in (1.2) with invariant density p. In (1.2), W is a d-dimensional Brownian
motion and o = ,/c, the unique positive definite symmetric matrix such that o> = c.
In order to achieve this, we ask that

(A3) the martingale problem for LZ on E is well posed and the corresponding
solution is recurrent. Furthermore, there exists a strictly positive p € C 2y (E,R) with
[z P(z)dz =1 and satisfying LZ p = 0, where L is the formal adjoint of LZ given
by

2 2

We summarize the situation in the following result; the extra Brownian motion B
in its statement will be used to define the process D via (1.3) later on.

- 1 .. ) . | .
L? = =cVof — (m' —0;c")o; — <3,-m’ - —afjc’f). 2.1

Theorem 2.1 Under Assumptions (A1)—(A3), there exists a filtered probability space
(82, F, P) satisfying the usual conditions and supporting two independent Brownian
motions W and B, d-dimensional and k-dimensional, respectively, such that Z satis-
fies (1.2) and is stationary and ergodic with invariant density p.

Remark 2.2 According to [27, Corollary 5.1.11], in the one-dimensional case where
E = (a, B) for —oco < o < B < 00, the above Assumption (A3) is true if and only if

for some zp € E,

/-zo oxp <_2 /-z m(s) ds) dz = oo,

o 0 €(s)

B z

/ exp (—2/ m(s) ds) dz = o0,

2 0 C($)

B

/ Lexp (2/Z m(s) ds) dz < o0.

o ¢(@) 0 C(8)

In this case, it holds that

o)
o ()

p(2)=Kc ' (z)exp (2/ S>, z € (a, B),

where K > 0 is a normalizing constant.

In the multidimensional case, suppose that there exists a function H : E — R with
the property that ¢~!(2m — divc) = VH, where div c is the (matrix) divergence de-
fined by3 (div c)i = Bjcij,i =1,...,d. Then Z from Theorem 2.1 is a reversing

3This definition is equivalent to the standard definition of divergence for matrices, where the divergence
operator is applied to the columns, by the symmetry of c¢. Also, to differentiate the matrix divergence from
its vector counterpart, we write div A for symmetric matrices A and V - v for vector-valued functions v.
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Continuous-time perpetuities 71

Markov process in the sense that the time-reversed process on any interval [0, 7] has
the same dynamics as Z; see [19]. Furthermore, Assumption (A3) follows if it can be
shown that Z does not explode to the boundary of E and K := f g €Xp(H (z)) dz < oo.
Indeed, by construction, p = ¢/ /K satisfies LZ p =0 and Jg P(z)dz=1.Thus if Z
does not explode, it follows from [27, Theorem 2.8.1, Corollary 4.9.4] that Z is re-
current. In fact, Z is ergodic, as shown in [27, Theorems 4.3.3, 4.9.5]. If we are not
in the reversing case, there are many known techniques for checking ergodicity; see
[5, 27]. For example, if there exist a smooth function u : E — R, an integer N and
constants ¢ > 0 and C > 0 such that L?u < —¢ and u > —C on E \ En, then (A3)
holds.

In order to ensure that D in (1.3) is well defined, we assume that

(Ad)a e CVY(E;Ry), ne C>Y(E; RN and 6 € C>7 (E; RY).

Given (A4) and all previous assumptions, it follows that (1.3) possesses a strong
solution on (£2, F, P) from Theorem 2.1; in fact, defining R := —log D, it holds that

: 1 : :
R=/ (a+5(9/69+|77|2)> (Zz)dt+/ 9(Zr)’G(Zz)sz+/ n(Z;) dB;.
0 0 0
2.2)

2.2 Finiteness of X

Having the setup for the existence of Z and D, we proceed to X¢. For the time being,
we just assume®* that the function f : E — R, is in L'(E, p). For the PDE results
of Theorem 3.1 below, we require a slightly stronger regularity assumption on f,
although the time-reversal results of Theorem 3.4 make no additional assumptions.
Now, for f not necessarily in L1 (E, p), it is entirely possible that X takes infinite
values with positive probability. In this section, conditions are given under which
P[X( < oo] =1 or, conversely, when P[ X < co] =0.

Lemma 2.3 Let (A1)—(A4) hold. For the invariant density p of Z, assume there exists
& > 0 such that

l—e / 1 1
a+T(969+nn) el (E, p),
| 2.3)
/ <a + %8(9/6‘9 + n/n)) () p(z)dz > 0.
E

Then the following hold.

(1) There exists k > 0 such that for all z € E, P[lim;_ o0 e“'D; =0| Zo=z]=1.In
particular, lim,_, o, €' D, = 0 P-a.s.
(ii) Forany f e L\(E, p), it holds that P[Xo < oo] = 1.

4We define L! (E, p) to be those Borel-measurable functions g on E so that fD |g(2)|p(z) dz < oco. Thus,
Borel-measurability is implicitly assumed throughout.
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72 C. Kardaras, S. Robertson

Remark 2.4 Note that (2.3) holds if @ > 0 on E. The more complicated form in
(2.3) allows a to take (unbounded) negative values. Furthermore, in the case where
0'co +n'n) e LI(E, p), (2.3) is equivalent to

1 1
(a + 5(9/66 + n’n)) eL'(E, p). f (a + 5(9/09 + 77”1)) (z) p(z)dz > 0.
E

As a partial converse to Lemma 2.3, we have

Lemma 2.5 Let (A1)—(A4) hold. For the invariant density p of Z, assume there exists
& > 0 such that

+
(a + %(9%9 + r//n)) eL'(E, p).
1
/ (a + %(e’ce + n’n)) (2) p(z)dz <0.
E

(If0'cO + n'n =0, then assume that a* € L'(E, p) and [ a(z)p(z)dz <0.) If f is
such that fE f(@)p(z)dz > 0, then P[ Xy < 0c0] =0.

Remark 2.6 Let (A1)—(A4) hold and assume that a is nonnegative. A combination

of Lemmas 2.3 and 2.5 yields sharp conditions for the finiteness of X that do not
require knowledge of p, at least for bounded f:

—Ifa+ (1/2)(0'cOd +n'n) Z0, then P[Xy < co] =1 holds if f € ]LI(E, D).
— Ifa+ (1/2)(0'co +n'n) =0, then P[X( < oo] =0 holds if [, f(z)p(z)dz > 0.

In view of Lemma 2.3, we ask that

(A5) fe LL(E, P, fE f(2)p(z)dz > 0 and there exists ¢ > 0 such that

1—¢ / / 1
a+7(0c9+nn) eL'(E, p),

1—¢
/ (a + T(G’c@ + n/n)> (z) p(z)dz > 0.
E
To recapitulate, for the remainder of the article, the following is assumed:

Assumption 2.7 We enforce throughout all the above Assumptions (A1)—(AS).

3 Main results
3.1 The distribution of X via a partial differential equation
Define the cumulative distribution function g of Xy given Zg by

gz, x)=P[Xo<x|Zo=2z], (z,x)eF:=E x(0,00). 3.1
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Continuous-time perpetuities 73

Next, recall that Assumption 2.7 implies that Zj has a density p, and define the joint
distribution 7 of (Zp, Xo) by

m(A) = // p(2)g(z,dx)dz, A € B(F). (3.2)
A

Under Assumption 2.7, as well as an additional smoothness requirement on f and
non-degeneracy requirement on 7, the first main result (Theorem 3.1 below) shows
that g solves a certain PDE on the state space F. This will imply that the joint dis-
tribution of (Zp, Xo) has a density (still labeled 7) and the law of X charges all of
0, 00).

To motivate the result as well as to fix notation, for each x € (0, c0), consider the

process
Y* '—i<x—/.Df(Z)dt>
. D 0 t t .

Since Assumption 2.7 implies that P[lim;_,ooc D; =0| Zg=z]=1forall z € E, it
is clear that given Zy = z, the process Y* tends to oo on {Xg < x}. Alternatively,
on {Xo > x}, Y* will hit O at some finite time. What happens on {Xy = x} is not
immediately clear, but it will be shown under the given assumptions that there is
probability zero of this occurring. For fixed (z, x) € F, it follows that 1 — g(z, x)
equals the probability that Y* hits zero, given Zy = z. According to the Feynman—
Kac formula, such probabilities “should” solve a PDE. To identify the PDE, note that
the joint equations governing Z and Y~ are

0 0
vt [ (= 120+ ¥ 0z + 0 h(z) +iln(z))
+ [ ¥ @oaw, 2y as).
0

Define b: F — R%!and A: F — S7! by

_ m(z)
bz, x) = <—f(z) +x(a+6'ch+ n/n)(z)>’

(3.3)
c(2) xc6(2) )

Az 0= <x9/c(z) x%(0'ch +n'n) (@)

for all (z,x) € F. Note that if in addition to Assumption 2.7, |n|(z) > 0 for z € E,
then A is locally elliptic. Let L be the second order differential operator associated
to (A, b),ie.,

1 .. .
L= EAUa,?j +b'9;. (3.4)

Note that L¢ = LZ¢ for functions ¢ of z € E alone. With the previous notation, the
first main result now follows.
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74 C. Kardaras, S. Robertson

Theorem 3.1 Let Assumption 2.7 hold, and suppose further that

(@) f € CMY(E;Ry),

(b) In(z)| >0 forall z € E.

Then g is in C>Y (F) and satisfies Lg = 0 with the “locally uniform” boundary
conditions

lim sup g(z,x)=0, lim inf g(z,x)=1, VkeNlN. 3.5)

n—oQ n—>o0 x>
xSn_l,zEEk x>n,z€Ex

Furthermore, g is the unique function satisfying Lg = 0 with the above boundary
conditions, in the set of functions {§ € C*(F):0<g < 1}.

Remark 3.2 The non-degeneracy assumption on 7 is essential for the existence of
a density; if n = 0, it may be that the distribution of X¢ has an atom. Indeed, take
f=la=1,n=0,0=0.Then Xo = fooo e~ dt = 1 with probability one.

Remark 3.3 Theorem 3.1 implies that the law of X charges all of (0, co), even for
those functions f which are bounded from above. Theorem 3.1 also implies that
X0 has a density without imposing Hérmander’s condition [22, Chap. 2] on the co-
efficients in (3.3). Rather, the infinite horizon combined with the presence of the
independent Brownian motion B “smooth out” the distribution of Xg.

Theorem 3.1 is certainly important from a theoretical viewpoint. However, it ap-
pears to be of limited practical use. Even under the extra non-degeneracy condition
|n| > 0, it is unclear how to numerically solve the PDE Lg = 0 with the given bound-
ary conditions (3.5), as there are no natural auxiliary boundary conditions in the spa-
tial domain of z € E. In Sect. 3.2 that follows, we provide an alternative, more useful
method for estimating numerically the law of (Zg, Xo).

3.2 The distribution of (Z(, X() via diffusion time reversal

The goal here is to show that the distribution of (Zy, X¢) coincides with the invariant
distribution of a positive recurrent process (¢, x). In order to see the connection,
extend X to a process (X;);cr, defined via

1 o0
X::Bf D, f(Zy)dt, (3.6)

and note that (Z;, X;);cRr, is a stationary process under IP. Fix T > 0 and define the
process (;,T, X,T)ze[o,r] via time reversal, i.e.,

¢ =27, x'=Xr.,  t€0,T]. 3.7

It still follows that (§T, XT) is stationary under [P, with the same one-dimensional
marginal distribution as (Zp, Xo). Furthermore, stationarity of (Z, X) clearly implies
that the law of the process (¢ T X Ty does not depend on T (except for its time-domain
of definition). Therefore, one may create a new process (¢, Xr)reR, » On a potentially
different probability space (e.g. the space of continuous functions), such that the law
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Continuous-time perpetuities 75

of ({T, XT) is the same as the law of (&, xt)se0,7] for all # € T'. If one can establish
that (¢, x) is ergodic, then the distribution of (Zy, X¢) may be efficiently estimated
via the ergodic theorem.

Towards this end, one needs to understand the behavior of (¢, x). Standard results
(e.g. [19]) in the theory of time reversal imply that ¢ is a diffusion in its own filtration,
and identify the corresponding coefficients. In order to deal with y, we return to the
definition of x 7 and define yet one more process (AtT )ie[0,T] Via

D
Al = 21
Dy

. te€l0,T] (3.8)

Using all previous definitions, we obtain that

o0
X =Xr = / Duf(Zy)du

T—t JT—t
Dr (x +/T D”f(Z)d)
= R u u
pr_ \"" " J;_ Dr
t]
=A/ <X0T+/ Ff(:[)du), tel0,T]. (3.9)
0 u

As it turns out, one can describe the joint dynamics of (¢, AT) in appropriate filtra-
tions (and these dynamics do not depend on T, as expected). To ease the presentation,
recall from Sect. 2 that for any Sﬁ _-valued smooth function A on E, the (matrix) di-
vergence is defined by (divA)' = 9;A" fori =1,...,d. It is then shown in Sect. 8
that (;T, AT) is such that

= ;OT + / (c@ +dive —m) ({,T)dt +/.G(§,T)dW,T,
0 P 0
AT Z1 +/'A,T (e’c@ +V () —a) "y
0 p
+ / Al (n@y dBl + 0’0"y dw])
0
=1 +/‘. Al (0'(m —dive) + V- (c6) — a) (&"de
0
+ /0 AT (Y dBT + 6]y de)

for independent Brownian motions (W7, BT) in an appropriate filtration.
From the joint dynamics of (¢7, AT), one obtains the joint dynamics of (¢, x7),
which again do not depend on T. In particular, since A7 is a semimartingale,
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(3.9) yields that
T_,.T (. Vp . T LT T
=t + c ) +dive—m (& )dt + | o/ )dW,,
0 0
’ \%
A=+ (f@f)—xf(a—ek—£~—V-@m)@f{)m
0 p
+/O XtT(n(gtT)/dBtT +9/C(CIT)/thT)~

For a generic version (¢, x) with the same generator (which does not depend upon
time) as (¢7, xT) above, ergodicity of Z implies ergodicity of ¢ (see Proposition 8.1
below). Furthermore, x is “mean reverting” as can easily be seen when 6 = 0 and
a > 0, and as continues to be true in the general case. Thus, one expects the empirical
laws of (¢, x) to satisfy a certain strong law of large numbers, an intuition that is
made precise in the following result.

Theorem 3.4 If Assumption 2.7 holds, there exists a filtered probability space
(82, F, Q) supporting independent d- and k-dimensional Brownian motions W and
B as well as a process ¢ satisfying

0 0

where g is an Fo-measurable random variable with density p.
Define the process A as the solution to the linear differential equation

A=1 +/.A, (0’(m—divc)+V-(ct9) —a) (&) dre
0

+AA4mmﬂ&+mmﬂm, (3.10)

and then for any x € (0, 00), define x* as the solution to the linear differential equa-
tion

x ’ x dA, ’
X =x+/ X A +/ f(&)de. (3.11)
0 t 0

Finally, let x € (0,00), T € (0,00) and set F = E x (0,00) as in (3.1). Define the
(random) empirical measure ’7?% on B(F) by

~ 1 (T
nf[A]:z?/(; Ta(g, x)dt, A e B(F). (3.12)

With the above notation, there exists a set §20 € Foo with Q[$20] = 1 such that

Tlim 77 (w) = weakly,  forall x € (0, 00) and w € 2, (3.13)
—> 00
where 1 is the joint distribution of (Zy, Xo) under P given in (3.2).
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Remark 3.5 In the context of Theorem 3.4, note that the processes A and x* can be
given in closed form in terms of ¢; indeed,

A =exp (/ (0’(m —dive) + V- (c0) — a) (C,)dt)
0
x & ( /0 (1) dB, + e(m’da)) ,

1
Xx=A<x+/ —f({,)dt), x € (0, 00).
0 Ay

Theorem 3.4 provides a way to estimate the joint distribution of (Zg, Xq) effi-
ciently through Monte Carlo simulation. Indeed, one need only obtain a single path
of the reversed process (¢, x*) to recover the distribution 7. However, the applica-
bility of the result above depends heavily on whether or not the distribution p for
Zy is known, as it (together with its gradient) appears in the dynamics of ¢. In the
case where Z is one-dimensional, or more generally reversing, p can be expressed in
closed form from the model coefficients m and c in the dynamics for Z. Furthermore,
there are certain cases of non-reversing, multidimensional diffusions where p can be
(semi-)explicitly computed, as the next example shows.

Example 3.6 Assume that Z is a multidimensional Ornstein—Uhlenbeck process with
dynamics

dZ,=—y(Z; — ©)dt + o dW;, teRy,

where y € R%d @ ¢ RY and o € R¥*4. Here, E = R? and (A1) clearly holds.
Furthermore, (A2) is satisfied when ¢ = oo’ is (strictly) positive definite; in fact, we
take o as the unique positive definite square root of c. The process Z need not be
reversing, as can clearly be seen when o is the identity matrix, ® = 0 and y is not
symmetric. However, as will be argued below, the ergodicity assumption (A3) holds
when all eigenvalues of y have strictly positive real parts, and one may identify the
invariant density “almost” explicitly. To see this, a direct calculation shows that if a
symmetric matrix J satisfies the Riccati equation

JI=0y'c ' U+ Jo" o, (3.14)

then the function
1
p(z) =exp <_§(Z — @)/(T_IJO'_I(Z - @)) , ZE€ Rd,

satisfies LZ p =0 where L% isasin (2.1). If J is additionally positive definite, then
up to a normalizing constant, p is the density for a normal random variable with mean
© and covariance matrix ¥ = o J ~'o. Thus p is integrable on R4 and (A3) follows
from [27, Corollary 4.9.4], which proves recurrence for Z.

It thus remains to construct a symmetric, positive definite solution to (3.14). From
[1, Lemma 2.4.1, Theorem 2.4.25], such a solution (called the “stabilizing solution”
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therein) exists if (a) the pair (o1 yo, 14) is stabilizable, in the sense that there exists
a matrix F such that 0 'yo — F has eigenvalues with strictly negative real parts,
and (b) the eigenvalues of o !y have strictly positive real parts. In the present
case, each of these statements readily follows. Indeed, for the first statement, one
can take F =0 'yo 4 14; for the second statement, note that the eigenvalues of
o~ lyo coincide with those of y, which by assumption have strictly positive real
parts. Therefore, even in this non-reversing case, one may still identify p.

The previous interesting Example 3.6 notwithstanding, for non-reversing, multi-
dimensional diffusions, even after verifying the ergodicity of Z (and hence the ex-
istence of p), one typically does not know p explicitly. In such cases, the following
simulation method is proposed. Fix a large enough 7 and first simulate (Z;);c[0,27]
via (1.2), starting from any point Zy (since the invariant density is unknown). If the
choice of T is large enough, the process (Z;);c[r,27] Will behave as the stationary
version in (1.2), since Z7 will have approximately density p. In that case, defining
(¢)tefo. Ty via & = Zor—; for t € [0, T, ¢ should behave as it should in the dynamics
(8.6), even with o having (approximate) density p. Now, given ¢, x* may be defined
via the formulas of Remark 3.5; therefore, for large enough T, the empirical measure
77 should approximate in the weak sense the joint law 7.

Note finally that when p is known and || > 0, and under certain mixing condi-
tions (see [29, 28]), one can also obtain uniform estimates for the speed at which the
above convergence takes place.

Remark 3.7 In the case where # =7 =0 and f € CY(E;R,), one can explicitly
identify the support of 7. Such an identification follows from more general ergodic
results on “stochastic differential systems” obtained in [4, Sects. IIIA, IIIB]. To iden-

tify the support, note that when 6 = n = 0, it follows that A; = exp(— fOT a(¢y) du).
A direct calculation using Remark 3.5 shows that x* has dynamics

dx* = (f(&) — xj*a(g)) dr. (3.15)

Hence, the paths of x* are of bounded variation. Now define

i :=inf{x ssup (f(2) —xa(2)) < O} :

Z€E
£:=sup {x 21211; (f(@) —xa(2)) = 0} -

éssumption 2.7 implies a(zp) > 0 for some zp € E and thus 0 < P < < oo, with
¢ = u if and only if for some constant ¢, f(z) = ca(z) for all z € E. In this case,
X = ¢ P*-almost surely for all z € E. With this notation, [4] proves the following
result.

Proposition 3.8 ([4, Sects. IIIA, TIIB]) Let Assumption 2.7 ftold. Assume also that
feCY(E;Ry) andn, 0 = 0. Then the support of w is E x [, 4] ([£, 00) if ii = 00).
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4 A numerical example

We now provide an example which highlights the superiority (in terms of computa-
tional efficiency) of the time-reversal method over the naive method for obtaining the
distribution of X. Consider the case £ = R and

o0
dZ; = —y Z;dt + dW;, Xo =/ Zie M de, y,a>0. 4.1
0

Note that the function R > z > f(z) = z fails to be nonnegative. However, as
argued below, the results of Theorem 3.4 still hold. As Z is a mean-reverting
Ornstein—Uhlenbeck process, it is straightforward to verify Assumption (A3) with
p(2) = We‘yzz, so that Zy ~ N(0, 1/(2y)). We claim that (Zy, X¢) is normally
distributed with mean vector (0, 0) and covariance matrix

1 1
2y 2y (a+y)
= 17/ 14 14

1
2y(a+y)  2ya(a+y)

Indeed, integration by parts shows that for 7 > 0,

T T
Z 1 1
/ ez dt =2 4 / e~ AW, — e Tzr.
0 at+y a+vyJo aty

The ergodicity of Z implies that lim7r_ o (Z7/T) = —y fR zp(z)dz = 0 almost
surely; therefore, it follows that lim7_, e=T 7y = 0 holds almost surely. Next,
note that Y7 := fOT e " dW,; is independent of Zy and normally distributed with
mean O and variance (1 — e_Z“T)/(Za). Finally, as a process, Y = (Y7)r>0 is an
L2%-bounded martingale and hence Y := limr_, » Y7 almost surely exists, where
Yo is independent of Z( and normally distributed with mean 0 and variance 1/(2a).

Thus X¢ =lim7y_ fOT e~ 7, dr exists almost surely and

_ ZO Yoo
Ca+y a4y’

1 1
Xo Zp Ll Yoo, ZONN<0,—), YooNN(O,—>,
2y 2a
from which the joint distribution follows. Now, even though f(z) = z can take nega-
tive values, the time-reversal dynamics in (3.15) still hold, taking the form

dg = —y ¢ de + dWy, dxr = (a — & xe) dr.

Lastly, even though Theorem 3.4 no longer directly applies, it is shown in [4, Theo-
rem 3.3, Sect. 3.D, Proposition 3.15] that (¢, x) is still ergodic,5 in that (3.13) holds.

For these dynamics, we performed the following test. For a fixed terminal time T
and mesh size §, we estimated the distribution of X in two ways. First (“Method A”)
by sampling ¢y ~ p and setting o = 1, and second (“Method B”’) by running the
forward process Z until 27" and then setting {; = Z>7 4, xo = 1. For each simulation,

5The tightness condition in [4, Proposition 3.15] is straightforward to verify.
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Fig. 1 Kolmogorov—Smirnov distances between the empirical and the true distribution for X. The solid
line is for the time-reversal method starting with ¢y ~ p, and the dashed line for the time-reversal method
running Zg to 27 and setting {; = Zp7—;. Here, T = 10’000, § = 1/24, y =2 and a = 1. Compu-
tations were performed using Mathematica and the code can be found on the second author’s website
www.math.cmu.edu/users/scottrob/research

Table 1 Statistics on

Kolmogorov—Smirnov distances Method A Method B

between the empirical and the

true distribution for X( using median distance 0.00887 0.00882

Methods A and B standard deviation 0.00405 0.00413
99th percentile 0.02168 0.02255
1st percentile 0.00405 0.00290
median time (seconds) 2.694 8.766

we computed the empirical distribution along a single path and then estimated the
Kolmogorov—Smirnov distance (dgs(F, G) = sup, |F(x) — G(x)|, for distribution
functions F, G) between the empirical and the true distribution for X(. The parameter
values were y =2, a =1, T = 10’000 and § = 1/24.

Figure 1 shows the resulting Kolmogorov—Smirnov distances for 500 sample
paths. The plot gives a (smoothed) histogram comparing the distances using the two
methods described above. As can be seen, the two methods give comparable results;
this is not surprising given the rapid convergence of the distribution of ¢ to its in-
variant distribution [8]. Table 1 provides summary statistics regarding the median
distances and simulation times, as well as the standard deviation and tail data.

Having obtained Kolmogorov—Smirnov distances using time-reversal methods, we
next compared our results to a naive simulation of X, obtained by sampling Zy ~ p
and computing X directly via (4.1). Here, for the median distance d using Method A
from Table 1, we sampled X stopping at the first instance N so that the Kolmogorov—
Smirnov distance between the empirical and the true distribution for X fell below d.
As can be seen from Fig. 2 and the summary statistics in Table 2, the naive simulation
performs significantly worse; at the median, it took 7’002 paths and a simulation time
of 8.66 minutes to achieve the same level of accuracy as 1 path (2.94 seconds) of
the time-reversed process. Further, the histogram shows the presence of a significant
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Fig. 2 Histogram for the number N of paths necessary so that using the naive simulation for X,
the Kolmogorov—Smirnov distance between the empirical distribution and the true distribution for X
fell below the median distance d using Method A from Table 1. The integral was computed using
T = 100 with mesh size of § = 1/24; furthermore, the values y =2 and a = 1 we used. Computa-
tions were performed using Mathematica and the code can be found on the second author’s website
www.math.cmu.edu/users/scottrob/research

Table 2 Summary statistics
using the naive forward
simulation method

Summary for the forward simulation

median number of paths 7°002
mean number of paths 11’446
standard deviation 10’165
minimum number of paths 1’846
maximum number of paths 45’004
median simulation time (minutes) 8.66
mean simulation time (minutes) 14.34

number of trials where significantly more than the median number of paths were
needed to achieve the given accuracy.

5 Conclusion

In this work, using the method of time reversal, an efficient method for simulating
the joint distribution of (Zg, X¢) for perpetuities of the form (1.1) is obtained. The
joint distribution may be obtained by sampling a single path of the reversed process,
as opposed to sampling numerous paths of X using the naive method. However, the
effectiveness of the proposed method depends on being able to obtain analytic repre-
sentations for the distribution p of Zp—an undertaking that, though always possible
in the one-dimensional case, is often not possible for non-reversing multidimensional
diffusions. Furthermore, results are presented for perpetuities with nonnegative un-
derlying cash flow rates. More research is needed to identify an effective time-reversal
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method for perpetuities of the form

oo
XOZ/ DtdFt
0

for general Markovian processes F (i.e., not just dF; = f(Z;)dt) containing both
jumps and diffusive terms. Additionally, the performance of the method where Z is
run until a large time 27 and then setting {; = Z7—, must be thoroughly analyzed;
in particular, how fast does the distribution of Z>7 converge to p given a fixed start-
ing point? To answer these questions, one must first analyze the resultant backward
dynamics and associated PDEs for the invariant density, obtaining rates of conver-
gence.

6 Proofs for Sect. 2.2
We present here the proofs of Lemmas 2.3 and 2.5.

Proof of Lemma 2.3 Let & > 0 be as in (2.3). We first treat the case 8'cf + n'n = 0.
Then R = [;a(Z;)dt and (2.3) specifies to a~ € L' (E, p) and [, a(z)p(z)dz > 0.
Set x := (1/4) fE a(z)p(z)dz > 0. Fix z € E and denote by [P? the probability ob-
tained by conditioning upon Zy = z. The positive recurrence of Z implies ([27, The-
orem 4.9.5]) that there exists a [’*-a.s. finite random variable 7T (z) such that r > T'(z)
implies that R; = fot a(Z,)du > 2«t, and hence the first conclusion of Lemma 2.3
holds. Furthermore, since Z is stationary and ergodic under P, the ergodic theorem
implies there is a P-a.s. finite random variable T such that ¢ > T implies R; > 2«t.
Now, let n € N be such that n > 1/(2«). We have

sup (t/n — R;) <sup(t/n — R;) < 00,
t>0 t<T

where the last inequality follows by the regularity of a and the non-explositivity of Z.
Thus

o o0
x0=/ e_Rff(Zt)dt§esupf57(’/”_R’)/ e M F(Zy)dt.
0 0

By the stationarity of Z,
E [ / e"/”f(Zt)dt} = / e I"E[f(Z)]dt =n f f(2)p(z)dz < oo,
0 0 E

hence IP’[fOOQ e_’/”f(Z,) dt < oo] = 1, which in turn implies that P[ Xy < oo] = 1.
Assume now that 8’c6 + n'n # 0, which by continuity of all involved functions

implies that [(68'c6 + n'n)(z)p(z)dz > 0. Fix z € E. Positive recurrence of Z

gives that lim;_, o fot (©'cO +n'n)(Z,) du = oo with P¢-probability one. On the event
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{Jo(0'cO + 1'n)(Z,) du > 0}, note that

t
—R; = —/ a(Z,)du
0

! ’ ’ 1 f()t 0'c(Zy)dW, + n(Zu)dBu)
0'co Zy)dul — - — .
—I—/O( c® +n'n)(Zy) u< 5 @8+ 1) Za) d

By the Dambis/Dubins/Schwarz theorem and the strong law of large numbers for
Brownian motion, it follows that there exists a [P*-a.s. finite random variable T (z)
such that

~ Jo0'0(Zuw) AW, + 1(Zu) dB,
Jo®'cO +1'n)(Zu) du

&
t>2T(@) = 552

therefore,
! l—¢ , ,
t>T(z) = —-R <-— a—i—T(HcG—i-nn) (Z,)du.
0

With k := (1/4) [(a+ (1 —&)(0'cO +n'n)/2)(z) p(z) dz > 0, and increasing T (z) if
necessary (still keeping it P*-a.s. finite), it follows that t > T (z) implies —R; < —2«t.
Hence the first part of Lemma 2.3 holds true again. Additionally, the ergodic theo-
rem applied with [P gives a [P-a.s. finite random variable T such that + > T implies
—R; < —2«t. Again, for n € N such that n > 1/(2«), we have

o o0
Xo= [ et p@a s emrtn ) [Tz ar
0 0
from which P[ Xy < oo] = 1 follows by the same line of reasoning as above. O

Proof of Lemma 2.5 The proof is nearly identical to that of Lemma 2.3. Namely,
in each of the cases 8'c6 + n'n =0 and 6'cO + n'n # 0, there are under the given
hypothesis a constant ¥ > 0 and a P-a.s. finite random variable T such that —R; > «t
holds for ¢ > T'. This gives that

o0 o0
Xo > / & f(Zydr > / & ANY(Z) dr,
T T
where N is large enough so that fE(f(z) A N)p(z)dz > 0. We thus have
© N
Xo > / 1 (f ANYZ)dE — (T — 1),
0 K

Ergodicity of Z implies that P-almost surely,

u

lim 1 (f/\N)(Z,)dtz/ (f(2) AN)p(z)dz >0,
0 E

u—00 Iy

so that lim,,_, oo fé‘ e“'(f A N)(Z;)dt = oo, proving the result. O
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7 Proof of Theorem 3.1

Under the given assumptions, there exists a unique solution (IP**); ,)cF to the gen-
eralized martingale problem for L on F, where L is from (3.4). Here, the measure
space is (.Q F), where Q= - (C[0, 00); F ), with F being the one-point compacti-
fication of F. The filtration F is the right-continuous enlargement of the filtration
generated by the coordinate process (Z Y ) on Q.

Let (F,,)nen be an increasing sequence of smooth, bounded, open, connected do-
mains of F such that F = |, F,,. Note that F,, can be obtained by smoothing out
the boundary of E, x (1/n,n). By uniqueness of solutions to the generalized mar-
tingale problem, for each n, the law of (Z Y) is the same as the law of (Z, Y*)
under P[- | Zg = z] (where the latter will always denote a version of the conditional
probability) up until the first exit time of F},. Furthermore, since the process Z is re-
current, with (P%) cg being the restriction of (P*")(, y)cF to the first d coordinates,
for z € E, the law of Z under P? is the same as the law of Z under Pl-| Zo = z].
For these reasons, and in order to ease the reading, we abuse notation and still use
(Z,7) instead of (Z Y ) for the coordinate process on 2. The underlying space we
are working on will be clear from the context.

Denote by 7, the first exit time of (Z, Y) from F,. Assumption 2.7 implies that
Z does not explode under P>*, and Y cannot explode to infinity since D is strictly
positive almost surely under P[ - | Zg = z] for all z € E. Therefore, the explosion time
T :=lim,_ 7, for (Z,Y) is the first hitting time of Y to 0, and the law of t under
P%* is the same as the law of the first hitting of Y* to O under P[ - | Zp = z].

Note that Y} = D; ' (x — Xo + [*° Dy f (Z,) du). Assumption 2.7 implies®

o
]P’|:/ Duf(Zu)du>O‘ZO=z]=1, zeE,t>0. (7.1)
t

Therefore,
gz, x)=P[Xo<x|Zo=2z]=P*"[¥}' >0, V1 = 0] =P** [t = o0].

Define

h(z, x) := P& [tlim Y, = oo] . (@x) eF. (1.2)

— 00
Fix (z,x) € F andlet 0 < ¢ < x. Note that Y;* = ¥;""° +¢/D;. Since limy_, oo D; =0
holds P[- | Zyp = z]-a.s., it follows that
PY ¢ [ = 00] = P[YF ¢ > 0, V¢ > 0| Zp =2z]
<PIY} >¢/D;, V1 >0|Zp=12]

§IP>[ lim Y} =00 Zo—z]

—>00

= po* [ lim ¥, = OO] <P**[r =o0]. (7.3)
11— 00

OThis follows from the ergodic theorem by wusing that we have the set inclusion
U £ (Zu) Dy du =0} C {limg—, 0 (1/k) f,’+k f(Zy)du =0}.

@ Springer



Continuous-time perpetuities 85

Therefore, g(z,x —¢) < h(z,x) < g(z, x). By definition, g(z, x) is right-continuous
in x for a fixed z, and so

g(z,x) < limi(l)qfh(z, x +¢&) <limsuph(z,x +¢) <limsupg(z,x +¢) = g(z, x).
&— e—>0 e—0

Therefore, if h(z, x) is continuous, it follows that 4 (z, x) = g(z, x). We now show
that in fact & is in C>7 (F) and satisfies Lh = 0. This gives the desired result for g
since g = h.

Let ¢ : (0,00) — (0, 1) be a smooth function satisfying lim,_.0 ¥ (x) =0 and
lim,_, o ¥ (x) = 1. By the classical Feynman—Kac formula,

u"(z,x) == EF [y (¥y,)]

satisfies Lu" = 0 in F,, with u"(z,x) =¥ (x) on 0F,. As P[Xg <00 | Zy=z]=1,
there exists a pair (2o, xo) € F with P[Xo < xo | Zo = z0] > 0. Using (7.3), this gives

h(zo, x0) = P[Xo <x0| Zo=z0] > 0. 74

Therefore, (P“*)(; x)eF is transient [27, Chap. 2], and since (IP*),cf is positive recur-
rent, this implies that for all (z, x), with P**-probability one, either lim,_, ; ¥; = 0 or
lim;_, ; Y; = 0o, where in the latter case, T = oo since Y cannot explode to co. This
in turn yields that Y;, — 0 or Y, — oo with P**-probability one and hence by the
dominated convergence theorem,

lim u”(z, x) = P%* [lim Y, = oo] — P [ lim Y, = oo] —h(z.x).  (15)
n—o0 t—T1 1—00

For (zp,x9) from (7.4), g(zo,x0) = h(zp,x0) > O and hence g(z,x) > 0 for all
(z,x) € F [27, Theorem 1.15.1]. But this implies h(z,x) > g(z,x/2) > 0, and so
from (7.5), the u" are converging pointwise to a strictly positive function. Thus, by
the interior Schauder estimates and Harnack’s inequality, it follows by “the standard
compactness argument” (see [27, p. 147]) that there exists a strictly positive function
u in C%Y (F) such that u" converges to u in the C%7 (D)-Holder space for all com-
pact D C F. Clearly, this function u satisfies Lu = 0 in F. In fact, since 4" converges
to & pointwise, h = u and hence Lh = 0.

We now consider the boundary conditions for g. Let the integer k be given. It
suffices to show that for each ¢ > 0, there is some n(g) such that

sup g(z,x) <e, inf gz, x)>1—e.
x<n(e)~1,z€Ex x>n(e),z€E

The condition near x = 0 is handled first. By way of contradiction, assume there
exists some ¢ > 0 such that for all integers n, there exist z,, € Ey, x, < 1/n such that
g(zn, x) > €. Since the z, are all contained within E}, there is a subsequence (still
labeled n) such that z, — z for z € Eg. Let 8 > 0 and choose Nj such that n > Nj
implies n~! < §. Since g is increasing in x, & < g(z,,48). Since g is continuous,
& < g(z,§). Since this is true for all § > 0, lim,_ g(z, x) > ¢. But this is a contra-
diction because lim,_,o g(z, x) = 0 for each z € E. To see this, let § > 0 and choose
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B > 0 such that P[ Xy > 8| Zop = z] = 1 —§. This is possible in view of (7.1). Thus,
forx < B, g(z,x) <P[Xo < B |Zp=12z] <6, andhence limsup,_,,g(z, x) <48. Tak-
ing § — 0 gives the result.

The proof for x — oo is very similar. Assume by contradiction that there is
some ¢ > 0 such that for all integers n, there exist z, € Ek, x, > n such that
g(zn, X») < 1 — &. Again, by taking subsequences, we can assume z,, — z € E. Fix
M > 0. For n > M, since g is increasing in x, g(z,, M) < 1 — e. Since g is contin-
uous, g(z, M) <1 — e. Since this holds for all M, lim,_, 0 g(z,x) < 1 — ¢. But this
violates the condition that under P[- | Zg = z], Xo < 0o almost surely.

The uniqueness claim is now proved. Let g be a CZ(F) solution of L§ = 0 such
that 0 < g <1 and such that (3.5) holds. Define the stopping times

o :=inf{t >0:Z, ¢ Ey}, o :=inf{t >0:Y; =k}.
By 1t6’s formula, for any &, n, m,
2z, x)=E"" [g(ZGkAm/nAﬂw YakAvl/nApm)
% (Lpiu<ornpmt + Hoyuzornom) Lz <oo) + Lir=oo))) |
Since lim,,;,—, o0 o = 00 P&* -almost surely, taking m — oo yields
22.%) =5 [2(Zoyrpryn Yornoum) (Horyw<or) + Lonmzo) (i <o0) + Liz=oo)))]-

On {pi/n <ok}, we have Z,, , € Ei, Yy, < 1/n and hence by 0 < g <1 and (3.5),
for any ¢ > 0, there is an n(¢) such that for n > n(e),

8(z,x) e+ P> [p1/n = 0k, T <00] +P**[p1/, = 0%, T = 00].
Taking n — oo thus gives
8(z,x) <e+P>" [t >0p, T <00] + P> [t =00].
Taking k — oo gives
8(z,x) <e+ P [t =00],

and hence taking ¢ — 0 gives g(z,x) < P**[t = oo] = g(z, x). Similarly, for
k,n,m,

~ ]P)Z‘X
gz, x)=E [g(ZUk/\P]/n/\Pm’ YakApl/n/\pm)(l{pm<0kAﬂ1/n} + 1{pm2crmp1/n})]v
> (1 — g)Po* [,om <Ok A Pijp, lim ¥, = oo] ,
t—0o0
for all ¢ > 0 and m > m(e) for some m(e). Note that the set {0 < ok A p1/s} is

restricted to include {lim;_, », ¥; = oo}, but this is fine since lower bounds are con-
sidered. Now, on the event {lim,_, » ¥; = 00}, it holds that p1,, — oo. Thus, taking
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n— oo,
8@z, x) > (1 —e)P>* [,om <o, lim Y, = oo] .
11— 00

Taking k — oo gives
g(z,x) > (1 —e)P>* [,om < 00, llim Y, = oo] .
—00

Taking m — oo and noting that for m large enough, p,, < oo on {lim;_, , ¥; = 00},
it holds that

3@ 0z (1= )P | lim ¥, =o00] = (1 - &)h(z. ),

where the last equality follows by the definition of % in (7.2). Now, in proving Lg =0
it was shown that g = h and hence g(z, x) > (1 — €)g(z, x). Taking ¢ — 0 gives that
g(z,x) > g(z, x), finishing the proof. O

8 Dynamics for the time-reversed process

The goal of the next two sections is to prove Theorem 3.4. We keep all notation from
Sect. 3.2. We first identify the dynamics for ¢ 7.

Proposition 8.1 Suppose that Assumption 2.7 holds. Then for each T > 0, the law
of ¢TI under P solves the martingale problem on E (for t < T) for the operator
L% = (1/2)c 81.2]- + ' d;, where

Vp | .
n:=c— +divc — m. (8.1)
p

The operator L% does not depend upon T. Thus, if (Q%),cr denotes the solution of
the generalized martingale problem for L® on E, then in fact (Q%);cg solves the
martingale problem for L% on E and is positive recurrent.

Remark 8.2 1f Z is reversing, then p satisfies m = (1/2)(cVp/p + divc). Thus, in
this instance, s = m and as the name suggests, ¢ 7 has the same dynamics as Z.

Proof of Proposition 8.1 The first statement regarding the martingale problem is
based on the argument in [19]. Since Z is positive recurrent with invariant measure
p and Zj has initial distribution p under P, Z is stationary with distribution p. Since
L%p =0, Eq. (2.5) in [19] holds, noting that p does not depend upon ¢.

For 0 <s <t and g € CX°(E), define the function v(s, z) :=E[g(X;) |Z; = z].
The Feynman—Kac formula implies that v satisfies vy + L*v=0forO <s <t,z € E,
with v(t, 7) = g(z); see [20, 18] for an extension of the classical Feynman—Kac for-
mula to the current setup. Therefore, the condition in Eq. (2.7) of [19] holds as well.
Thus, the formal argument on p. 1191 of [19] is rigorous, and the law of ¢ under P
solves the martingale problem for L¢.
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_ Turning to the statement regarding (Q%) ¢, set L¢ as the formal adjoint to L.
L¢ is given by (2.1) with p replacing m therein. Using the formula for 4 in (8.1) and
for LZ in (2.1), calculation shows that

- - 1
LSf=L*f—-2V- <i<— (cVp+ pdive) —pm)).
p\2
Since
- 1
0=sz=V-(E(ch—f-pdivc)—pm), 8.2)

it follows by considering f = p above that L% p = 0. Therefore, p is an invariant
density for L¢ if and only if the diffusion corresponding to the operator L:? does
not explode, where L¢P is the h-transform of L¢ [27, Theorem 4.8.5]. But by the
definition of the h-transform [27, Sect. 4.1] and (2.1) with p replacing m,

- 1. 1 .. . . Vi .
L8P f = —L5(fp) = —c’faizjf - <,ul —dive' — (c—p) >8if+ iLgp
p 2 p p

1
_—c’/32f+m8f L%,

where the third equality follows from (8.1). Thus Assumption 2.7 (specifically the
fact that Z is ergodic and || g P(2) dz = 1) implies that the diffusion for L% P not only
does not explode, but is also positive recurrent, finishing the proof. O

In preparation for the proof of the main result of this section, which is Propo-
sition 8.5, we first need to define a certain “backwaLd” filtration GT and present
two lemmas. Fix T € (0,00), t € [0,T] and let g,T be the o-field generated
by Xr, (Z7- u)ue[()l]» (Wr — Wr—w)uejo.) and (Br — Br—y)uefo.]- Then denote
by GT := (gt )ief0,7] the usual augmentation of (gt )refo,7]- It is easy to check that
xT,¢Tyis GT-adapted for all T € Ry, as well as that the process B’ defined via
BT = BT : — By is a k-dimensional Brownian motion on (£2, GT, P), independent
of (Xo o Ty = (X, Zr). However, the GT-adapted process (Wr—_; — Wr)se[0,717 15
not necessarily a Brownian motion on (£2, GT,P).

With this notation, the following two lemmas are essential for proving Proposi-
tion 8.5.

Lemma 8.3 If Assumption 2.7 holds, then for any locally bounded Borel function
n:E—>Rand0<s <t <T,itholds that

T—s t
- / 1(Z,) dB, = / () dB] . (8.3)
T

—t N

Furthermore, if 6 : E — R< is continuously differentiable, then

T—s t t
—/ 0’(Zu)dZu=/ 9’(4{)dg{+/ (V- (ct) —0'dive) (¢ du.  (8.4)
T s s

—t
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Proof Fix0<s <t<T.ForeachneNandi €{0,...,n},let
u =T —t+i(t—s)/n.

First, assume that 7 is twice continuously differentiable. The standard convergence
theorem for stochastic integrals implies that (the following limit is to be understood
in measure for IP)

t T—s
/ n(l) dBl + f n(Z,) dB,

T—t
n

= _n—i>nc}o <Z (W(Zu;’) - H(Zu;gl))/(Bu;? - B”x"ll)>'

i=1

Since B and Z are independent, It6’s formula implies that the last quadratic covari-
ation is zero. Therefore, (8.3) holds for twice continuously differentiable n. The fact
that (8.3) holds whenever 7 is locally bounded follows from a monotone class argu-
ment.

In a similar manner, assume that 6 is twice continuously differentiable. The stan-
dard convergence theorem for stochastic integrals implies that

t T—s
/ o'(cTyde] + / 0'(Z,)dZ,

T—t

n

=, (Z (0Zuy) =02y ) (Zuy - Zu?1>>~

i=1

The last quadratic covariation process (without the minus sign) is equal to

T—s t
/ F(c,0)(Z,)du = / F(c,0)(¢]) du,
T

—t N

where F(c,6) : E — R is given by

d d
Fle.0)=Y o0/ =3" (az,. (gl — Qjaz,.((c/)ji)> =V (ch) —0'dive,
i j=1 i j=1

since ¢’ = c. Thus, (8.4) is established in the case where 6 is twice continuously
differentiable. The fact that (8.4) holds whenever 6 is continuously differentiable
follows from a density argument, noting that there exists a sequence (6,), <N of poly-
nomials such that lim,,_, » 8, = 0 and lim,,_, o V6, = V8 both hold, where the con-
vergence is uniform on compact subsets of E. d

Lemma 8.4 Let Assumption 2.7 hold. For each T € R, define the G” -adapted
continuous-path AT asin (3.8). Then AT isa semimartingale on (§2, GT,P). More
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precisely, for t € [0, T],
! v
A,T=1+/ Af (e’c—p+V~(c9)—a> (&) du
0 p
t
+ [ ATl aB] + 0o clraw]). (8.5)
0

Proof Define (o] ):ejo.11 by p! := Rt — Rr—; fort € [0, T]. In view of (1.2), (2.2),
(8.1) and Lemma 8.3,

T 1 T
ol = / (a + E(e’ca + r/r;)) (Z))dt +/ (n(Z) dB; 4 6'0(Z;) dW;)

T T
= f (a —0'm+ %(9%9 + n/n)) (Z)dr + / (1(2) dB, +6'(Z,)dZ,;)
= / <a —0'm+60'dive—V - (cO) + %(e/ce + n/n)> ({,T)dt
0
_/0 (g dB! +6'(gdg]),
= / <a — e/cE —V.(ch)+ l(19’69 + n/n)) (Z,T)dt
0 P 2
_ /O (&7 dBT +6'a () dw]).

The fact that D = exp(—R) gives AT =exp(—pT). Then the dynamics for AT follow
from the dynamics of p”. d

Proposition 8.5 Let Assumption 2.7 hold. Then for each T > 0, there are a fil-
tration GT satisfying the usual conditions and d- and k-dimensional independent
(P, GT)-Brownian motions WT, BT on [0, T] so that the pair (;T, X T) has dynamics

T _.T VO T LI

g =g +/ c— +dive—m ({u)du+/ o(¢,)dw, ,

0 p 0
T_ T ! T T , Vp T
T
+f0 xI(@o@hHaw! + 0@l dBl).
Proof Proposition 8.1 immediately implies that under P, ¢ has the dynamics
T _,T "(Np . T LT T
& =gy + 67 +dive—m ) (¢, )du+ | o(g,)dW, , tel0,T],
0 0
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where (W,T)te[o,r] is a Brownian motion on (£2, GT, P). In order to specify the dy-
namics for x 7, recall the definition of AT from (3.8). Observe that

Xro = T b rzydu= 2T (x TD“ZdtOT
T—t—D / wf(Zy) M—D T+/T D_Tf( wdu ), te[0,T].

T—t JT—t T—t —t

Then, using the definitions of x7, ¢7 and AT, the above is rewritten as
T T(,T f 1 T
! = Al (xo + / (& )du), t€[0,T]. 8.7)
0o 4y
Lemma 8.4 implies that A” is a semimartingale, and hence (8.7) yields

T T "ord
Xz:X()‘i‘/(;Xu

AT t
T +/0 fehHdu,  tefo, Tl

The result now follows by plugging in for dAT /AT from (8.5). g

9 Proof of Theorem 3.4
9.1 Preliminaries

We first prove two technical results. The first asserts the existence of a probability
space and stationary processes (¢, x) consistent with (¢, x*) from Theorem 3.4 in
the sense that given xo = x, it holds that x; = x;,¢ > 0. The second proposition
shows that under the non-degeneracy assumption ||(z) > 0, z € E, and the regularity
assumption f € C%(E; R ), it follows that (¢, x) is ergodic.

Lemma 9.1 If Assumption 2.7 holds, there is a filtered probability space ($2,F, Q)
supporting independent d- and k-dimensional Brownian motions W and B, Fo-mea-

surable random variables o, xo with joint distribution 1w, as well as a stationary
process ¢ with dynamics

. 4
§=§o+/ (c7p —l—divc—m) (;t)dt+/ o (&) dW,. ©.1)
0 0

Furthermore, with A, x* defined as in (3.10), (3.11), if the process x is defined by
Xt 1= tho (see Remark 3.5), then (¢, x) is stationary with invariant measure w and
Jjoint dynamics

\Y
d{t = (C—p -+ dive — m> ({t)d[ +0’(§1)th, te RJ,_,
p

\Y%
= (@)= (=02 = 7)) @ ) o ©2

+ X (9/0@1) dw; + n((:)’de) , reR4.
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Proof This follows from Proposition 8.1. Indeed, one can start with a probability
space (£2,F, Q) supporting independent d- and k-dimensional Brownian motions
W and B, respectively, as well as an Fp-measurable random variable (o, xo) ~ 7
(hence independent of W and B). Under the given regularity assumptions, Proposi-
tion 8.1 yields a strong, stationary solution ¢ satisfying (9.1). Then, defining A as
in (3.8) and, for x > 0, x* as in (3.11), it follows that (¢, x*) and hence (¢, x) sat-
isfy the SDE in (9.2). Under the given regularity assumptions, the law under PP of
T, xT) given COT =z, XOT = x coincides with the law under Q of (¢, x*) given
that o = z. Since by construction, r is an invariant measure for (;T, X T), it follows
from the Markov property that 7 is invariant for (¢, x) under Q and hence (¢, x) is
stationary with invariant measure 7. |

Define the measures Q%* for (z, x) € F via

Q" [A]=Q[A % =z, xo=x], A€ Foo.

We now consider when |5 > 0 on E and f € C2(E; R,). According to Theo-
rem 3.1, g € C>7 (F) and hence 7 possesses a density satisfying

7(z,x) = p(2)0+g(z, x); (z,x) e F. 9.3)

Additionally, we have the following result.

Proposition 9.2 Let Assumption 2.7 hold, and additionally suppose that |n|(z) > 0
for z € E and that f € C*(E; R4). Then the process (¢, x) from Lemma 9.1 is er-
godic. Thus, for all bounded measurable functions h on F and all (z,x) € F,

1 T
lim —f h({t,x,)dt:/ hdr Q% -a.s. (9.4)
T Jo F

T—o00
Proof Recall A from (3.3) and define b% : F — R4H! by

R o (c(Vp/p) +dive —m) (2)
b7z, x) 1= (f(z) —xa—0'c(Vp/p)— V- (09))(Z)) : ©3)

From (9.2), it is clear that the generator for (¢, x) is LR := (1/2)A%Y Bizj + (bR o;.
In an abuse of notation, let (Q%*)(; x)er also denote the solution to the general-
ized martingale problem for LR on F. Using Theorem 3.1 and the fact that under
the given coefficient regularity assumptions, g € C3(F) (see [15, Theorem 6.17]),
a lengthy calculation performed in Lemma A.l below shows that the density =&
from (9.3) solves LRz = 0, where L¥ is the formal adjoint to L. Since by con-
struction, f f F 7(z, x)dzdx = 1, positive recurrence will follow once it is shown that
(@Q%*)(z,x)eF is recurrent. By Proposition 8.1, the restriction of Q* to the first d
coordinates (i.e., the part for ¢) is positive recurrent. Since by (3.11) it is evident
that x does not hit O in finite time, it follows that x does not explode under Q%*.
Thus, [27, Corollary 4.9.4] shows that (¢, x) is recurrent. Now (9.4) follows from
[27, Theorem 4.9.5]. Il
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9.2 Proof of Theorem 3.4

The proof of Theorem 3.4 uses a number of approximation arguments. To make these
precise, we first enlarge the original probability space (£2, F, P) so that it contains a
one-dimensional Brownian motion B which is independent of Zp, W and B. Let D
be as in (1.3), and for £ > 0, define D¢ := DE(JE@). Similarly to (1.1), define

X¢ :=/0 D f(Z)dt. 9.6)

Note that D¢ takes the form (1.3) for n°(z) = (7(z), /¢) and when the Brownian
motion B therein is the (k 4+ 1)-dimensional Brownian motion (B, 13’). Note that
[n¢]?> = |n|> + & > 0. Denote by 7¢ the joint distribution of (Z, X¢) under [P and
by g° the conditional cumulative distribution function of X{ given Zy = z. By Theo-
rem 3.1, it follows that g € C>Y (F) and hence 7¢ admits a density.

In a similar manner, by enlarging the probability space (£2, F, Q) of Lemma 9.1 to
include a Brownian motion (still labeled B ) which is independent of ¢y, xo, W and B,
and defining the family of processes (A?).~o and (x**)¢~0 for x > 0 according to

Af = AEWEB),, 120,

- 9.7)
Xf’xzzAf(x—l—/ —f(;u)du), t>0,
0 4
it follows that (¢, x*-¢) solves the SDE
¢ = (m + 28) () dr + o (&) AW,
Vv
dx" = (f(c,) —xf(a—0e=L - <c9>)<;,>> dr

p

+ £ (0'0 (&) AW, + 1 (&) (dBy, dBy)). 9.8)

Since |n°| > /¢ > 0, Proposition 9.2 shows that for f € CZ(E ; R4+), the generator
L& R associated to (9.8) is positive recurrent with invariant density 7 and thus for all
(z,x) € F and all bounded measurable functions z on F (note that conditioned upon
xo=x, we have x5 = x{ = x = xo0),

T—o00

1 T
lim —/ h({,,x,x’g)dt:/ hdr®, Q%¥*-a.s. 9.9)
T Jo F

With all the notation in place, Theorem 3.4 is the culmination of a number of
lemmas, which are now presented. The first lemma implies that 7® converges weakly
tomrase | 0.

Lemma 9.3 Let Assumption 2.7 hold. Define X as in (9.6). Then X; converges to
X in P-measure as ¢ — 0.
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Proof Denote by G the sigma-field generated by Zo, W and B and define the process
8¢ by 87 := D7 /D, = £(/¢B;). By the independence of §° and G,

E[IXS—X0||Q]§/O E[|8§—1|}Q]sz(zz)dt=/o E[I87 — 11D, f(Z) dt.

Now set i := +/e®" — 1. Note that i° is increasing in & with lim,_,0 #° = 0. Further-
more,

Ells; — 111 < (B[167 — 112])"/? = Vexp(er) — 1 = ;.

By assumption, P[ Xy < oo] = 1. Since for any & > 0, sup,~8; < oo P-a.s., it thus
follows that P[X§ < oo] = 1. The dominated convergence theorem applied path-
wise (recall that there exists a k > 0 so that ¢’ D, — 0 P-a.s.) then gives that
lim, o E[|X§ — Xo| | G] = 0, which shows that the pair (Zo, X{j) converges in prob-
ability to (Zp, Xo), finishing the proof. g

Next, define C as the class of (Borel-measurable) functions 2 which are bounded
and Lipschitz in x, uniformly in z; in other words,

C:= {h € B(F;R) :sup |h(z, x1) — h(z, x2)| < K(h) (1 A |x; —le)} (9.10)

zeE

for some K (h) > 0 (which may depend upon 4) and all x1, x > 0. The next lemma
gives a weak form of the convergence in Theorem 3.4 for regular f. Note that the
notation Q-lim7_, o stands for the limit in Q-probability as T — oo.

Lemma 9.4 Let Assumption 2.7 hold. Assume additionally that f € C*(E;Ry).
Then for all x > 0 and all h € C,

1 T
Q- lim —/ h({t,)(tx)dt:/ hdm. 9.11)
T—oo T Jy F

Proof For ease of presentation, we adopt the following notational conventions. First,
for any measurable function f and probability measure v on F, set

(h,v) ::/ hdv. 9.12)
F

Next, similarly to ﬁT in (3.12), we define fz;’x to be the empirical measure of

(€, x5*) on [0, T for x** asin (9.7). Thus, we write

1 (T . 1 (7 .
—/ h(&, x;)dt = (h, 7t3), —/ h(&e, x)de = (h, 737, (9.13)
T Jo T Jo

Proposition 9.2 implies for all x > 0 and ¢ > 0O that

Q- lim (h. AEYY = (h, 7°).
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Indeed, (9.9) gives for all (z, x) € F that

lim (h, 77%) = (h, 7°) Q%*-a.s.

T—o00

Thus, the above limit holds Q-almost surely and hence in probability.
To prove (9.11), we need to show that for any increasing R -valued sequence
(Ty)nen such that lim,,_, « T, = 00, there is a subsequence (7}, )ken such that

Q_ lim (hvﬁ;{ >= (h,ﬂ),
k— 00 "k

as this implies (9.11) by considering double subsequences. To this end, let (&x)xen be
any strictly positive sequence that converges to zero, and assume that 1 < «, where
k > 0 1is from Assumption (AS5). Next, pick 7, large enough so that k/T,,, — 0 and
such that

Q[ith ") - = ¢ | =

As argued above, this is possible since (#, ﬁ;" *) converges to (h, m%) in Q-proba-
bility. Since Lemma 9.3 implies lim,_, ¢ (h, 7%) = (h, ), it follows that

Q-klim (h, AW) (h,m).
Since

((h, 7, ) = (b, 70)| < [¢h, 77, ) = (B, A8”)|+I< AE”) (h,7)],

g
it suffices to show
Q- l1m [(h, 775 x) (h, nTnkH =0.
In fact, the claim is that

lim EC[|{h, 278") — (h. 27, )] =0,

k— o0

or the even stronger (recall (9.13)) result

Lo epx
lim (—/0 CEQ[Ih, 1t )—h(c,,x,n]dt) (9.14)

k—o00 \ Ty,

From (9.10),

Ty
—/ EQ[Ih(z,, x Skx>—h<;t,x,>|]dt<—/ CEC[1A 1 — 1] dr.

(9.15)
Furthermore, recall that

" epox erox t1
X,x = Ay <X “r/ A_f(gu)du> s th = Atk! (x +/ _gkf@u)du) s
0 u 0 Au
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where A% is from (9.7). With §% = E(ﬁé), it follows that under Q,

Ixfk’x—xf|<XIAf"—Azl+/t AL A e du
- 0 Auk Au

e tAt St‘ak
:)CA['SI —1|+ A A_ STk_l f({u)du
u u

With G now denoting the o -field generated by ¢y, W and B, the independence of B
and G implies that

t
A
EQ[Ix — x| 6] < x A + /O S S Gode, 916
u

where for any ¢ > 0, h° is from Lemma 9.3. Since ¢ is stationary under Q, it holds
for all ¢ > O that the distribution of A, under QQ coincides with the distribution of D;
under P, and the distribution of fot (A /Au)hfi .« J (&) du under Q is the same as the
distribution of [y Dyhy f(Z,) du under P.

We next claim that there exists a sequence §; — 0 such that

t
sup P |:1 A (xD,hfk +/ Duhi"f(Z,,)du) > Sk] <&, VkeN. (9.17)
0

telk,00)

This is shown at the end of the proof. Admitting this, from
EC[LA L = x| 6] < LAER[16™ = x71 | 6],

it follows that

lim ( sup EQ[I/\|ka’x—th|])

k=00 \ te[k,00)

= lim ( sup EQ [EQ[l/\ X = x| g]])

k=00 \ te[k,00)

'
< lim ( sup E |:1 A (thhfk +/ D,,h;kf(Zu)du):|>
k—o00 0

te[k,00)

Above, the first inequality holds because of (9.16) and the second by (9.17) and
the fact that for any random variable Y, E[1 A Y] < § 4+ P[1 A Y > §]. The last
equality follows by the construction of §;. Recall that 7,,, was chosen so that
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limy_, 5o (k/ T, ) = 05 so it follows that

1 Ty
lim sup (T_./o EQ[1 A 1™ — %51 dt)

k—o00 ni
k T, —k
< limsup (— + = sup EQ [LA I = th|])
k—o0 ng T tefk,00)
=0,
which in view of (9.15) implies (9.14), finishing the proof.
It remains to show (9.17). Since 1 A (a+b) <1 Aa+1ADforanya,b >0, the

two terms on the right-hand side of (9.17) are treated separately. Let 6; > 0. First we
have

P[1 A xD;h* > 8] <Plx Db > 8] =PlxD,e*" > e/ ht¥]

Now, hi* < e/ 5o that for ¢ > k, €' / h;* > e ~ek/D1 > olc=ek/Dk gince g, /2 < k.
So, for any &; > e~ k—a/D*/D) it follows that

PlxD/hi* > 8] < IF’[xDle’“ > e(’“gk/z)(k/z)]

Set & := sup, - PlxD;e*! > e =ee/2k/2)] Since D,e*! goes to 0 in P-probability,
it follows that Sk — 0. Thus, taking &; to be the maximum of Sk and e~ —&/DKk/2)
it follows that

P[1 A x D;hf* > 8] < 8.

Turning to the second term in (9.17), it is clear that
t o0
1 /\/ Dyhekf(Zy)du <1 /\/ Dy he f(Z,) du.
0 0

As shown in the proof of Lemma 9.3, fooo D, hi} f(Z,)du goes to 0 almost surely as

k — oo. Thus by the bounded convergence theorem, E[1 A fooo D, hi} f(Z,)du]l]—0
as k — oo. Since

o 1 o0
P [1 A/ Dyhik f(Z,)du > (Sk] < S_E [1 /\/ Duhflkf(zu)du] ,
0 k 0

upon defining §; := \/E[l A fooo Dyhi¥ £(Z,)du], it follows that

o
P [1 A/ Dyhik f(Z,) du > 5kj| < &,
0

and &; — 0. This concludes the proof since to combine the two terms one can take &
to be twice the maximum of the & for the individual terms. O

The next lemma proves the convergence in Lemma 9.4 for f € L' (E, p), not just
feCXE;Ry).

@ Springer



98 C. Kardaras, S. Robertson

Lemma 9.5 Let Assumption 2.7 hold. Then for all x > 0 and all h € C,

1 T
Q- lim —/ h(é},xlx)dt=/ hdm. (9.18)
T—oo T Jo F

Proof By mollifying f, since p is tight in E, there exists a sequence of functions
f" e C*(E)NLY(E, p) with f* > 0 such that

/E [f"(z) — f(D)|pz)dz <n~ 227"

Note that

]E[/O ne'/"lf"(Zz)—f(Zz)ldt}=/0 ne MBI f"(Z:) — f(Zo)|1dt

/ nei/" ( / If”(z)—f(z)lp(z)dz> a
0 E

o0
< / n~le~t/mn gy
0

27",

Thus, by the Borel-Cantelli lemma, it follows that P-almost surely

lim ne " fM(Z) — F(Z)|dt = 0.

n—oo 0

For n > k from Assumption 2.7, let A, = n1 SUp; e, (e'/" D;). Note that we have
lim,,_, oo A, = 0 almost surely since for each § > 0, we can find a P-almost surely
finite random variable T = T (§) so that D, < 8¢ *’ for t > T, and hence

1 1 )
Ap== sup (¢'/"D,) < —e/"sup D, + —.

N tereRy n t<T n
Since
o0 o0
/0 Dolf™(Z0) — F(Z0)dr < A, /0 ne~" (20 — F(Z))]dr,
we see that
o0
lim Dilf™(Z) — f(Z)|dt =0  P-as. (9.19)
n—o0 0

Thus, with X} = [;° D; f"(Z;)dt, we get lim,_.o X§ = Xo almost surely, and
hence if 7" is the joint distribution of (Zp, X{j), then 7" converges to = weakly
as n — 00. Now, on the same probability space as in Lemma 9.1, define

t
th,n::At<x+/ Atlfn(Ct)dl‘) t>0.
0
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Note that
t
Ixfx—xftsAnA AT @) — F@)ldu, V130,

and by construction the law of the process on the right-hand side above under Q is
the same as the law of fo D, | f"(Z,) — f(Z,)| du under P. It thus follows that for
6 >0,

sup Q[ — x| > 8] SP[/O Dy f"(Zu) = f(Zu)| du >5] =:¢"(3).

teRy

By (9.19), we can find a nonnegative sequence 3, — 0 with lim,_, o, ¢"(8,) = 0.
Now, for & € C, we have almost surely for r > 0 that

1R, %) = 1, XD < KA A X = %D

Therefore, with fr%’" denoting the empirical law of (¢, x™*), we have

. . K [T
EQUULﬂ;ﬁ>—Wh,ﬂ%H]S-TlA EQ[1 A |3 — x*[]dr.

Since for any 0 < § < 1 and random variable Y, we have E[1 A |Y|] <8+ P[|Y| > 6],
it follows that for any n,

sup EQ[|(h, #73") — (h, 73] < K (¢"(8) +6),
TeRy

and hence for the given sequence (§,,) that

limsup sup E@[|<h,ﬁ;~"> — (h, #7)|] <limsup K (¢"(8,) +8,) =0.  (9.20)

n—o00 T€R+ n—oQ0

Now fix a sequence (7x) such that limg_, oo Ty = 00. Since Lemma 9.4 implies for

each n that Q-lim7_, oo [(h, 77" ) — (h, 7")| = O for each n, we can find a Ty, so that

prﬁﬂ%%hﬂﬂ>ﬂ<l.

n
It thus follows that
Q- lim [(h, 73") — (b, 7")| =0.
n—o0o kn
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Since lim;,_, o0 [(h, 7") — (h, )| =0, it follows by (9.20) for each y > 0 that
Q[I(h, 75, ) — (h. )| > ¥ ]
AX AX, N Y A XN n 14
SQ[I(h,nTk,> {h, g ) > g}r@[l(h ) — () > §]
L any—(hmy1>5)

3
<= sup E%[|(h,#})— (h, ﬁ§”>|]+Q[|( Age) = (how")| > Z}
Y TeRr, 3

+ Ly mmy—(h ) 1> %)

—> 0 asn— oo.

We have just shown that for any sequence ((h,ﬁfk)), there is a subsequence
((h, ﬁfk )) which converges in Q-probability to (1, ), which proves that ((h, 7))
converges in Q-probability to (k, 7r), proving (9.18). U

The next lemma strengthens the convergence in Lemma 9.5 to almost sure conver-
gence under Q, but for -almost every x > 0, for & € C from (9.10).

Lemma 9.6 Let Assumption 2.7 hold. Then for all h € C and w-almost every x > 0,

1 T
lim —/ h({l,xtx)dtzf hdm, Q-a.s. 9.21)
T Jo F

T—o0
Proof We again use the notation in (9.12). Recall x from Lemma 9.1 and define 77
as the empirical law of (¢, x) on [0, T]. Given that (¢, x) is stationary under Q, the
ergodic theorem implies for all bounded measurable functions / on F that there is a

random variable Y such that

lim {(h,nr)=Y Q-a.s. (9.22)

By Lemma 9.5, it holds that for 4 € C, Y = (h, w) with Q-probability one. Indeed,
let 5§ > 0 and note that

QUY = (h, )| =81 = QUY — (h, )| + [(h, 7i7) — (h, )| = 8]

s@DY hmw>]+@[hnT wmnzﬂ.

The first of these two terms goes to 0 by (9.22). As for the second, denote by 7|, the
marginal of 7w with respect to x. Then

8 o 8
Q[I(h,ﬁr)—wsﬂ)IZﬂ:/o le(dX)@[ —(h, )| = ]
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By Lemma 9.4, the integrand goes to 0 as T — oo for all x > 0, and thus the result
follows by the bounded convergence theorem. Next, we have

1= Q[ lim (h, #7) = (h, 71)] - / n|x(dx)(@[ lim (h, 7}) = (h, 7[)],
T—o00 0
and thus (9.21) holds for 7-a.e. x > 0, finishing the proof. g

The last preparatory lemma strengthens Lemma 9.6 to show almost sure conver-
gence for all starting points x > 0, not just 7 -almost every x > 0.

Lemma 9.7 Let Assumption 2.7 hold. Then for all h € C and all x > 0,

1 T
lim —/ h(g, x;)de :/ hdm Q-a.s. (9.23)
T—oo T Jo F

Proof Recall from Remark 3.5 that x* takes the form

|
X =4 (x+ / —f(zz)dt>, t>0. (9.24)
0 Ay

Let & € C. By Lemma 9.6, there is some xg > 0 such that (9.23) holds. Using the
notation in (9.12) and (9.24), it easily follows for any x > 0 that

. . 17
|(h, 7tp) — (h, 7T x°>|<7/0 \h(Ze, %) — h(& % 0)]de
K T
57/0 (LA XS — %0 dt
K (T K|x —xo| [
=— | AAAx—xo|)dt < —— A, dt.
T Jo T 0

We show below that Q[ fooo A;dt < oo] = 1. Admitting this, it holds that (Q-almost
surely, lim7_ o0 |{h, T ) — (h, Axo)l = 0, and hence the result follows since (9.23)
holds for xp.

It remains to prove that Q[ fooo A;dt < oo] = 1. By way of contradiction, assume
there is some 0 < § < 1 so that (@[fooo A;dt = oo] = 4. Then, for each N it holds
that Q[fooo A;dt > N] > §, which in turn implies lim7_, o @[fOT A;dt > N]>46.By
construction, for any fixed 7 > 0, the law of A on [0, T'] under Q coincides with the
law of D under P on [0, T']. It thus holds that lim7_, ]P’[fOT D;dt > N] > 4. But
this gives P[fooo D,dt > N]> 6 for all N and hence IP’[fOOo D, dt = oo] > 0. But this
violates Assumption 2.7 since lim;_, o €€’ D; = 0 P-almost surely for some « > 0.
Thus Q[fooo A; dt < oo] = 1, finishing the proof. O
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With all the above lemmas, the proof of Theorem 3.4 is now given.

Proof of Theorem 3.4 We again adopt the notation in (9.12). In view of Lemma 9.1,
the remaining statement in Theorem 3.4 which must be proved is that there is a set
20 € Foo With Q[£29] = 1 such that (3.13) holds, i.e.,

weQ = lm (b} ={r). foraly>0heCyF:R).
— 00

Recall the definition of C from (9.10) and let & € Cp(F;R) N C. In view of
Lemma 9.7, there is a set £2;, € Foo such that Q[£2,] =1 and

w € 82y = Tlim (h,77)(w) = (h, ), forallx > 0.
—00

Let the (countable) subset C C C be as in the technical Lemma A.2 below and
set 20 = mheé 2. Clearly, Q[£20] = 1. Let w € 29 and h € Cp(F; R) with
C =supycp |h(y)|. Let ¢ > 0 and for n > 5 take as in Lemma A.2 T(l)zz’k, iq&fn’k and
6" such that (A.7) holds. In what follows, the @ will be suppressed, but all evaluations
are understood to hold for this w.

Let x > 0. With v from (A.7) equal to ﬁ;, it follows that

(Top 4 A7) —2C(1 — 0" 4, A7) — 2e < (h, 77)
< (Y@l ATV +2C(1 — 0" AF) + 2e.

m, k>
With v from (A.7) equal to &, one obtains
(Top o) =201 —0"* ) =26 < (h, ) < (Vo) . ) +2C(1 — 0" 7) + 2e.
Putting these two together yields
(h,77) — (h,7r) = (Yolh . A7) —2C(1 — 0" A7) — 26
— ((*op o) +2C(1 = 0"74, 1) + 2¢)
=<T¢m ko A7) — (¢¢Z’1 ()
—2C((1 =" 25y + (1 —0"*, 7)) — de.

Since 6" 4, Td);’n . ¢¢,’7’l x € ccec, taking T — oo gives

liminf(h, 7) — (h, 7) = (Tgr )= (Yo (o) —4C(1— 0" 1) — de.

—00 ’ ’

Now by Lemma A.2, for fixed m, n, the functions T¢fn’ , and ¢¢,’}1’ ; are increasing and
decreasing, respectively, in k£ and such that both a) limg_, o lqbfn,k(y) — Tqb;:l’k(y) =0

for y € F,—2, and b) "¢},  (v) — ¢ ()| <2C + 2¢ for all y € F and n,m, k.
Therefore, taking k — oo in the above and using the monotone convergence theorem,
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we obtain

liminf(h, #3) — (h, ) = —=2(C + &) [F_,] —4C{1 —0""* 1) — 4.

T—o0

From Lemma A.2, we know that 0 < 0"(y) <1, lim, 0" (y) =1 forall y € F.
Thus, by the bounded convergence theorem and the fact that  is tight in F, it follows
by taking n 1 oo that

liminf(h, #%) — (h, ) > —4e.
T—o0

Taking ¢ | 0 gives that liminf7_, oo (h, 77) — (h, ) > 0. Thus, we have just shown
for w € 29, x > 0 and h € Cp(F; R) that

liminf(h, #5)(w) — (h, 7) > 0.

T—o0
By applying the above to h=—h € Cy(F; R), we see that

limsup(h, 77)(w) — (h, ) <0,

T—o00

which finishes the proof. g

Open Access  This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided you give appropriate credit to the original author(s) and
the source, provide a link to the Creative Commons license, and indicate if changes were made.

Appendix: Some technical results

Lemma A.1 Let Assumption 2.7 hold, and additionally assume that |n| > 0 and
f € C2(E;Ry). Recall F from (3.1) and the invariant density p for Z. Let h € C*(F)
be given and set

¢ (z,x) = p(2)h(z, x), ¥z, x) :=/0 h(z,y)dy.

Let the operator L be as in (3.4) and the operator LR = Al 3i2j + (bR 3; as in the
proof of Proposition 9.2, where A is from (3.3) and bR is from (9.5). Let L® be
the formal adjoint of L. Then LR$ = p 8, (Lv). In particular, if Ly =0, then
LRy =0.

Proof For notational ease, the arguments will be suppressed when writing functions
except for the x appearing in the drifts and volatilities of the operators. Now, recall
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that the dynamics for the reversed process (¢, x) in (9.2) are
Vp .
dg = 67 +dive —m | (&) dt + o (&) dW,

\%
dxi = (f(c» —xi(a—0c=L-v. (ce>)(;,>) dr
p
+ X (Q/C(Ct) dw; + U(Ct)/dBt),

and note, as mentioned in the proof of Proposition 9.2, that L* is the generator for
(¢, x). To further simplify the calculations, set

1( Vp . )
E==c— +divec ) —m (A1)
2\ p

and
H(c,0):=V-(c0) —6 dive.
Note that by (8.2), it follows that 0 = V - (p&). With this notation, we have that
dg = (m +28)(&) dr + o (&) dWr,
dxi = (@) = x(a—26"m +8) — H(c,0) @) dr
+ X (6'¢(&) AW, + (&) dBy),
which in turn yields that

A= c xch
“\x0'c x2@OcH+n'n) )
(A2)

bR

m + 2§
f—x(a—20/(m+&)— H(c0)) )’

along with

b— m
S\ —ftx@+80chd+nn )

Finally, multivariate notation will be used for derivatives with respect to z and uni-
variate notation for derivatives with respect to x. Thus, for the given ¢,

. 2 ;
Vewd=(Vo.9)., DL b= < gd V((f)) .

Since ¢ = ph and p is not a function of x,

pVh +th>

Vin® = ( i
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By definition, Lro= Vi) - (1/2)(AV( 1@ + ¢divy ) A) — bR¢). Using (A.2),

AV o = pcVh+heVp + pxhed
@OP=N px0'cVh + hx0'cVp + px2h(@'cO +n'n) )

Calculation shows that

div A dive + 6
EIEZA 2V - (c0) +2x(0'co +n'p) )

so that
Av(z,x)¢ + (ﬁdiV(Z'x)A

_ pcVh + hcyp + pxheb + phdive + phco
T\ px0'cVh 4+ hx0'cV p + px?h(0'c + n'n) + pxhV - (cO) 4+ 2pxh(@'cOd +n'n) )’

This gives (1/2)(AV(x)¢ + ¢div(; ) A) — bR¢ = (A, B)’, where

1 .
A= E(pth +hcVp+ pxhctd + phdive + phcf) — phm — 2phé,

B= %(px@’th +hx0'cVp+ px®h(©'cod +n'n)
+ pxhV - (c8) + 2pxh(0'cO + n'n))
— phf + pxha —2pxh6’(m + &) — pxhH(c, 9). (A.3)
Now, Lrep =V - A + B. A s treated first. (A.1) gives pdive +cVp =2p(m + &)

and hence

2A = pcVh + pxhet + phe® — 2 phé.

For a scalar function f and R¢-valued function g, V- (fg) = fV - g + V f’g. Using
this,

2V-A=pV-(cVh)+ Vh'cVp+ pxhV - (c0) + xV(ph)'c6
+ phV - (c0) + V(ph)'c0 — 2hV - (p&) —2pVh'E
= pV - (cVh) + Vh'cVp + pxhV - (¢0) + pxV(h) ¢ + xhV p'co
+ phV - (cB) + pVh'cO +hV p'cH —2hV - (p€) —2pVH'E.

Using that V - (¢Vh) = tr(cD*h) + Vh'dive and collecting terms by derivatives of i
gives

2V - A = ptr(cDh) + pxV(h) ¢ + Vi (pdive + ¢V p + pch — 2p§)
+h(pxV - (c8) +xVp'ch) +h(pV - (cO) + Vp'c — 2V - (p§)).
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Since pdive +cVp=2p(m+§),V-(p§)=0and V- (ct) = H(c,0) + ¢ divc,

pdive+cVp+ pcd —2p&E =2pm + pco,
pxV - (cO) +xVp'cO =2px6'(m + &)+ pxH(c,0),
pV - (c0)+Vp'cd =2V - (p&) =2p0'(m+ &)+ pH(c,0).

Plugging this in and factoring out the p yields
2 . .
V- A=tr(cD*h) +xV(h)'cO + Vh' Q@m + c) + h(2x0'(m + &) + xH(c, 0))
p

+h(20'(m + &) + H(c,0)). (A4)

We next turn to B in (A.3). Using the relations pdive + ¢Vp =2p(m + &) and
V. (c0) = H(c, 0) + 6 divc yields

2B = px6'cVh — 2pxh6’ (m + &) + px>h(0'cO + n'n) + 2pxh(6'co + 1'n)
—2phf 4+ 2pxha — pxhH(c,0).
Since only % depends upon x,
2B = p6'cVh + pxV(h) c6 — 2ph8'(m + &) — 2pxh6’ (m + £)
+2pxh(0'cO + n'n) + px2i(0'cOd +n'n) + 2ph(0'cOd + 1'n)
+2pxh(0'cO +n'n) —2ph f
+2pha +2pxha — phH(c,0) — pxhH(c,0).

Grouping terms by derivatives of 4 and factoring out the p yields
2= xh(0'co +n'n) + xV(h) co
+h(—20"(m+&)+2(0'cO +n'n) +2a —hH(c,0)) + Vh'co
+h(—2x0" (m+ &) +4x(0'cO +1'n) = 2f +2xa —xH(c,0)). (A.S5)

Putting together (A.4) and (A.5) and using that L RO=V-A+ B, we obtain
%im = %tr(chh) +xV(h)co + %xzh'(e’ce +1'n) + VK (m + c6)
+h(2x(0'c +n'n) — f +xa) +h(0'cO +n'n+ a). (A.6)
Turning now to v, since
Ly = %tr(cDZW) +xV () ch + %x%p(e/ce +0'n) +Vy'm
+ (= f+xa+x©0ch+n'n),
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it follows that (note that only v depends upon x and ¥ = h)

Ly = Etr(chlﬂ) +xV W) o+ V) e +x9(0'co +n'n)

+ %xzi/;(O’CO +0'n) + V) m+ (= f+xa+x©0'co+n'n)

+ 9 (a+6'co+n'n)
- %tr(chlﬁ) +xV (@) o + %x%’(e/ce +1'n)

+ V@) (m +c0) + 9 (2x(0'cO +n'n) — f +xa) + Y (a+0'co+n'n)
= %tr(chh) +xV(h) co + %xzh'(e’c@ +1'n)

+ VH (m + ch) + h(Zx(@’c@ +n'n) — f+xa)+h(a+0"co+n'n).
But from (A.6), this last term is precisely (1/p)£R¢. O

Lemma A.2 Let Assumption 2.7 hold. Let C be as in (9.10). Recall that we have set
F =FE x (0,00) and let (F)neN be a family of open, bounded, increasing subsets
of F with smooth boundary such that F = J,, Fy,. There exists a countable family of
functions

C={"¢l .Yl (. 0" inmkeNn>3}cC

m,k>
such that

(i) foreachn >3,0<0" <1with6" =1 on Fn and 6" =0 on FnCH;
(i) for each n > 3 and m, the functions T¢,”‘1’ ¢ are increasing in k and the functions
i(br"n’ ¢ are decreasing in k. Furthermore, for any n > 3 and m, we have that

limyg o0 |12 (V) = Y@ (DI =0fory € Fa.

Additionally, for any h € Cp(F;R), set C = C(h) := sup g |h(y)|. Then, for any
e > 0 and any integer n > 5, there exists an integer m = m(g, n) such that for all
k €N, sup,cp |T¢,’:’,k(y)| <C+e,supyep |¢¢Z,k(y)| < C +¢. Furthermore, for any
Borel measure v on F,

/Td)fn‘kdv—ZC/(l—@"_‘L)dv—Ze
F F

§/hdv
F

5/ ¢¢;’1’kdv+2C/(1—9"‘4)dv+28. (A7)
F F
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Proof Fix n € N and let (?ﬁl)meM be a countable dense (with respect to the supre-
mum norm) subset of Cp,(F,; R). Now, let k € N and define for y € F,

Y () = inf (¢} (yo) +kly — yol).

YoEFn

Y () = sup (¢ (yo) —kly — yol).
y()an

(A.8)

As shown in [2, Chap. 3.4], Tq?"  and %”  are increasing and decreasing, respec-
tively, in k, and Lipschitz-continuous in F, with Lipschitz constant k. Furthermore,
askTooT¢ /’¢mand¢¢” \d)monF

Next, let 9” C°(F;R) be such that 0 < 6" < 1,0"(y) =1 on F, and 6" (y) =0
on F;H. Clearly, 8" € C for each n. Now assume n > 3 and extend TJ),’,’L,( and Lé;l’k
from functions on F;, to all of F via

(O 2 (y) € Fy,
Td)mk( )= { & - ’ zlse

n Qn— 2 EFn,
o ) = { Pk (00" 2() -~

Clearly, Tqb;'L x and ¢¢fn, i are Lipschitz on F, and since F}, is bounded, it also holds
that Td),’;z’ « and iq&;’”k are in C. Note also that Tqb;’l’  and ¢¢:‘n, ¢ increase and de-
crease, respectively, as k 1 oo to a function which is equal to ¢, on F,_> and that
Tor %ﬁ;ﬁhk are bounded on all of F by sup,,_z |T¢~>;’1’k(y)| and sup 7 Yo )l
respectlvely. This proves (i) and (ii) above.

Now, let 1 € Cp(F; R) with C = SUpyer |h(y)|. Let € > 0 and for n > 5, choose

m =m(e,n) so that sup,.z |h(y) — ¢! (y)| < e. By the construction of qu’;l’k in
(A.8), it follows for each k that

—(C+e) < inf ¢ (o) < () <P <h()+e<C+e,  yeF,.

YoEFyu

By the definition of T(;SZ’ - this gives sup,, |T¢fn’ (M| < C + ¢. Furthermore, as

0”_2(y) =1 on F,_,, we have h(y) > T<j),';l’k(y) — ¢ on F,_,. Therefore, for any
Borel measure v, using the notation in (9.12),

("op  —&)ls . v)— CV[FL_,]

=
("0 v) = {18p 1 o) =& = CVIE,]
<
<

v

v

Ton ov) = (C+e[Fi )1 —e— Cv[F{_,]

v

Yol ov) = 2CV[FE_,]1—2¢

z <T¢,ri,,k, v) - ZC/F(I — 0" dv — 2,
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where the last inequality follows since 1 Fe, = 1 — 6"~*(y). This gives the lower

bound in (A.7). A similar calculation shovzl/s for all k that

—(C+e)<h(y) —e<gp() <V () < sup ¢(y)) <C+e,  yeF,

YoEFy

This gives sup Vo m kN =C +eandh(y) < L¢>m () +eon F,_>. Thus

¢¢§z,k"’>—(¢¢2,k1ﬁ,¢_, )+8+Cv[ ]
Ln V) (CHoWIFS 146+ CVFL_,]
b )+ 2CVIFS ] + 26

IA

<l¢ﬁz,kv">+2C/F(1 — 0" dv + 2.

Therefore, the upper bound in (A.7) is established. O
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